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Introduction 



This Ph.D. thesis is based upon the project Analytical Quantum Gravity and Knot 
Theory, which was intended to pursue two goals: 

1) To study several unanswered mathematical questions in relation to the Ashtekar 
formulation of quantum gravity. 

2) To investigate the possible relation between the Ashtekar formulation and the 
formulation used in two-dimensional quantum gravity, most prominently dynamical 
triangulations and matrix models. 

Both of these topics have been investigated, and some progress has been made in 
both areas. Work in relation to the first question has been made by Rasmussen and 
the author [161], but since this work has no direct connection to the main theme of 
this thesis, it is not discussed here. 

The second question turned out to be quite difficult to answer in a direct manner, 
and it has evolved into the study of the broader question: What is the role of gauge 
theoretical approaches to quantum gravity in two and three dimensions, and how are 
they related to topological field theories? 

The study of the latter question makes up most of this thesis. It is a nontriv- 
ial question to understand why the theories of quantum gravity in two and three 
dimensions, which we believe are correct, are described by different types of topo- 
logical field theories. In order to understand this, we must study both topological 
field theories and quantum gravity, in the formulations that are relevant for two 
and three dimensions. 

The philosophy behind this thesis, has been to present a pedagogical and detailed 
picture of the topics relevant for the project. Since the major part of the research 
made in connection with this Ph.D. project has been to study and understand 
the involved theories, in order to investigate their relations and differences, a large 
amount of space is given to the introduction of these topics. 
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Even though there are no dynamical degrees of freedom in general relativity in 
three dimensions, the quantum theory is known to be nontrivial. It is related to knot 
theory through the work of Witten, formulating quantum gravity as a topological 
gauge field theory of the Chern-Simons form. This theory is an example of a wider 
class of topological gauge field theories, known as BF theories. Since the Ashtekar 
approach to three dimensional quantum gravity is also described by a BF theory, 
we reckon that this kind of topological field theory presents the correct formulation 
of quantum gravity in three dimensions. 

The situation is more problematic in two dimensions, when seen from the point 
of view of general relativity. The two-dimensional Einstein-Hilbert action reduces 
to a topological term, namely the Euler-Poincare characteristic, due to the Gauss- 
Bonnet theorem, plus a cosmological term involving the cosmological constant. The 
only metrical dependence of the gravitational path integral is through the cosmo- 
logical term. The version of two-dimensional quantum gravity that we consider to 
be correct, is the non-critical string theory in two dimensions expressed as Liou- 
ville theory, dynamical triangulations or as matrix models. We denote this class of 
theories 2D quantum gravity. 

It is possible to formulate two different types of topological gauge field theories 
in two dimensions, a Schwarz type BF theory and a Witten type theory, where 
both of these define quantum theories of gravity. Both theories are studied in detail 
in this thesis, and we find that two-dimensional BF theory fails to correspond to 
2D quantum gravity, which instead corresponds to the Witten type topological 
gravity. This is actually a special supersymmetric version of BF theory, based on a 
topological shift symmetry, which is not included in the original BF theory. 

It is discussed why it is different types of topological gauge theories which de- 
scribe quantum gravity in two and three dimensions. In addition to this discussion, 
new results regarding the identification between the Witten type theory of topolog- 
ical gravity and 2D quantum gravity are presented, which have been a spinoff from 
the study of the gauge formulation of two-dimensional quantum gravity. 

The organization of the material is as follows: 

Chapter 1: covers a broad introduction to Riemann surfaces and the moduli space 
of Riemann surfaces. Parts of this chapter are introductory, but there is also a more 
technical discussion regarding the compactification of the moduli space of Riemann 
surfaces, which is an important topic for the discussions in chapters 4 and 5. 
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Chapter 2: introduces the mathematical background of gauge theories and topolog- 
ical gauge field theories, especially Schwarz and Witten type theories. As an exam- 
ple of a Witten type theory, we introduce four-dimensional topological Yang-Mills 
theory and discuss the mathematical interpretation of such Witten type theories. 
The mathematical theory is rather involved, but essential for the discussions of 
two-dimensional topological gravity in chapter 4. 

Chapter 3: discusses the Jackiw-Teitelboim theory of two-dimensional gravity and 
after an introduction to the first order formulation of Riemannian geometry, we 
translate this theory into a BF topological gauge theory of the Schwarz type. The 
quantum nature of this model is discussed in both canonical and covariant formu- 
lations. 

Chapter 4: introduces the Witten type theory of 2D topological gravity. Various 
formulations of the theory are presented and the definitions and the role of the 
observables and the topological invariants are discussed in great detail. Some im- 
portant relations between different observables are discussed and a conjecture for 
the identification between two different formulations of one special kind of observ- 
able in the theory is presented. 

Chapter 5: introduces a perturbation of the theory in chapter 4. This was stud- 
ied in the paper [116] and the main results are presented together with additional 
comments. The background for dynamical triangulations and matrix models is in- 
troduced in order to discuss the identification made previously between 2D quantum 
gravity and perturbed topological gravity. The new results regarding this identifi- 
cation [116] are discussed in detail. 

Chapter 6: includes discussions of the topics presented in the first five chapters, 
together with additional material. We present comparisons between the different 
theories and discuss why, how and if they are different. Especially the role of 
Ashtekar gravity in two dimensions, and the difference between BF theory and 
super BF theory are investigated. 

Final remarks and perspectives conclude the main text of the thesis. 
Appendix 1: contains a list of conventions used in the main text. 



1 Moduli Space of Riemann 
Surfaces 



1.1 Introduction 



The choice of space-time dimension is vital for the success of the theories of quan- 
tum gravity, which we study. While the lower dimensions are less interesting than 
four dimensions from a physical point of view, two dimensions offers a unique math- 
ematical situation. The usual Riemannian space-time manifold can be replaced by 
a one-dimensional complex manifold, known as a Riemann surface. This is not just 
any kind of Riemannian surface since its complex nature leads to a wide range of 
strong mathematical results. Much of the success of string theory and also two di- 
mensional topological gravity relies on the fact that Riemann surfaces are such nice 
mathematical objects. In this chapter we give a short review of the theory of Rie- 
mann surfaces, and we present some facts regarding the moduli space of Riemann 
surfaces and its compactification. This material is important for the discussions on 
two dimensional topological gravity in chapter 4. 

This chapter also serves to fix the notation for the main text, but since it contains 
no new results, the sections 1.2, 1.3, and 1.4 may be skipped by the experienced 
reader. It is also intended to save the reader the trouble of referring to textbooks 
for the most common definitions, but it is in no way a full treatment of the subject. 
We primarily used the following references [1, 2, 3, 4, 5, 6] for this chapter and 
will not give references in the text unless the results are of a special nature, not 
commonly given in the literature. 

First we give the definitions of a Riemann surface and some of the results re- 
garding the uniformization theorem. Next follows a discussion on the moduli space 
of Riemann surfaces, a short introduction to algebraic geometry and finally a treat- 
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ment of the Deligne-Mumford-Knudsen compactification of moduli space. 

1.2 Definitions of Real and Complex Manifolds 

Complex manifolds are important for the study of Riemann surfaces and we discuss 
the most important definitions and relations with ordinary real manifolds. This 
section also serves to fix the notation for the main text. Let us first recall the usual 
definitions for real manifolds. 

A topological manifold is a Hausdorff topological space such that every point has 
a neighbourhood homeomorphic to El". A chart {U, (p) of a manifold M is an open 
set U G M called the domain together with a homeomorphism (f) : U V of U to 
a open set V in IR". A chart is also known as a local coordinate system, where the 
local coordinates ( the image of (j){x) G IR" for a; G f/ C M . An atlas 

of class on M is a set of charts {(f/a, 0a)} where the set of domains {Ua} must 
cover M and where the homeomorphisms must satisfy the following requirement: 
the maps (transition functions) ipjja = ° 4>a^ '■ (pa{Ua ^ Up) i— >• 4>i3{Ua n t/g) must 
be maps of open sets of IR" H" of class C'^. 

To go from topology to geometry, the first step is to define a differential manifold 
M, where the transition functions are required to be of class C°°. Consider the 
tangent bundle T(M) and assign to each tangent space T^M over x G M, an inner 
product being a bilinear, symmetric, and positive definite functional (■,■), which 
maps two vectors to the real numbers. Such an assignment is called a geometric 
structure on M. Denote the inner product (■, ■) by g and let e* be the basis vectors 
of TxM. Then g will be differentiable if g{e^{x), e^{x)) is a differentiable function on 
R in the usual sense. The differentiable inner product g is called the metric tensor 
on M. Two atlases on a differentiable manifold are said to be compatible if and 
only if their union {{Ua U Up, (pa U ^/j)} again is a C°° atlas. This compatibility 
is an equivalence relation and the equivalence classes are known as differentiable 
structures. 

Consider a 2n-dimensional topological manifold M and construct an atlas where 
the charts map open subsets of M homeomorphically to open subsets of C". An 
analytic atlas is an atlas where all the transition functions are holomorphic^ . Two 
analytic atlases are equivalent when their union remains an analytic atlas. An equiv- 
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alence class of analytic atlases is called a complex structure, and a 2n-dimensional 
real topological manifold with a complex structure is called an n-dimensional com- 
plex manifold. A Riemann surface is a one- dimensional connected complex mani- 
fold. 

Let us study a few details regarding complex manifolds in general. We require 
the transition functions ipija = 4>i3°4>a^ to be holomorphic maps of open sets C (D" 
to open sets V C (D"^. Consider the coordinates in the two open sets (zi) G U and 
(wi) G V, then Wj = Wj{zi, . . . , z^) for j = 1,2, ... ,n. We require that the Wj^s are 
holomorphic functions of the Zi coordinates and that the holomorphic functional 
determinant 

Identify the map C" i— > R^" by Zj = Xj + iyj ^-^ {xj,yj). If we have a differ- 
entiable 2n-dimensional manifold M with real coordinates organised in two pairs 
{xj, Uj), {gj, hj) and we wanted to construct holomorphic coordinates 

= + Wj ; u^k^9k + ihk, (1.2) 

the real coordinates must satisfy the Cauchy-Riemann differential equations 

dgk dhk dhk dgt 



dxj di/j ' dxj di/j ' 

where j,k = 1,2, ... ,n. 



:i.3) 



Orientability is an important and purely topological concept, for understanding 
the relation between real and complex manifolds. In the case of real manifolds, we 
have the matrix 

Jij = = l,2,...,n. (1.4) 

If Jij > for all x G [/ n V, the transition functions are said to be orientation 
preserving (holds also for ■0^). A C'^ atlas is orientable if all transition functions 
are orientation preserving. One can now state the following result: 

Theorem (1.1) Complex manifolds are always orientable. 
Proof: Use the coordinates defined previously and denote by 

A.^dat(g, (1.5) 
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the holomorphic functional determinant. In the real case we have 



J = det 



dwi I dzj dwi I dzj 
dwi I dzj dwi I dzj 



but 



dwj dwi 



0, 



due to the holomorphic nature of the coordinates and we find that 



:i.6) 



[1.7) 



J = detf^^detf^^detft^^det^^"^'' 



dzi 



\dzj 



dz-i 



dz-i 



J, 



hoi 



'> 0. 



(1.8) 



This indicates an important result: 

Theorem (1.2) A two-dimensional orientable and compact differentiable real 
manifold always admits a complex structure. 



Proof: See [4] for information on the proof. 



1.3 Riemann Surfaces: A Brief Introduction 

The theory of Riemann Surfaces is a beautiful and vast area of mathematics, and 
we cover only the most important subjects in this section. For use in the physical 
theories in the later chapters the question of classification of Riemann surfaces is 
very important. This is discussed in the section on moduli space, but first an 
introduction to the uniformization theorem of Riemann surfaces is needed. 



1.3.1 Conformal Structures 

We can view a genus g Riemann surface Eg either as a real two-dimensional oriented 
Riemannian manifold or as a one-dimensional complex manifold. We assume that Eg 
is compact and boundary-less unless we specify otherwise. Let the real coordinates 
of Eg be (7^, (T^ with a general metric of the form 



{dsf^gapda'^da^, 1,2, 



(1.9) 
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where Qap is the usual symmetric metric tensor. Riemann has shown that in every 
local open subset Ui in the covering {Ua} of E^, the metric can be written in the 
form 

{dsf = exp (<l>(a\ a')) {{da'f + (daY) , (1-10) 

with $(o"^,o"^) being a differentiable function on E^. A coordinate system with a 
metric of this form is known as a system of isothermal coordinates. One can change 
to complex coordinates 

z — + ia'^, 
z — — ia"^, 

which preserves the form of the metric in equation (1.10) 

{dsf = ex^{^{z,z))\dz\^. (1.13) 

The function $(2;,^) is real so $(^;, ^) = $(2;,^)*, where * denotes complex conju- 
gation. 

In general for an n-dimensional Riemannian manifold M, a diffeomorphism 
/ : M I— > M is a conformal transformation if it preserves the metric up to a scale 

/ : g^^ix) ^ e*(^)^,^(x), x e M, (1.14) 

where <^{x) is a differentiable function on M. The set of conformal transformations 
on M forms a group known as the conformal group. If g and 'g are two different 
metrics on M, 'g is said to be conformally related to g if 

^(x) = e*(^)^(a;). (1.15) 

This defines an equivalence relation on the set of metrics on M under the transfor- 
mation g{x) I— > g{x) in equation (1.15), known as a Weyl rescahng. An equivalence 
class of metrics with regard to Weyl rescalings is known as a conformal structure 
and the set of Weyl rescahngs on M form the group Weyl(M). In two dimen- 
sions a special result holds. Consider a general local coordinate transformation 
: (cr^,cr^) 1— > (m((7^, (7^), v((7^, (7^)), with u.,v being differentiable functions on E^, 
which defines a bijective map from a region U in the (cr^, cr^) coordinate plane to a 
region V in the {u, v) plane, such that the first and second derivatives are contin- 
uous. The coordinate transformation is conformal when the complex coordinate 
w — u + iv, is an analytic function of the complex coordinate z — + ia^ on U, 



(1.11) 
(1.12) 
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with non- vanishing dw/dz on U. In this situation the metric does not change its 
form and we see that a conformal structure is equivalent to a complex structure in 
two dimensions. The space of inequivalent complex structures on Hg is known as 
the moduli space of Riemann surfaces, which we discuss in detail in a later section. 

It is interesting to classify the different types of Riemann surfaces. There exists 
a topological classification of two-dimensional manifolds given by the genus of the 
manifold. It is special for two dimensions, that one has a perfect topological classi- 
fication. In three dimensions there is no proof of a perfect classification and in four 
dimensions it has been proved by Markov that such a classification can not exist. 

If two manifolds M, N have the same topology, then there exists a homeomor- 
phism (f) : M N, such that M c::^ N are topological isomorphic. Recall that a 
homeomorphism is a bijection which is bicontinuous (i.e. (f) and are contin- 
uous). A homeomorphism maps images and inverse images of open sets to open 
sets. The existence of a homeomorphism between two topological spaces is an 
equivalence relation. If we now equip M, N with geometric structures, where we re- 
quire the topological isomorphism to respect these structures, one can ask whether 
there exist a differentiable isomorphism (p between M and A^. Let a; G M and let 
y = 4>{x) ^ N he the image of x in A^, and consider coordinate patches around x 
and y 



where we say that is a differentiable map if (j)uv is differentiable for all possible 
choices made, and further more that is a diffeomorphism if both and are 
differentiable maps. The manifolds M, A^ are said to be diffeomorphic if there 
exists a diffeomorphism mapping the one to the other. Homeomorphic manifolds 
can be deformed continuously into each other and for diffeomorphic manifolds the 
deformation is smooth. 

For two-dimensional compact and orientated manifolds there is only one dif- 
ferentiable structure per genus, up to diffeomorphisms. This is not true in higher 
dimensions, where there exist some exotic examples regarding higher spheres. On 
the topological manifold S'^ there exist 28 inequivalent differentiable structures and 



([/, V') : xeU, 
{V,i;'): yeV. 



(1.16) 
(1.17) 



Define the function 
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on S^^ no less than 991 [4, 7]. For the real spaces IR" with n 7^ 4 there exists 
a unique differentiable structure, while there exists a continuous family of non- 
equivalent differentiable structures on IR^. This has been proven by use of the 
Donaldson invariants, which are discussed in chapter 2. 

Two complex manifolds M, N are said to be analytical isomorphic or analytical 
equivalent if there exists a holomorphic homeomorphism between them. If there 
exists a holomorphic homeomorphism between two Riemann surfaces, the two sur- 
faces are said to be conformally equivalent, since the conformal mapping exactly 
is a holomorphic homeomorphism. The number of conformal equivalence classes 
depends on the genus as we will see in the section on the moduli space of Riemann 
surfaces. This being the space of equivalence classes of complex structures. 

1.3.2 Uniformization Theorem 

There exists an amazing result in the theory of Riemann surfaces, known as the 
uniformization theorem. This states that there are only three types of conformal 
inequivalent, simply connected^ Riemann surfaces. These are: 

(1) The extended complex plane CU{cxd}, which has the topology of the two-sphere 

S^. This correspondence is due to the stereographic projection, or one-point 
compactification of C This Riemann surface is also called the Riemann sphere 
Eo or Coo ■ 

(2) The complex plane (D. 

(3) The upper complex half plane H — {z e €\lm{z) > 0}. 

The uniformization theorem also covers those Riemann surfaces which are not sim- 
ply connected, namely for any such surface Hg the universal covering space E will 
be one of the following three Riemann surfaces (Coo, C, Ti). The universal covering 
space is a principal fibre bundle with structure group 7Ti{T,g) 



topological space X is simply connected if every loop can be continuously shrunk to a point. 



i 



(1.19) 
(1.20) 



'9 
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Wc discuss fibre bundles in more detail in chapter 2. The uniformization theorem 
states that one and only one of the following statements can, and will be, true 

= <Doo/7ri(S,), (1.21) 

= C/7ri(Sg), (1.22) 
= n/n,i^,). (1.23) 

The three canonical Riemann surfaces (Coo, C, H) play a vital role and we discuss 
some of their important properties. Prom the definition of the universal covering 
space, it is clear that 7ri(E) = 1 is trivial. This follows from E being simply 
connected. So for any surface E^ the action of 7ri(S) will be trivial and hence free. 
Recall that the action of a group G with elements g, is free on a space X if for any 
point x&X,gox = xif and only if (/ = e is the identity. If this was not true 
for a point, say y & X, this is said to be a fixed point for the group. In order to 
preserve the complex structure on the covering space, one must require the elements 
(f) e 7ri(Ep), to be analytic automorphisms on E. 

It is possible to study the classification of Riemann surfaces by classifying the 
representations of 7ri(Eg). This is done by investigating the fixed point free sub- 
groups of the automorphism group, respectively for each of the three canonical 
Riemann surfaces. 

We use the standard description of a genus g Riemann surface Eg as a 4g'-polygon 
(see figure (1.1)) where each pair of identified sides corresponds to a homotopically 
nontrivial loop on S^,. The polygon edges are identified as the loops (oj, bi) on 
figure (1.2), which all for i = 1, . . . , are homotopically nontrivial. 

There exists a homotopically trivial curve 7 which represents the boundary of the 
45'-polygon 

7 = aibia^^bi^a2b2a2^b2^ . . . agbga~^b~^. (1-24) 

The curve is trivial because it never encloses the nontrivial cycles, so we can shrink 
7 continuously to an interior point of the surface. The fundamental group tti (E^) 
has 2g generators r(ai), r(6j) constrained by the one relation 

n (r(a,)r(6,)r-i(a,)r-i(6,)) = i. (1.25) 

i=l 

For the three canonical Riemann surfaces, we should represent this group by fixed 
point free elements of their automorphism groups. The fundamental group 7ri(Ep) 
also has an interesting classification due to the genus g of the surface. It comes 
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Figure 1.1: A 4g(-polygon. 




Figure 1.2: A Riemann surface of genus g. 

in three distinct classes: For g — 0, all curves are homotopic trivial 7ri(Eo) = 0. 
For g — 1, the fundamental group has two generators r(a),r(6). Equation (1.25) 
reduces to the statement that the group is abelian T{a)r{b) = r(6)r(a). For higher 
genus g > 2, 7ri(Eg) wiU be non-abelian. The division into three situations is tied 
to the three canonical Riemann surfaces. In the next section we show that for a 
non-simply connected Riemann surface S^, the universal covering space is (Coo for 
(7 = 0, (D for g = 1 and Ti. for g > 2. Wc therefore now consider the three canonical 
Riemann surfaces and find their automorphism groups. 

1.3.3 The Canonical Riemann Surfaces 

The Riemann sphere, or the extended complex plane as it is also called, is the 
only compact surface of the three canonical Riemann surfaces. Hence it is clear 
that there can not exist an analytic homeomorphism from this to the non-compact 
surfaces C, or 7i , so it is conformally inequivalent to these. The sphere is related 
to the extended plane by the usual sterographic projection, where the equator is 



10 



CHAPTER 1. MODULI SPACE OF RIEMANN SURFACES 



mapped to the unit circle in (D, the south pole to the origin of (D, and the north 
pole to infinity. In other words Coo is the one point compactification of €, where 
we have added the point {oo}. It can be shown that all analytic functions on Coo 
are rational functions which can be represented as the quotient of two polynomials 
such that f{z) = p{z)/q{z) where q{z) is not identically zero. 

We are interested in the automorphisms on Coo , i-e. analytic homeomorphisms 
mapping Coo to itself. We assume that the polynomials p{z), q{z) do not have com- 
mon factors, since they would cancel in any case. So the analytic homeomorphisms 
will also be rational functions, but since they must be bijective in order to be home- 
omorphisms, the maximal degree of these polynomials will be one. This is due to 
the fact that a complex polynomial equation of order n has n solutions and hence 
it will not be bijective for n > 1. So the form of a general automorphism on Coo is 

T(^) = ^i±^ ; a, 6, c, d e C, (1.26) 

supplemented with the restriction ad — cb ^ ensuring that there are no common 
factors in p{z) and q{z). It is clear that (a, b, c, d) i— > (aa, ab, ac, ad), a E <C, a ^ 
defines the same transformation. The transformations of the form T[z) are called 
Mobius transformations. These form a group, the automorphism group Aut{(Doo) 
under the composition 



faz + b\ fez + f\_{ae + bg)z+{af + bh) 
\cz + d) \gz + h) ~ {ce + dg)z+{cf + dh)' 

The identity element is T{z) = z and the inverse element 



;i.27) 



T-\z) = ^ . (1.28) 

^ ^ -cz + a ^ ' 

The Mobius transformation can be written in matrix form as 

M{T) = || ^ ^ j , (1.29) 

and the composition defined in equation (1.27) is now just matrix multiplication. 
This also clearly explains the form of the inverse transformation in equation (1.28). 
The matrices of this form, with non-vanishing determinant (i.e. the requirement 
ad — d) generate the general linear group GL{2, C). But due to the comment 

above, we note that aM{T) defines the same action as M(T), which implies that 
GL{2, C) ^ Atit(Coo)- Let M : GL{2, C) ^ Aut{^^) be a group homomorphism 
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and denote by A those elements of GL{2, C) which are mapped to the identity 
element of A-ut(Coo)- These elements are of the form a = d = X ^ and b,c = 0. 
The automorphism group (or Mobius group) is then (almost) 



Aut(€^) ~ GL{2, C)/A = SL{2, (D). 



(1.30) 



By setting = 1/detM, the element AM(T) G GL{2, C) will have unit determi- 
nant. But since the scaling factor is quadratic, we also have the ^2 invariance under 
(a, b, c, d) I— > (—a, —6, — c, — rf), which we factor out to obtain the true automorphism 
group 

Aut{<Coo) = SL{2, C)/^2 = PSL{2, €). (1.31) 

We conclude that the special projective group is the automorphism group of the 
extended complex plane. In the literature one often ignores the distinction between 
PSL{2,€) and SL{2,€). 

We know that the metric can always be written in isothermal coordinates 



{ds^ = exp(^^{z, z)^ I dz 



(1.32) 



By choosing the correct function $ one can obtain a metric on each of the canonical 
Riemann surfaces. As a general result the scalar curvature [6] is 



R^ -e-^^'''^d,d,^{z,z). 
The correct functions for the canonical surfaces are 



(Doo: ^{z,z) + 
C: $(z,^)o 
H: ^z,z)- 



in(i+kr), 

0, 

-21n(2Im(^)) . 



(1.33) 

(1.34) 
(1.35) 
(1.36) 



We list the three corresponding metrics and their scalar curvature: 



Coo 


M„^2 _ Mzp 

\^^)+ - {l+\z\^f 


R+ = 2 


c 


{ds)l =\ dz p 


Ro^O 


n 




= -2 



(1.37) 
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Often one changes the normahzation such that the curvature is ±1 or 0. It can be 
shown [6] that the isometry groups for these three metrics are SU (2) for (Dqo, I SO (2) 
for €, and SU{1, 1) for Ti . These are different 3-parameter subgroups of the 6- 
parameter group PSL{2, C). The matrices in equation (1.29) with unit determinant 
form the special hnear group SL{2, C) and if one then restrict the elements to 
fulfill d = a and c = —b, we obtain the special unitary group SU{2) C SL{2, C). 
This is the maximal compact subgroup of S'L(2, (D). The non-compact subgroup 
SU{1, 1) = SL{2, m) is the restriction of SL{2, C) by demanding all matrix elements 
to be real. The subgroup IS0{2) C SL{2, C) is spanned by the matrices of the form 



where 6 G C and 9 E For I SO (2) the corresponding Mobius transformation 
maps z I— > ze^^ + [3 which is a rotation followed by a translation. But these are 
not all Mobius transformations on the complex plane, there are also the dilatations 
z ^ \z where A e R. So IS0(2) is not the automorphism group of C, this is instead 



While the isometry groups for Coo j and €, are subsets of the automorphism groups, 
it turns out that the isometry group and automorphism group for Ti are identical 



For the Riemann sphere Coo , the automorphism group PSL{2, C) has three free 
complex parameters due to the requirement ad — be — 1. One can always fix these 
three parameters [6] in the Mobius transformation, so there are no fixed point free 
subgroups for Aut{<Coo)- Only the trivial homotopy group 7ri(So) for a genus zero 
Riemann surface Sq can be represented in Aut{G^) and hence Coo is the universal 
covering space for all genus zero Riemann surfaces. 

For the complex plane C, the automorphism group was ISO{2) ® R. There is a 
fixed point for the ISO{2) rotation/dilatation part 




(1.38) 



Aut{'^) = 7,50(2) ® R. 



(1.39) 



Aut{ n) = SU{1, 1) = SL{2,]R). 



(1.40) 



z 1-^ ze^ A, fixed point at 2; = 0, 



(1.41) 



but not for the translation 



z t-^ z + (3, no fixed points. 



(1.42) 
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So we can only represent 7ri(C) in I SO (2) (g) IR by the translations, but since the 
translation group is abelian it can only be 7ri(Si) for genus one Riemann surfaces 
which will do the job. We thus identify C as the universal covering space for all 
genus one Riemann surfaces. 

The fundamental group for a genus one surface Si is generated by two elements 
(n, m) , which also generate the translation group 

{t & ni{T,i)\t : z ^ z + ncui + 171002} ', n,m&Z, a;i,a;2 G C (1-43) 

The ratio Im(a;i/a;2) 7^ per definition. For every choice of (001,002), we define 
a genus one Riemann surface as the equivalence class of points in (D, under the 
relation 



This relation defines a lattice Z x Z and the corresponding torus is conformally 
equivalent to the torus defined by a lattice with basis (1, t), where the ratio 



has a positive imaginary part. Hence we identify r as an element of the complex 
upper half plane Ti. . In figure (1.3) we show the fundamental region of this lattice. 
By identifying the opposite sides of the fundamental region, we get a torus with 



z z if z — z + nuo\ + rruj02 ; n,m E 



(1.44) 



T = UJ2/UJ1, 



(1.45) 



Im A 




Re 



Figure 1.3: The fundamental region of the lattice (1,t). 



vertices (0, l,r, r + 1). The number r is known as the moduli. But two different 
moduli parameters can define the same lattice. Every lattice will have infinitely 
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many moduli parameters, namely one for each different choice of basis {001,002). Let 
{ooi,oo2,t) and {qi,q2,T) be two different bases with their moduli. They define the 
same lattice if they are related by 

f = "^^^ , a,b,c,d & Z ; ad — bc—1 such that Im(f) > 0. (1.46) 

The collection of all such transformations form the modular group F = PSL{2, Z). 
If T and f are related by a modular transformation the lattices (1,t) and (1,t) 
will be conformally equivalent. This shows that the moduli space of a genus one 
Riemann surface must be of the form 

Mi= Hr/r, (1.47) 

being the set of all complex structures which can be imposed on a compact genus 
one Riemann surface. By Ht we mean the complex upper plane defined by the 
moduli parameter r. The modular group F is a discrete subgroup of PSL{2,\R) and 
we shall see that the elements are related to global diffeomorphisms on Ei. The 
metric on Ei can be written in isothermal coordinates, but the function $((7i, (72), 
from equation (1.10), must be periodic 

$((T^ + m + nri, + nra) = $ (ct\ a^^ , r = n + iT2; m,ne (1.48) 

In this representation all moduli dependence of the metric has been collected in 
the conformal factor, but this is not a universal result. Consider the following 
coordinate transformation 

^ a^ + na"^, (1.49) 
(7^ ^ T2(7^ (1.50) 

mapping the unit square of the ((7^,(j^) coordinate system into the fundamental 
lattice (1,t). This maps the isothermal metric into the form 

(ds)^ = exp ($((7\ a^)) \da^ + Tda^\\ (1.51) 

This is an example of a general result for Riemann surfaces. One can always write 
an arbitrary metric as 

{dsf = \{z, z) \ dz + fidz\'^, (1.52) 

where one requires | A |> 0, | ;U |< 1 to obtain positivity of the metric. Since A is 
always positive, we write it as the exponential of ^{z,z). This general metric will 
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acquire the isothermal form if we can find a diffeomorphism w = f{z,l) that maps 
the (2;, z)-coordinates into an isothermal coordinate system. The requirement for 
such a diffeomorphism is that it should satisfy the Beltrami equation: 

d^f^l^dj. (1.53) 

We use the standard definitions 

= ^{d^-tdy), (1.54) 

a, = ^{d,+idy), (1.55) 

from which we see that if w = f{z,z) satisfies equation (1.53) one can write 

I dw 1^=1 dzW dz + dzW dz |^=| d^w \ dz -\- ji dz 'f' . (1.56) 

This shows that the diffeomorphism / maps the arbitrary metric in equation (1.52) 
into the form of equation (1.13) 

/ : \{z) I dz + fidz 1^=1 dzw{z) |^| dz + jidz >| dw (1-57) 

where A'(w) = 1. Locally one can find solutions to the Beltrami equation, provided 
certain conditions are fulfilled, for example that the metric should be real-analytic. 
For details see [8]. 

The diffeomorphisms in equations (1.49,1.50) are exactly mapping the isothermal 
metric into the form in equation (1.52) and the Beltrami coefficient is 

I + IT , , 

IX ^- -. 1.58 

\ — IT 

The modular transformations are exactly those diffeomorphisms which preserve the 
metric in equation (1.51), i.e. they should be linear in ((J^,(T^) 

^ aa^ + ba'^, (1.59) 

(7^ ^ C(7^ + d(7^ (1.60) 

as well they should preserve the periodicity of the metric. Hence they should map 
the vertices of the unit square to the vertices of the fundamental region of the 
lattice (1,t), which forces {a,b,c,d) to be integers and since the diffeomorphism 
should be orientation preserving it follows that ad — be ~ 1. We see that these 
diffeomorphisms define modular transformations, and they are not homotopic to 
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Figure 1.4: An example of the map in equations (1.59,1.60). 

the identity. Consider the example given in figure (1.4) where the unit square is 
mapped into the lattice by the modular transformation given by {a — 2), {b — c — 
d — 1) and where the dotted line indicates a constant cr^ value. Identifying the 
opposite edges of the square and parallelogram respectively, results in two tori, as 
illustrated in figure (1.5), where we see from the indicated constant cr^ lines, that 
the diffeomorphisms mapping the torus (A) into the torus (B) can not be homotopic 
to the identity. 




A B 

Figure 1.5: The resulting tori with the constant lines. 

Hence we can identify the modular transformations with the mapping class group 
(defined below) on Ei, 

where Diffo(Si) are the diffeomorphisms connected to the identity. The space of 
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inequivalent complex structures from equation (1.47), can also be represented as 



This show that Hr, is the universal covering space for Aii with covering group 



By discussions similar to that of genus one surfaces, one can prove that Ti. is 
the universal covering space of all Riemann surfaces with genus g > 2, with the 
covering group being the fundamental group of the surface. We now turn to a more 
general discussion of the moduli spaces of Riemann surfaces. 



1.4 The Moduli Space of Riemann Surfaces 



The space of all conformal equivalence classes of Riemann surfaces is known as 
the moduli space A4g of a genus g Riemann surface. This space is very important 
for the study of gravity in two and three dimensions and for string theory. One 
reason for this is that in those theories the path integral involves an integration 
over all surfaces. The action in critical string theory is conformally invariant and 
the theory reduces to an integral over moduli space. In gravity the moduli space is 
also important for reasons we will discuss in the following chapters. We have seen 
an example of the moduli space of genus one Riemann surfaces and we now extend 
this to a discussion of the moduh space for all genera. Denote by MET(Ep) the set 
of all metrics on the Riemann surface with genus g. We have seen that every 
metric defines a complex structure, so obviously the set of all inequivalent complex 
structures M.g will be a subset of MET(Ep) . But there is no reason to beheve 
that every metric should define a unique complex structure, so we must study how 
the inequivalent complex structures can be identified. Wc have learned that the 
Weyl transformations do not change the complex structure and the moduli space 
A^^must be a subset of MET(Sg) /Weyl(Sg) . The group of all diffeomorphisms 
mapping the surface to itself is denoted Diff(Sg) . There are diffeomorphisms acting 
on the metric, which preserve the complex structure and these should be factored 
out to form an equivalence class of complex structures. Thus we can conclude that 
the moduli space can be represented as^ 



^Warning! This is not quite true for genus zero and one. The explanation is given on page 2 Iff. 



(1.62) 



PSL{2,Z). 




(1.63) 



18 



CHAPTER 1. MODULI SPACE OF RIEMANN SURFACES 



characterising the metric transformations which change the complex structure. The 
result in equation (1.62) generalizes to all genera and the covering space to moduli 
space is known as Teichmiiller space Tg 

^» = mo,- ^'■'*> 

where the Teichmiiller space can be represented as 

r - ^^^(^^) (165) 

' Diffo(S,) X Weyl(E,) " ^ " ^ 

Teichmiiller space is always smooth while moduli space is an orbifold, since it is the 
quotient with a discrete group, namely the mapping class group. Note also that 
moduli space is non-compact, but, as we will see, finite dimensional. 



1.4.1 The Geometric Structure of Moduli Space 

It is instructive to use the identification from equation (1.63) to identify the elements 
in A^gand Tg . The tangent space Tg(MET(Sg) ) at the point gap G MET(Eg) is a 
linear space spanned by the infinitesimal deformations of ga/s 

9a/3 ^ gap + Sgap- (1-66) 

Since the space is linear it is endowed with a natural inner product, corresponding 
to a metric on the space of metrics MET(Eg) 

(5^(1), 5^(2)) = / c^^eV^y"^(0/'(05^S(0^4?(0- (1-67) 

Here g — det{ga/3{0)- The tangent space T(Diff(Sf,) ) is the Lie algebra of the 
diffeomorphism group, which is spanned by the tangent vectors of Eg 

r(Diff(E,))=r(E,), (1.68) 

since every tangent vector t"(^) is a generator of an infinitesimal coordinate trans- 
formation 

C^C + t^iO- (1-69) 
The space T(Diff(Eg) ) is linear and thus endowed with a natural inner product 
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A vector field on a surface is a choice of a tangent vector to every point of 
the surface. Since each point has a tangent space, this amounts to a selection of one 
vector from each tangent space. If this choice varies smoothly from point to point 
one can draw curves on the surface such that the vector at a; G is tangent to the 
curve passing through x. Such curves are known as integral curves. If the vector 
fields never vanish at any point, the different curves will not intersect and there will 
be just one curve per point. The set of integral curves will cover the surface and 
is known as the congruence of integral curves covering E^. A congruence provides 
a natural mapping Eg i— > Eg and if the integral curves are infinitely 

differentiable with respect to t, the resulting congruence is a diffeomorphism of the 
surface to itself. An infinitesimal diffeomorphism can thus be parametrized by a 
C~ vector field vi^\^'^). 

Assume that {^^, are nonsingular coordinates on Eg. Let e^, for a = 1, 2 be the 
basis of the tangent space at the point {^^, ^^), such that v — v^Ca- If f {^^ (t) , ^'^ (t)) 
is a scalar function on Eg then the operation of the vector field v{i^,i'^) on / is 
written as v[f] defined as the change in / when it is displaced along the integral 
curves of v. The change is expressed by the directional derivative of / in the 
direction of the vector v, tangent to the integral curve, such that 

^f]-v-eM]-v'^§l^. (1.71) 

This is also known as the Lie derivative of / along v. The similar action on a 
rank two covariant tensor gap on Eg reads 

Cff{g{%w)) = {C^g){u,w) + g{CS,w) +g{u,C^w). (1.72) 

This enables one to describe the action of an infinitesimal diffeomorphism on the 
metric as the Lie derivative along the vector field v that generates the diffeomor- 
phism, 

SdiSgaP = {Cv9)aP = v'^id^Qap) + 9^fs{daV'^) + 9^a{dpV^), (1.73) 

where da — d/d^". Using Va — ga-yv"* we have for example 

6-7/3 {daV"') = {daVp) - v'' (Oag^p) , (1.74) 

and equation (1.73) can be rewritten as: 

{(^vg)ai3 = daVi3 + dj^Va + v^d^gaf) - v"' dag^jB - v'^dpg^a- (1-75) 
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Notice that some of this form resembles that of the Christoffel symbol 

K/3 = \ {dag^a + 5/3^7" - ^7^«/3) , (1-76) 

and by reorganising the terms we find 

{C,vg)<xfi = D^Vp + DpVo, = D^aV)3), (1.77) 

using that 

DaV0 = daV0 - r^^Vp. (1.78) 
A general Weyl scahng maps the metric 

9aP ^ 9aP = (^'^9aP, (1.79) 

and an infinitesimal Weyl transformation by e"^* is then written as 

SwQap = QapS^- (1.80) 

Any general transformation of the metric 5ga/3 can be decomposed into a trace part 
and a traceless one: 

Sgap^ S^Qap + Shap, (1.81) 

where 

5^ = ^g^^Sg^., (1.82) 

Shap = 6gap - ^gapg^'^Sg,,^. (1.83) 
Choose 5 gap — -D(q,i'/j) for an infinitesimal diffeomorphism and we find: 

= ^g'^'^D^^v,) = L>X, (1-84) 

Shap = D(^aVp) - ^gapg^'^Df^f.v^) 

= [Pi{v)U. (1.85) 

In the last line we introduce the definition of the operator Pi which maps vectors 
into symmetric, traceless, rank two tensors. This operator plays a central role in 
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the following considerations. Apply equation (1.81) to write the combined effect of 
a Weyl transformation and a diffeomorphism on the metric as 

Sgap = {S^ + DX)gai) + [Pi{v)U. (1.86) 
A Wcyl transformation is orthogonal to the image of Pi, i.e. 5wcyi ^ (ImPi)-*- since: 

= / d^Cy/g5^(Dj- + Dj--2D,t^) 
J s 

= 0. (1.87) 
Prom {Sg,Pit) — {PiSg,t), one can show 

= -2D^5g^p + (( V')^75) ■ (1-88) 

Hence one introduces the following notation: The tangent space of MET(Sg) can 
be decomposed as T(MET(Sc,) ) = T(Weyl(Sg) ) © H, where H denotes the space 
of all traceless (2 x 2) matrices. The operator maps from H to the space of 
vectors, i.e. to T(DifT(Eg) ) and we identify 

ii" = Im Pi © Ker P/, (1.89) 

where KerPi is known as the space of quadratic differentials and KerPi as the space 
of conformal KiUing vectors. First we consider the latter. 

For e Ker Pi we have 

DJp + Dpt^^g^f,D^t\ (1.90) 

so any diffeomorphism induced by such a conformal Killing vector (C.K.V.) field 
equals a Weyl transformation, i.e. ^Difr-c.K.vS'a/? = ^Wejidap- Hence there is an 
overlap between the groups Diff(Sc,)and Weyl (S^) if there exist conformal Killing 
vectors and the product Diff(Eg) x Weyl(Sc,) in equation (1.63) should really be 
taken as the semi-direct product [9] if one is to be strictly correct. As we shall see 
this is only a problem for surfaces of genus zero and one. 

The elements t"' e Ker Pi form a Lie sub- algebra of T(DifT(Eg) ), namely the 
Lie algebra of the group of conformal automorphisms of the metric. The metric 
isomorphisms (i.e. Sg = 0) are a subset of the conformal automorphisms. 

The elements h^p G Ker P/ are the symmetric, traceless and divergencc-lcss (i.e. 
Dah°'^ = 0) rank 2 tensors. It is convenient to rewrite the definitions of Pi, Pi from 
equations (1.85,1.88) in isothermal coordinates 

{dsf = exp($(^, z)) I dz |^ (1.91) 



Pl6g 
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where g^z = Qzz = 9^^ = 9^^ = 0. Using g'^^Sgap = 2e '^dg^z, one can write 

[P,tl^ = 2D,t,, (1.92) 

[Pit],, = 2D,t,, (1.93) 

[Pitl, = 0, (1.94) 

PlSg]^ = -2g''{D,6g,, + DJg,,) + 2D,[e-''6g,,), (1.95) 

PlSg]_ = -2g'^DJg,, + D,Sg,,) + 2D,(e-^Sg,,). (1.96) 
= the elements /^^^ G KerP/ must satisfy the 



In the special case where 6gzz 
equation 

PiVl = (/"'"P'.-/i.. = 0. (1.97) 

L -i z 

In the isothermal coordinate system the Christoffel symbols, defined in equation (1.76), 
reduce to only two non- vanishing components 



Kz = d,^, 



zz 



:i.98) 

;i.99) 



and equation (1.97) reduces to 

(1.100) 

justifying the name quadratic differentials and we denote the space of analytic 
quadratic differentials as H^'^^T,). 

This identifies the space of quadratic analytic differentials as the space consisting of 
infinitesimal metric deformations, which are not obtained by Wcyl transformations 
or diffeomorphisms. Hence these are the same as the elements of Teichmiiller space 
and _ 7-^ Combining this with Im(Pi) = T(Diff(Eg) ) we have 



T(MET(EJ ) = r(Weyl(Sg) ) © r(Diff(Ej ) © H^^l 



;i.ioi) 



We now turn to investigate how the various changes in the metric affect the 
curvature of the Riemann surface. One can calculate the change in the scalar 
curvature from a general metric transformation 6ga/3 

5R = -^{5gaf,)g-^ R + D-^D, (y"^((5^„^)) - D^D^ {5g^p) . (1.102) 

The space of those metrics which have constant scalar curvature R[g] — k is invari- 
ant under diffeomorphisms, since a coordinate transformation can not change the 
value of a scalar. If Sgap € -ff , i.e. it is a so-called Teichmiiller deformation, it must 
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be traceless and divergence-less as e.g. Sga/3 = Ra/3 = |fi'a/3-R and one also finds 
SR = 0. But since the Weyl transformations change the scale of the surface, they 
do not preserve the scalar curvature and they move us away from the surface of 
constant curvature metrics in MET(Sg) as illustrated in figure (1.6). When dealing 




R = k 



Figure 1.6: A constant curvature surface in MET(Eg) . 

with functional integration over moduli space, we see that the Weyl invariance is 
easily gauge fixed by restricting ourselves to a constant curvature R = k, which we 
will do several times during the discussion of topological gravity in two dimensions. 

This concludes the introduction to metric transformations and the construction 
of moduli space Mg . The metric on MET (T.g) in equation (1.67) is also valid on the 
space of constant curvature metrics {METCEg) \ R = k} and it is invariant under 
all diffeomorphisms there. In other words the diffeomorphisms are isometrics on 
{MET(Eg) \ R = k} and the metric can be used on both Aig and Tg . In the latter 
case it is known as the Weyl-Peterson metric [2]. The dimension of the tangent space 
of a manifold equals the dimension of the manifold itself and one can determine the 
dimension of moduli space from its tangent space. The Riemann-Roch theorem 
applies here and it can be shown [4, 6] that the dimension of moduli space is 



dimMg = dim (KerPi^) - dim (KerPi) = --x(E) = 3t/ - 3, 



where 



X(S) 



2g, 



(1.103) 



^1.104) 



is the Euler-Poincare characteristic for a boundary- less Riemann surface E^. We 
see that there are three conformal Killing vectors in genus zero corresponding to the 
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six real generators of PSL{2, C). In genus one there is one modulus (or Teichmiiller 
parameter) and one conformal Killing vector corresponding to the generator of the 
translations. For all higher genera are there no conformal Killing vectors and 3g — 3 
or (in real dimensions 6g — 6) moduli. 



1.5 A Few Lines on Algebraic Geometry 

Many of the results used in topological gravity regarding moduli space are made in 
the very powerful, but also abstract, framework of algebraic geometry. We present 
the very basic ideas and explain some of the terminology used in the original work 
on topological gravity, to the extent it is needed in the rest of the thesis. 

Let us first introduce the complex projective space CP". One can define this 
space as 

CP" = (C"+^ - {0}) / ~, (1.105) 

where w,z E C""*"^ are equivalent w z, ii z — Xw for any non- vanishing complex 
number A e C. One can define the map 

TT : (C"+^ - {0}) ^ CP" by mapping (^o, zi, . . . , Zn) ^ {zo : zi : . . . : Zn). 

(1.106) 

The notation (zq : Zi : . . . : Zn) covers so-called homogeneous coordinates on CP", 
but due to the definition up to scalar complex multiplication these numbers are not 
coordinates in the usual sense. 

One can define a topology on CP" by defining vr to map into open sets of CP". 
By introduction of an atlas {Ua,ipa) one can define a manifold structure on CP". 
Let the coordinate patches be 

Ua = {{zo : zi Zn) \za 0, a ^ 0,1, ... ,n} , (1.107) 

and the homeomorphisms be given as 

V'a : C/a ^ C" 



{zq: z^: Zn)^ { — , , , ■■■,—)• (1.108) 

Z/y Zrv Z/y Z/y Z/y 



By this map the individual coordinate patches of CP" are identified with C", and 
the space CP" \ Ua is an (n — l)-dimensional hyperplane at infinity. The projective 
space is thus a compactification of C". The complex projective space can be viewed 
as the space of all complex rays through the origin, excluding the intersection point 
at the origin. All lines or rays in projective space intersect at one and only one 
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point, and even parallel lines intersect, namely at infinity. This picture makes it 
possible to map the projective spaces to the spheres. One can identify CP^ with 
the Riemann sphere Coo ) using the covering 

C/n = {{zo:z,)\zo^O}, (1.109) 
Us = {(zo:zi)\zi^O}. (1.110) 

(1.111) 

Using the map in equation (1.108) we can identify 

Us = |(w : 1)|«; = ^ e c| ~ (D, (1.112) 

CPVC/s = {(l:0)}^{oo}, (1.113) 

(1.114) 

which identifies the manifold CP^ with the Riemann sphere Coo ■ 

More generally the complex projective space is useful when one wishes to extract 
information about the geometry of a Riemann surface by embedding it into a larger 
space. The picture in figure (1.2) is the result of an embedding into IR'^. This 
embedding gives a good visual picture of the surface, but it does not respect the 
complex structure on the surface. The only compact complex submanifolds of 
are the points, because the coordinate functions being analytical functions in C"^ 
also will be analytic functions on the embedded surface S, but the only possible 
analytic functions on a compact Riemann surface are the constants. This implies 
that CP" is the simplest space we can embed our surfaces in, which respects their 
complex structures. One can extract a lot of information by this embedding, but it 
can be problematic to separate the information depending on the embedding, from 
that depending only on the surface itself. By this embedding Riemann surfaces will 
be described in terms of polynomials in projective space. 

Let / be a polynomial in n + 1 variables Xi, {i = 0, 1, . . . ,n), with all terms 
homogeneous of order k. As an example take (n = k = 2) and let / be of the form 

f{x)^xl + x\ + xl. (1.115) 

Let {zq : zi : Z'z) be homogeneous coordinates in CP^ and insert these in the 
polynomial to obtain 

f{z)^zl + zl + zl. (1.116) 
Since the coordinates are only defined up to scaling we have: 

f{\z) = A°'"'^'^'"(^)/(^), A e C. (1.117) 
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Since A 7^ per definition one can always determine whether f[z) is zero or not. 
The set of zeros for f{z) 



defines a so-called variety. Varieties replace Riemann surfaces in algebraic geometry. 
One can equip CP" with Zariski topology, being the coarsest topology in which the 



subset W C CP" is a projective variety if it is the common set of zeros of finitely 
many homogeneous polynomials. These polynomials might be of different order. 
A variety W is said to be irreducible if every decomposition W = V1UV2 implies 
that Vi C V2 or V2 C Vi, where Vi, V2 also are varieties. A Zariski open set of an 
projective variety is known as an algebraic or quasi projective variety. 

Kodaire and Chow [4] have shown the following: If Eg is a compact Riemann sur- 
face, then it admits an embedding into some complex projective space. In addition 
every Riemann surface is analytically isomorphic to a one-dimensional non-singular 
variety, also known as a curve. In algebraic geometry the moduli space of Riemann 
surfaces is known as the moduli space of curves. A non-singular variety corresponds 
to the notation of a manifold in topology. The definition is somewhat technical and 
we appeal to the readers' intuitions of singularities and refer to the literature for 
more information [10]. Non-singular varieties are said to be smooth. 

Since all complex algebraic equations can be solved, algebraic geometry is a powerful 
theory. Many central proofs given in topological gravity are made using algebraic 
geometry and the hope is that this short list of the most central definitions will ease 
the discussion of these proofs in the later chapters. 

In the next section we show how the representation of Riemann surfaces as poly- 
nomials give an extension to singular surfaces and we discuss the compactification 
of moduli space in terms of these. 



^Recall: Let X be a topological space: A point a; e X is an accumulation point of A C X if every 
neighborhood N{x) of x contains at least one point a G A different from x : {N{x) — {x}) (1 A ^ 
0, yN{x). The closure A of A in X is the union of A with all its accumulation points. The set A 
is dense in X if A = X. 




(1.118) 



varieties Vf are closed sets. Every non-empty Zariski open set is dense^ 



in CP". A 
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1.6 Compactification of Moduli Space 

We begin this section by explaining how a torus can be described as a polynomial 
in (DP^. This leads us to the notation of noded Riemann surfaces, which plays a 
central role when we compactify moduli space later in this section. 

A torus can be represented as a parametrized curve in (DP^, given by the poly- 
nomial [11] 

C(a;, I/) = ^|l/2-a;(x-- l)(x-- u) = o|u{oo}j C CP^ (1.119) 

where u e € is a, complex constant and (x, y) are defined as 

X = — and 7/ = -, (^0 : Zi : Z2) G <CP\ (1.120) 
Z2 Z2 

The curve is written C{x,y) = C{zo/z2 : Zi/z2 : 1). We have added infinity to 
compactify to (DP^. To see this describes a torus, consider the map tt : C 1— > 
(DP^, taking [zq : Zi : Z2) into {zq : Z2) and 00 into (1 : 0), or equivalently as 
(x, y) I— > X. This is a 2 to 1 map corresponding to the graph of 

y = ±^x{x - l){x - u) , x,y,weC, (1-121) 

and since the complex projective space CP"*^ corresponds to the Riemann sphere Coo 
, we consider y as a function y = f{x) on (Dqo • Outside the four points (0, 1, u, 00) 
this is a double valued function. Mark these four points on Coo a-nd draw two paths 
between (0, 1) and {u, 00), as done in picture (A) of figure (1.7). Now cut the sphere 
along the paths, which splits the double cover into two sheets as indicated in picture 
(B) of figure (1.7). Then open the two cuts to change picture (B) of figure (1.7) 
into the left hand side of figure (1.8). By gluing the open cuts together we obtain 
the torus as promised. Note that the complex number u represents the moduli of 
the torus, but in the algebraic geometry the limit — > is special. For u — 
C is still a perfectly regular polynomial, but the corresponding Riemann surface 
undertakes a radical transformation. The torus degenerates and changes form from 
(A) to (B) in figure (1.9) This is not a smooth Riemann surface, but it is still a 
polynomial of the original order in CP^. We call the degenerated point, a node and 
the surface, a noded Riemann surface. Almost every point on a noded Riemann 
surface has a neighbourhood homcomorphic to C, but the degenerated point has 
a neighbourhood homeomorphic to two discs glued together in a double point as 
illustrated in figure (1.10). The pinched torus is topologically a sphere with a single 
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Figure 1.7: (A) Two paths on the sphere. (B) Union of two copies of the sphere 
with cuts. 



double point. For higher tori, e.g. a two-torus, one can consider a non-contractible 
loop, homologous to zero, as indicated by the dashed line, of length in picture (A) 
of figure (1.11). Taking the hmit I — > results in the pinched two-torus in picture 
(B) of figure (1.11). The study of noded Riemann surfaces arised in string the- 
ory, where divergences occur due to integration over A4g , which is a non-compact 
space. One would like to compactify Mghy adding conformal equivalence classes 
of degenerated surfaces. A situation which would cause problems in string theory 
is when the string world-sheet becomes an infinitely long cylinder. But the infinite 
cylinder can be mapped to the disc with a hole, by a conformal transformation, 
so the infinite cylinder is conformally equivalent to (half) the neighbourhood of a 
node [12]. This was exactly two discs glued together at the hole, and this implies 
that the infinite cylinder corresponds to a degenerated Riemann surface, with a 
node. Noded surfaces appear to be of the nature, which corresponds to the phys- 
ical degenerations in string theory. A certain compactification scheme known as 
the Deligne-Mumford-Knudsen compactification [4, 12, 13], based on noded Rie- 
mann surfaces has therefore found good use in string theory. The compactified 
moduli space is denoted A4g and the added point (actually a subvariety) A is the 
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Figure 1.8: (A) Two paths on the sphere. (B) Union of two copies of the sphere 
with cuts. 



A) 



B) 




Figure 1.9: (A) A normal torus (B) A pinched torus, 
complement of Aig in Aig , being of codimension one and having a decomposition 

9/2 

A = U Ai. (1.122) 

i=0 

The individual Aj's are also subvarieties. A point in A corresponds to a noded 
Riemann surface and Aq is the closed set of all irreducible curves (complex dimen- 
sion one varieties) with exactly one node as singularity, as e.g. the pinched torus in 
figure (1.9) or more generally a ^^-torus with a single pinched homology cycle as in 
figure (1.12) In general all Aj are irreducible components of codimension one. For 
i > 0, Aj is the closed set of stable curves, which are the union of a nonsingular 
genus i and a genus (g — i) curve, with one common double point. This is illustrated 
in figure (1.13). In this compactification Aig is a projective variety, for which Aigis 
an open (in Zariski topology) , irreducible subvariety, so Aig is an algebraic variety. 
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Figure 1.10: The neighbourhood of a node. 




Figure 1.11: (A) A two-torus. (B) A pinched two-torus. 

As in the geometric formulation, M.g is singular due to nontrivial automorphisms. 
That Aig is a projective variety, makes life easy since many nice theorems like the 
standard index theorems and things like Poincare duahty still hold on A^^then. 
This is the mathematical reason for preferring this compactification in favour of 
others, and it then also happens to describe the degenerated surfaces one expects 
in string theory. Therefore, it has also been used in topological gravity, as we will 
discuss in chapter 4. 

But not all noded curves are elements in J\4g . Consider a sphere and begin 
to squeeze the equator, until it becomes a node and the sphere pinches into two 
spheres as illustrated in figure (1-14). The original sphere is conformally equivalent 
to the pinched sphere, since all angles are preserved and this curve is not an element 
in Aig . There are no moduli on a sphere, which we can kill by pinching the surface 
and the sphere is said to be conformally rigid [12]. These kinds of elements are not 
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Figure 1.12: The general elements in Aq. 




Figure 1.13: The general elements in Aj, with a genus i and a, g — i sector. 

in Aig . In the same way of reasoning one can not obtain a new element in Aig , 
by pinching the torus in figure (1.9) once more, since there are no moduli left to 
kill. It is not known whether the compactificd moduli space is the quotient of some 
Teichmiiller-like space with some covering group G 

Mg^7g/G. (1.123) 

In chapter 4 we extend this discussion to so-called punctured Riemann surfaces, 
with fixed marked points on the surface, which are inert under diffeomorphisms. 
The nature of the Dehgne-Mumford-Knudsen compactification is vital for the map 
from topological gravity to 2D quantum gravity. 




Figure 1.14: Pinching a sphere to a double-sphere. 



2 Topological Field Theory 



2.1 Introduction 

This chapter presents background material for the relevant discussions in gravity 
related to topological field theories. The chapter is organised as follows: 1) A 
discussion of the geometry of gauge theories. 2) A short treatment of the most 
important results in Schwarz type TFT's relevant for quantum gravity. 3) A short 
discussion of the general features of Witten type TFT's. 4) As an example of a 
Witten type TFT we discuss AD topological Yang-Mills theory, which in many 
ways is a model for the study of topological gravity in two dimensions. 5) We 
discuss in some detail the mathematics behind Witten type TFT's and especially 
topological Yang-Mills theory. 

2.2 The Geometry of Gauge Theories 

In this section we review the geometrical definitions relevant for the discussions of 
gauge theories in this and following chapters. This section defines the notation for 
these topics for the rest of the thesis. A basic reference on differential geometry 
are the books by Kobayashi and Nomizu [14, 15] and for the relation to physics we 
mainly use [1, 16]. The reader is assumed to be familiar with difi^crential geometry 
and I only list the most important definitions in order to set the stage for the 
discussions in the rest of the text. 

2.2.1 Principal Fibre Bundles 

Let M be an n-dimensional Riemannian manifold, with either Lorentzian or Eu- 
clidean signature. G denotes a Lie group and by P(M, G) we always mean a prin- 
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cipal G-bundle over M 

P 

i (2.1) 
M. 

The projection at a point m G P, is Ti{u) = x E M. The inverse projection 
t:~^{x) G P is the fibre in P at u, over x G M, consisting of the points {ua\\/a G G}. 
Every fibre in P is diffeomorphic to G. By T„P we denote the tangent space of P 
at u and Gu C T„P is the subset consisting of those tangent vectors to P, which 
are tangent to the fibre through u. 

A connection F in P is a unique decomposition, such that at any point u & P, 
one can write 

T^P^G^OH^, (2.2) 
where Hu C P is the orthogonal complement of Gu 

Hu = (G„)^. (2.3) 

The elements in Gu are known as the vertical tangent vectors and those in Hu as 
the horizontal tangent vectors. So F is in a sense a metric on P, which defines the 
orthogonality between G„ and H^- Let g be the Lie algebra of G. Recall that g is 
the space of left invariant vector fields on G. The diffeomorphism e ^ ge = g for 
e being the identity of G and g any element in G, induces a map Te{G) i-^ Tg{G) 
being 

Vg = (L,)*K. (2.4) 

Here F is a vector field on G and Lag — ag, for all G G, is the left translation of 
a E G. The Lie algebra consist of all vector fields on G, which are invariant under 
all left translations. By the definition of a fibre bundle [14], the group G acts on P 
by right action 

P„ : G I— > P by P„ : a I— > m for m G P, a G G, (2.5) 

embedding a copy of G at each point in P. This action is free, i.e. 

Ru : a = ua = u, iff a = e G G. (2.6) 

The right action induces a map (Ra)* '■ TgG i— > TyaG for a,g E G. Just as there 
can be left invariant vector fields on G can one define right invariant vector fields 
by the requirement {Ra)*V — Va — V for all a G G. 
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To define the connection T two requirements must hold. First, 

Hua = {Ra)*Hu, yueP and Va e G, (2.7) 

where (Ra)* is right multiplication with a acting on vectors. The existence of the 
connection F induces a split of every vector X G T^P into vertical (tangent to fibres) 
and horizontal (orthogonal to fibres) components. Secondly the space must 
depend differentiably on the point u E P, such that for every differentiable vector 
field X on P, the vertical and horizontal components will also be differentiable 
vector fields. 

Since G acts on P by right action, there exists a vector space isomorphism 
between the Lie algebra g and the space of vertical vectors G„ in every point 
u e P. Let 



v{u) 



ds 



(2i 



s=0 

be an element in Gu- Such a vector field is known as a Killing vector field on P 
relative to the action of G. A left invariant vector field on G satisfies the equation 

L;(i;(/i)) = v{Lgh) = v{gh) , Wg,he G, (2.9) 

which implies that v{g) — L'gv{e). This reads in local coordinates 

v^{e). (2.10) 



h=e 



The differential of the map Ru 

Gu^dR^: g^T^P, (2.11) 

defines an isomorphism v{u) ^ v{g). For every Lie algebra element A, this isomor- 
phism defines a tangent vector to P at u, known as the fundamental vector fields 
on P 

a: = C.,iA), Ae g. (2.12) 

Since the action of G preserves the fibres, € g is tangent to the fibres at each 
u E P and since G acts freely on P, A* will never vanish ii A ^ 0. The map 
A {A*)u is a linear isomorphism from g onto Gu for every u & P. So we have 
the result 

Image(a) ^ G^. (2.13) 

This global definition of a connection is often used in discussions of the geometrical 
interpretation of TFT's. The more common definition of a connection 1-form, 
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follows from the existence of the connection T. For every element X G T„P we 
define the connection 1-form uj{X) to be the unique element A E g, for which 
A* is the vertical component of X. We can collect this into the definition of the 
connection 1-form uo: 

Theorem (2.1) 

(A) uj{A*) ^A,yAe g 

(B) uj{{Ra)*X) = Ad{a-^)uj{X) = a-^uj{X)a, for all a e G and every 
vector field X on P. 

Conversely, given a g - valued 1-form cu on P, satisfying (A) and (B), there 
exists a unique connection F in P, whose connection 1-form is uu. 

Proof: See [14]. 

Note that one can define the horizontal vectors as the elements in the kernel of u, 
since uj{X) = if and only if X is horizontal. A central result is the following. The 
projection n : P M induces a linear map tt : T„P ^-^ Tx{M) for every u E P. 
As always 7r(-u) = x E M. If there exists a connection F in P, then the projection 
TT : Hu ^ TxM is an isomorphism. So Hu — T^M, if there is a connection on P 
and we also just saw that G„ ~ P«(G) ~ g. If Xu G T„P is a vector field on P, the 
connection one-form a;„ at w e P can be written as 



since the horizontal vector fields constitute the kernel of to. The general situation is 
illustrated in figure (2.1). For differential n-forms rj with values in the Lie algebra, 
we say that r] G r2"(P, g). Hence u G fi^{P, g). Next we discuss the curvature 
2-form of cu, but first we need the definition of a (pseudo)tensorial r-form. 

Definition (2.1) Let P{M,G) be a principal fibre bundle and let p be a repre- 
sentation of G on a finite dimensional vector space V . That p{a) is a repre- 
sentation, means that it is a linear transformation of V for every a E G and 
there is a composition of these transformations p{ab) — p{a)p{b), for a,b E G. 
A pseudo-tensorial r-form on P of type {p,V), is a valued, r-form r] on 
P, such that^ P*77 = p{a~^)rj, for all a E G. We say that rj is horizontal if 

^The * supscript indicates that we perform the right translation on a form and not a vector 
field, where the * is in subscript. 




(2.14) 
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Figure 2.1: The bundle P{M,G) with a connection F. 

7] {Xi, . . . ,Xr) = 0, whenever one or more of the tangent vectors Xj G T„P, 
i = (1, . . . ,r) are vertical (i.e. Xi G GuP)- If 1] is a pseudo-tensorial r-form 
and it is horizontal, then it is said to be a tensorial r-form on P. 

Theorem (2.2) If 77 is a pseudo-tensorial r-form on P of type (p, V), and we by 
h denote the projection h : TuP 1— > H^, then 

(A) The form r]h defined by 

(r//i) (Xi, ...,Xr)=ii (/iXi, ...,hXr), (2.15) 

where X^ G T^P, i = (1, . . . , r), is a tensorial r-form of type (p, V). 

(B) drj is a pseudo-tensorial (r + l)-form of type (p, l^), where d is the 
exterior derivative on P. 

(C) The (r + l)-form D?7 = {dr])h is the exterior covariant derivative of rj, 
and it is a tensorial form of type (p, l^) . 

Proof: See [14] 

The relevant representation of G for gauge theories, is when p is the adjoint repre- 
sentation of G in g , and V is g . Then we say that the (pseudo-) tensorial forms 
are of type AdG . The curvature Q of the connection one-form u; is defined to be 



n = Duj, fie ff{P, g). 



(2.16) 
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which is a tcnsorial form of type AdG , following theorem (2.2). It satisfies the 
famous structure equation 

n{X,Y) ^dw + ^[u;{X),u;{Y)], (2.17) 

where X,Y E TuP. The proof of this well-known equation can also be found in [14]. 

The reason for going through these seemingly dull definitions of well-known ob- 
jects in physics, is the following: First we wish to stress the difference between 
expressing geometry on P and on M. Second, many of these technical details re- 
garding e.g. whether a form is horizontal or vertical, are important for the geometric 
interpretation of topological field theories. 

To go from the mathematical language to the notation commonly used in physics, 
we need to express the connection and curvature on M instead of P. This requires 
some additional knowledge of M which we list below 

(A) We must specify an open covering a e / of M, for I being some index 
set, and Ua is an open subset of M. 

(B) We must choose a family of isomorphisms ipa '■ '?'"~^(^a) ^ Ua x G, and 
transition functions ipai3 : Ua r\ Up ^ G , for a, (3 E I . 

(C) Finally we need a set of local sections cr^ : [/« i— > P. 

For every a E I one defines the connection one-form uUa as the pull back of a; on P 
along the local section 

cua = (r*aU. (2.18) 

On nonempty intersections Ua^Ufj ^ ^ the pull back of the connection to different 
local sections is related by 

= i^al^ai^ap + C/3#a/3, (2.19) 

This is of course just the statement that is related to oOa by a local gauge 
transformation. The shift to physics notation, is to patch together a one-form 
A = Afj_{x)dx^ from the different cj^'s, and if the bundle P{M,G) is trivial (i.e. 
P c::^ M X G), the form A will be a global one-form. Otherwise we will have several 
local forms, e.g. for S"' {n > 1) we would need at least two versions of A, since 
the sphere can not be covered by a single coordinate patch. The physics version of 
equation (2.19) is the well-known non-Abelian gauge transformation formula 

4(x) = 9-^A^{x)g + g-'dg, (2.20) 
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where (7 : M t-^ G is a local gauge transformation, i.e. a function assigning to every 
point in M an element of G. We also must specify the relation to the Lie algebra 
by introducing a basis {Tj} of g with commutation relations 

[r„7;]=/,/r,, (2.21) 

where /^^^ are the structure constants of g and i = (1, . . . , dim(G)). Now we can 
write the one-form A as a Lie algebra valued form 

A = Al{x)Tidx''. (2.22) 

The curvature two form read 

F[A] = ]-Fl^{x)Tidx^ A (2.23) 

where F^^ is the field-strength tensor 

KM = ^M^) - ^-^;(^) + f/kAi{x)At{x). (2.24) 

A relevant question is how the forms on P and M are related? One can approach 
this from various angles, but the one presented here, is the one most useful for later 
discussions. We state the following two lemmas used by Kobayashi and Nomizu, 
related to their proof of the important Weil theorem, which is discussed later in 
this section. 

Lemma (2.1) An r-form r] on P projects by tt : P h- > M, to a unique r-form fj on 
M if 

(A) r) {Xi, . . . , Xr) = 0, if one or more Xi e Gu, for Xi e T^P, i = (1, . . . , r) 
and u e P. 

(B) rj {RaXi, RaXr) = r] {Xi, . . . , X^), for every a e G. 

Lemma (2.2) If an r-form rj on P projects to an r-form on M, that is if 
T) = 71* {f]), then 

dri = D-q. (2.25) 

Proofs For proofs see [15]. 

Several important papers mention a result, without proof, of very similar nature. 
We define the interior product and the Lie derivative in order to present this result 
as the next lemma. The interior product is a map z : Q'' i-^ Q^"^ written as 

ixi^iXi, Xr-i) = u;{X, Xi,..., Xr-i). (2.26) 
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Write uj = (l/r!)cj^j ^^rfx^^ A . . ./\dx^'' for the r-form and X = X^d^ for the vector 
field. The interior product of cu with X is 

ixoo = . ^ ^.. X^ou^^^.^i.Jx^^ A ... A dx^- 
(r — 1)! 

^ ^jZ X^^u;^,...,,...,^{-iy-'dx''' A... dx^^ A...Adx^\ (2.27) 

^- s=l 

where wc omit dx'^" in each term in the sum. The Lie derivative which we introduced 
in chapter 1, acts on forms C : fl^ ^ fl^ as a degree preserving map 

Cxou = {dix + ixd)uj, (2.28) 

Lemma (2.3) Let u be an r-form on P. A form on P is said to be horizontal if 

(A) tx(^ = for all X e g ~ G„P. 
and is said to be invariant if: 

(B) Cxoo = for all X e g ~ G^P. 

If a form c<j on P is both horizontal and invariant, it is said to be a basic form 
on P. Every basic form a; on P projects to an unique form a; on M, such that 
cu = 7r*(a;). 

Proof: Since we have no knowledge of any proof of this lemma in the literature, 
we show that it is equivalent to the previous lemma, for which proof is given 
in [15]. First we show that lemma (2.1:A) implies lemma (2.3:A). 

Lemma (2.1:A), states that lo (Xi, . . . ,X^) = if one or more Xj e G^, for 
Xi e TuP, i — (1, . . . ,r) and u E P. Is it clear that this is equivalent to 
ixu; — for all X e g, since the elements in the Lie algebra are the vertical 
vectors on P. The opposite way, we have that ixcu = is a vanishing (r — 1)- 
form on P, u;{X,Xi, . . . ,Xr-i) — 0. At least one of the arguments of this 
(r — l)-form, namely X is vertical. So lemma (2.1:A) implies lemma (2.3:A) 
and vice versa. 

To show that lemma (2.3:B) implies lemma (2.1:B) we assume that C is a 
connected Lie group. When this is true, we can always represent a group 
element by an algebra element using the exponential map. Let g & G and 
X e g and for i e [R write 



9t = exp{tX). 



(2.29) 
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Let 0t : P I— > P be a map defined by the right translation by gt 

(ptp = pgt, for p & P. (2.30) 
The statement in lemma (2.1:B) is that ^^(a;) = u; for all t. We calculate 

-0t(w)|t=to = hnis-^o— — = (ptJims-.o = (pt^{Cxw) = 0. 



dt _ . ^ ^ 

(2.31) 

Here we use that is a linear transformation and the definition of the Lie 
derivative. This show that (f)f{u!) is independent of t so 0i(tf) = cu, which is 
lemma (2.1:B). The other way is along the same lines. Assume 

0*(a;) = uj 

Uj{{4>t)*Xi, {(f)t)*Xr) = Uj{Xi, ...,Xr) 

u;(Xie*^,...,X^e*^) = u;(Xi, . . . , Xr) 
|a;(Xie*^,...,X,e*^)|,=,„ = |u;(Xi, . . . , X,)|,=,„ 

<P:^{Cxuj) = 0, (2.32) 

Since this holds for all to, Cx^-^ ~ for all X & g. Hence we have shown 
that lemma (2.3) is equivalent to lemma (2.1), for which we know a proof 
in the literature. Lemma (2.3) is important in relation to the discussion of 
equivariant cohomology in section (2.6).^ 

Consider a closed loop ^{t), t e [0, 1] in M, such that 7(0) = 7(1)- The horizon- 
tal lift of 7 to P is the horizontal curve ^'{t) given by 7r(7'(i)) = ^{t) for t e [0, 1]. 
The horizontal nature stems from the fact that the tangent vectors to 7 are lifted to 
horizontal vectors in P, since Hu ^ Tx{M) where 7r{u) — x E M. In figure (2.2) we 
have indicated that the lifted curve does not need to be closed. The lack of closure 
is the existence of the holonomy h{u, 7). If P 1— > M is a principal bundle then 



7'(1)=7'(0)-M«,7)=«-M«,7), 
thank J.E. Andersen for help on the proof. 



(2.33) 
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Figure 2.2: The horizontal hft of 7 to P. 

for some group element h{u,^) e G. The holonomy elements are the parallel 
displacement of 7'(0) G t:~^{x) along the curve 7, into 7'(1) G 7r~^(x), and represent 
an isomorphism of the fibre %~^{x) to itself. That it is an isomorphism follows from 
the result that parallel displacement commutes with right multiplication on G [14]. 
It follows from the fact that the horizontal subspaces C T^P arc invariant under 
right multiplication, that the holonomy will transform under adjoint action of G 
under a change of base point 

h{ug,^)^g-^h{u,^)g. (2.34) 

An obvious consequence is that the trace of the holonomy tr{h{u, 7)) will be gauge 
invariant. This is exactly what is known as the Wilson loop in physics, which can 
be represented on M as 

W{'y,A) = tr (v exp{j^ A^^Tidx")^ , (2.35) 

where V stands for path ordering. The gap between the start and end points of 7' 
is due to the curvature of the connection on P. The Ambrose-Singer theorem [14] 
states that the knowledge of the holonomy group, which is the collection of all 
isomorphisms h^u,^) : Tr~^{x) ^ 7r~^{x) defined above, is enough to reconstruct 
the curvature fl on P. 
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2.2.2 The Moduli Space of Connections 

We introduce the following concepts. By A we denote the space of all connections 
A e ^^{P, g)- This space is infinite dimensional and affine^ so the difference 
between two elements A,A'e A reads [17, 18] 

A-A'^r, Ten\M,g), (2.36) 

where r transforms in the adjoint representation. Since r is a one-form, the equation 
above just states that 6 A = A' — A = Dx for some zero-form x ^ ^1^{M, g) and 
D being the covariant exterior derivative on M. But connections (or families of 
horizontal subspaces Hu) which differ by a gauge transformation, defined as the 
map below, should be considered equivalent. Let : P i— P be a diffeomorphism, 
mapping m i— > 0(m) for m e P, such that 

<f>{ug) = <f>{u)g, yg e G, (2.37) 
and that the map preserves base points of fibres 

Ti{(j){u)) = tt{u), u & P 
In order to be compatible with the right action of G on P we demand 

U I— > (f){u) — U(j), 

where cp : P G such that 

(p{ua) = a-^(f){u)a, Va G G. (2.40) 

The set of all such 0's is known as the vertical automorphism group on P, and they 
form the group of gauge transformations Q . Before we discussed gauge transfor- 
mations as local maps g : U ^ G, where U C M. Recall that the local section 
CTa ■ Ua ^ P is "inverse" to tt : P i— > M such that • tt — l\u„ and that the local 
sections are related via (7^(x) = aa{x)ipai3ix),^x £ Ua^^Up. with smooth transition 
functions : UaC^Uf} i— > G. Now apply equation (2.39) to show that under a 
gauge transformation 

(t){cTa{x)) = aa{x)^a{x), where (j)a{x) = (j){aa{x)), (2.41) 
^It has no fixed origin. 



2.38 



(2.39) 
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we recover equation (2.19) 

A^a) ^ >l(a)0a(a;) = Ad^-.A^ + 0-'#a, (2.42) 

for the connection one-form A(^a) = (^aA, defined on Ua C M. Under a change of 
local sections we have — Ad^-i^a pointwise for all x e [/„ fl Un. We identify 
Q with the set of families {0a}, consisting of maps (j)^ '■ G, or more precisely 

T^~^{Ua) Ua y< G, where a e I. 

Consider the associated bundle AdP = -P XAd C = {P x G)/G, where G acts 
on G by adjoint action. Every defines a section of this adjoint bundle 

0(x) = [{u, 4){u))], 7r{u) ^ X e M, u e P, (2.43) 

where [ • ] denotes an equivalence class in P x G under the projection PxG ^ AdP. 
Since transforms in the adjoint representation, [(w, 0(ii))] is independent of the 
choice oi u. In this framework Q is the space of sections on the adjoint bundle 
AdP and the Lie algebra of Q is the space of sections on the associated bundle 
adP = P Xad g [17]. In the rest of the thesis, when denoting a differential r-form 
on M as having values in the Lie algebra g , i.e. being an element in Q^(M, g), it 
is understood to be an r-form on the adjoint bundle adP. These forms transform 
in the adjoint representation of g under gauge transformations. 

The action of ^ on ^ reads 

A^(j)*A = (f)'^A(p + ^-^d(j), Ae A,(pe G . (2.44) 

The elements G Q for which A = (f)*A, form a subgroup Ia of Q , known as the 
isotropy group of Q . The centre Z{G) of the gauge group G (i.e. those elements 
which commute with all other elements in G) is a subgroup of 1^. Let z € Z[G) 
and consider the gauge transformation 

02 : I— > (f)z{u) — uz, u & P, (2-45) 

which represent a global gauge transformation. For this 0^ we have A — 0*A and 
hence Z{G) C 7^. We only consider the subset of A , consisting of those connec- 
tions for which Z{G) — Ia- We denote this space A as well, and the elements are 
known as irreducible connections. Also for irreducible connections, the construc- 
tion [17] 

g ^ A 

i TT (2.46) 

A/g , 
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where we now by Q understand Q /Z{G), will be a principal fibre bundle. In this 
situation A/Q can be given a smooth manifold structure, but the presence of re- 
ducible connections would make A/Q into an orbifold with conical singularities [7]. 

Now we want to study the geometry of the principal bundle A ^ A/Q . 
This is central for understanding section 2.6. The space of vertical vector fields in 
equation (2.13) is given as the image of the map C„ : g TuP. Since we have a 
connection we also have a metric, which defines the orthogonal complement to Gu 
as the space of horizontal vectors. The metric allows us to define the adjoint map 

Ci : T^P ^ g, (2.47) 

as a Lie algebra valued one-form. It is then possible to define the following projection 
operator 

nvertical ^ C -^C^ I T^P ^ G^ d T^P (2.48) 

If it is a projection operator, it must be idempotent such that 11^ = 11 

1 1 C'^C 1 1 

Recall equation (2.14), which we now can write as 

u;(X„) = C-^n-^*'-'(X„) = -^C\ e T^P (2.50) 

We now apply this general formalism on A i— > . The tangent space Ta »4 

at a connection A & A can be identified with Q}{M, g) since equation (2.36) 
showed that the difference between two connections is a Lie algebra valued one- 
form. The gauge group Q acts on A as gauge transformations on the points 

A^ A + Dx,X^^\M, g), (2.51) 

where Dx — dx-\- [A, Using the projection above we can split the tangent space 
of A into a vertical and a horizontal part 

TaA =Va®Ha, (2.52) 

where Va — lma,ge{D) is the vertical part being tangent to the orbits of Q through 
A. The horizontal part is as always the orthogonal complement with respect to the 
inner product between forms on M 

{X,Y)=I tr{XA*Y), X,Yen*{M,g). (2.53) 
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The trace is taken as the Kilhng metric on the Lie algebra. A generic one-form 
X e fl^{M, g) will split into vertical and horizontal parts as 

j-jverticalj^ _j_ j-jverticalj^^ 

= DGaD^X +{X - DGaD^X) 

= vaX + HaX, (2.54) 
where Ga is the Greens function of the covariant scalar Laplacian 

Ga = i. (2.55) 

The general covariant Laplacian A^, which acts on i- forms, is the operator 

= D^D + DD^. (2.56) 

When acting on zero-forms projects to a minus one-form and the last term is 
excluded in the definition of the scalar Laplacian 

A'q = D^D. (2.57) 

Using that — T^M, we will identify 

TiA] A/g ~ Ha, for Ae[Al where[^] e A/G . (2.58) 

Since the tangent space is identified with the Lie algebra valued one-forms on M, the 
metric in equation (2.53) also defines a metric g'^ on A . Using the identification 
in equation (2.58) this metric induces a metric on A/Q 

9A/gm. [Y]) = gAihAX, HaY). (2.59) 

Here X,Y e 9}{M, g) projects to [X], \Y] e Ta A/Q , using the split in equa- 
tion (2.54). Application of equation (2.50) in this situation, where the connection 
cu ^ & A) on the bundle A ^ A/Q , can be viewed as mapping 

uj^ -.TaA ^ Q°{M, g) such that X ^ uj ^ {X) ^ '^D^^^' ^^'^^'^ 

The connection is vertical and it assigns to the fundamental vector field Dr the Lie 
algebra element 

^ A (Dr) = ^D\Dr) = r, (2.61) 
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in agreement with the definition of the connection one-form in theorem (2.1). The 
curvature fl is a horizontal two-form 

^A=^A'^A+\\.'^A^'^A^^ (2.62) 

with d denoting the exterior derivative on ^ . If we evaluate the curvature on 
horizontal vectors, in order to get a curvature which projects to a curvature on 
A/Q , only the first term in equation (2.62) will contribute, since the horizontal 
vectors are in the kernel of the connection. One can view^ the connection cu ^ as 
the following one-form on A 

ujj^ = .^-DUj^ Aefl\A), Ae A. (2.63) 

In this notation the curvature becomes 

^A=dA {-^D^'d A^) = ^d^ {D^d ^ A) , (2.64) 

since the horizontal vectors are in the kernel of D^. Using that — *D* and the 
definition of the covariant exterior derivative, one finds 

^A (2-65) 
When evaluated on tangent vectors and using Ta{ A) — fl^{M, g) we can write 

0^(X,r) = -^(*[X,*f]), (2.66) 

where X,Y & Q^{M, g). These forms corresponds to the vector fields X,Y on A , 
and by evaluating ^2 ^ on these fields and translating the vector fields to forms on 
M, we obtain a two-tensor. The forms X, Y are subject to the horizontal condition 
X,y G ker(D''^), written in components D^X^ = D^Y^ = 0. This formula is very 
important for interpreting the geometry of Witten type TFT's. 

2.2.3 Definition of Characteristic Classes 

Finally we list a few definitions [15] regarding characteristic classes which will be 
good to remember in the following sections. 

thank Matthias Blau for explaining this fact to me. 
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Definition (2.2) Let / be a multi-linear map 

k-times 



/ : g X • • • X g ^ El, (2.67) 

such that 

/ (Ad(a)ti, . . . , Ad(a)tfc) = / {h, • • • , tfc) , for a e G and ii, . . . , e g. 

(2.68) 

Then / is said to be a G- invariant map. 

Definition (2.3) Let I^{G) be the set of all symmetric multi-linear, G- invariant 
maps /, defined above. I'^iG) is a vector space over [R, and one defines 
/(G) = Er=o^'(G). 

Definition (2.4) Let f & and g e and define the product fg e I^^^ as 

fg{ti, . . . ,tk+g) = ■J^^—y '^f ■ ■ ■ ,ta(k)) g (ta{k+l), ■ ■ ■ ,ta{k+g)) ■ 

(2.69) 

Where the sum is taken over all permutations a of {1, . . . , k + g). Endowed 
with this product structure, I{G) is a commutative algebra. 

The following theorem is due to Weil. 

Tiieorem (2.3) Let vr : P ^-^ M be a principal G bundle with a connection 
one-form uj and its curvature two-form Q For each / e I^[G), construct the 
following 2A;-form 

f {Q){Xi, . . . , X2k) = signer/ (j^Q,{Xa(l), Xa(2)), ■ ■ ■ M{^ai2k-1), Xa(2k))) , 

(2.70) 

where Xi, . . . , X2k & T^P and the sum is taken over all permutations a, such 
that: 

(A) The 2A:-form /(fi) on P projects to a unique closed 2k-ioTm f{fl) on M, 
i.e. there exists a unique f{fl) such that 

/(Q)=7r*(7(Q)). (2.71) 

(B) Denote by w{f) the element of the de Rham cohomology group H'^^{M. IR) 
defined by the closed 2A;-form f{il). The class w{f) is independent of 
the choice of connection a; in P and 

w: I{G)^ H^^{M,U), (2.72) 
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is an algebra homomorphism. (The Weil homomorphism) . 

Proof: For a proof see [15]. 

The two lemmas (2.1) and (2.2) are used in this proof. One uses that ^2 is a 
tensorial two-form of type AdG , and since / by definition is G-invariant f{^) 
satisfies lemma (2.1). Lemma (2.2) states that df{Q) = Df{Q) and since the 
Bianchi identity DQ = implies that D{f{Q)) = 0, f{^) will be a closed form 
on M. The de Rham cohomology group is build on the de Rham complex, which 
consists of the complex fl*{M) = {C°° functions on M}^Q*{M) together with the 
exterior differential d on M. The kernel of d are the closed forms and the image 
of d, the exact forms. The cohomology group H'^{M, d) is then the vector space of 
closed Q'-forms modulo the exact g-forms. 

Next we define the invariant polynomials on the Lie algebra g . 

Definition (2.5) Let F be a vector space over [R. Define S^{V) to be the space 
of all symmetric multi-linear mappings 

k-times 

/ : V X • • • X y ^ IR. (2.73) 

This can be endowed with the same product structure as I{G) which defines 
a commutative algebra over R 

oo 
fe=0 

Definition (2.6) Denote by . . . , a basis for the dual of V . The map p :V ^ 

El is a known as a polynomial function if it can be expressed as a polynomial 
of the basis vectors S,i G V* for i = {1, . . . ,k). By P^{V) we denote the space 
of all homogenous polynomials of degree k on V. By the natural product 
structure 

oo 

P{V) = Y.P'{V), (2.75) 

fe=0 

is the algebra of polynomial functions on V. 
With these definitions the following results can be found 
Theorem (2.4) The map (f) : S{V) ^ P{V) defined by 

Wm = f {ti, ...,tk), for f e S\V) and h,...,tkeV, (2.76) 
is an isomorphism of S{V) onto P{V). 
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Theorem (2.5) Let G be a group of linear transformations of V, and let Sg{V) 
and Pciy) be the sub-algebras of S{V) and P{V) respectively, consisting of 
those elements which are G- invariant. Then the isomorphism defined above 
induces an isomorphism : Sg{V) h- >• Pg{V). 

CoroUeiry (2.1) Let G be a Lie group and g its Lie algebra. The algebra I{G) 
of AdG -invariant symmetric mappings of g into [R then can be identified 
with the algebra of (AdG) -invariant polynomial functions Pg( g)- 

Proofs: See [15]. 

By the Weil theorem and the definitions and results quoted above, we can define 
characteristic classes as the cohomology classes on M defined by the AdG-invariant 
polynomials Pg{ g) of the curvature Q e ^^{P, g). The most important examples 
are the Chern classes defined via complex vector bundles E M with fibre 
associated to P, where G C GL{k,€), and the Euler classes, defined via a real 
orientable vector bundle E M associated to P. Both will define elements in 
H''{M,\R), {k = 2n). We discuss the definition of the Euler class in more detail 
in section 2.6.3 and for further information we refer to the literature [1, 15, 16]. 
All characteristic classes are topological invariants since they do not depend on 
the connection from which the curvature is defined (by the Weil theorem), and 
they are by definition gauge invariant. These cohomology classes "measure" the 
non-triviality of the bundle, from which they are constructed [1] . 



In this section we discuss the oldest type of topological field theories, now named 
after Schwarz, who found a number of significant results in the late seventies. We 
discuss some of these results in the context of BE theories, which are generahsations 
of the well-known Chern-Simons theory. At the end we discuss Chern-Simons theory 
as a special case of BE theory and also the relation between BE theory and Yang- 
Mills theory. 

The defining property of Schwarz type TET's, is that the classical action is 
independent of the space-time metric g^i, on M. The standard example is the 
Chern-Simons action 



2.3 Schwarz Type TFT's. 




(2.77) 
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where M is a three dimensional manifold and /c is a constant. Wc return to the 
details of Chcrn-Simons theory later, but the important thing is, that one can write 
down the action without reference to the metric. The non-trivial part of Schwarz 
type theories is to show that the resulting quantum theory is topological. This is the 
reason for this type of theories to be known as topological quantum field theories 
or just as TQFT's. 

2.3.1 BRST Quantization 

Let us for a moment recall how one quantizes theories with gauge symmetries. We 
use the theory of BRST quantization [19], which the reader is assumed to be familiar 
with. Let us fix the notation used in this thesis regarding BRST transformations. 
Assume the existence of a classical local gauge symmetry, under which a field in 
the classical action changes, 

5,,^,,^\x) = m\x),X\x)], (2.78) 

where /[$*(x), A*(a;)] is some functional of the fields and gauge parameters A*. When 
writing like this, we understand that 5gaugc is an infinitesimal transformation, where 
5gauge^'(2^) = ^*(a;) — $*(a;) and $*(a;) is the result of an infinitesimal gauge transfor- 
mation with parameter A*. The BRST transformation of is obtained by replacing 
A' in equation (2.78) by a grassmann field c*(x) 

SBRST^'{x) = m'{x),d{x)]. (2.79) 

To illustrate this, consider as an example the result of an infinitesimal gauge trans- 
formation on the Yang-Mills field ^4^ 

- D^>^'ix), (2.80) 

where A*(x) e Q°(M, g). The covariant derivative has the usual form: 

= d,y + [A„ Xf = d,X + A^^X'f^^. (2.81) 

The BRST transformation of A^^[x) is then 

<^brst4(^) = D^c\ (2.82) 

where c* G r2°(M, g) with odd grassmann parity and ghost number one. This 
transformation looks like a local gauge transformation but if we are careful the 
actual form should be written as 



(2.83) 
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where 6e is a global infinitesimal grassmann parameter. Since e is grassmannian the 
transformed is still bosonic. The BRST transformation is a global transforma- 
tion, but since it has the form of a local gauge transformation, a gauge invariant 
function will also be BRST invariant. It is common to write the BRST trans- 
formation like equation (2.82), and then think of the transformation as a kind of 
supersymmetry which maps bosons into fermions and vice versa. One also has the 
notation of the BRST operator Q, which is a global grassmann odd operator , which 
is the ( BRST ) charge associated with the symmetry transformation (5brst- We 
write 

5brst^\x) = {Q,<^\x)}, (2.84) 

where we define the meaning of the ( BRST ) bracket with Q on a field as the 
action of 5brst on this field. In some texts the infinitesimal parameter is included 
as 5brst(') = ■} and often also an imaginary unit 5brst(') = i^iQ, ■}• We use 
the form of equation (2.84) in the rest of the thesis and the infinitesimal parameter 
is never written. Both the BRST transformation (5brst and Q are nilpotent. 

From the general theory of BRST quantization, the physical states of a theory 
are known to be the cohomology classes of the BRST operator Q. This leads back 
to the work of Kugo and Ojima [20] from 1979. So if one can determine the BRST 
cohomology, one has found the physical interesting objects. We write in symbolic 
notation the physical states as | phys) and they are defined by being Q-closed 

Q I phys) = 0, (2.85) 

where physical states differing by an Q-exact term are equivalent 

I phys') -I phys) + g I x), (2.86) 

with I x) being an arbitrary state. By making the important physical choice of 
demanding the vacuum to be BRST invariant Q | 0) = 0, all vacuum expectation 
values of BRST exact terms vanish 

(0| {Q,X} \ 0)^{{Q,X}) = 0, (2.87) 

where X symbolises any functional of fields and metric. The next step is to apply 
the Fradkin-Vilkovisky theorem (for proof and further explanation see [21, 22]), 
where the partition function of the theory is constructed using the notation of a 
gauge fermion ^. The general situation is, that the gauge fixed action of a theory 
has the form 

^q = 5'cla.s+ / {g,^}, (2.88) 
JM 



52 



CHAPTER 2. TOPOLOGICAL FIELD THEORY 



where ^ can be any combination of fields, ghosts and Lagrangian multiphers. The 
main resuh of the theorem is, that the partition function is independent of the 
choice of It is common to construct \1/ in a way such that {Q, \&} produces only 
the relevant gauge fixing terms. The BRST exact term {Q, ^} is obviously also 
BRST invariant, and hence the whole effective action is BRST invariant. This is 
true since the classical action Sdass is gauge invariant and thus BRST invariant. 
Note also that since Q raises the the ghost number by one, the net ghost number 
of ^ should be minus one, for 5'q to have ghost number zero. 



2.3.2 Abelian BF Theory 

We introduce the abehan BF theory as in [23, 24]. We follow the standard set up 
of gauge theories given in section 2.2, where tt : P i— > M is a principal bundle, with 
abelian gauge group G. Let n be the dimension of M. The classical action of this 
theory is 

'S'ciass = / Bp A (2.89) 

Jm 

where Bp E ^^(M, g) and A^-p-i G r2'^~^'^(M, g). The equations of motion for 
this action read 

dBp = 0, (2.90) 
= 0. (2.91) 

The classical action is invariant under the gauge transformation 

= rfA;_^_2, (2.92) 
5Bp - dAp_i, (2.93) 

where the gauge parameters Ap_i e Q*'~^(M, g) and ^ ^"'^"^{M, g). The 

space J\f of classical solutions can be written as 

Af = HP{M,\R:)®H''-p-\M,\R). (2.94) 

The quantization of systems like this, was studied by Schwarz in a series of 
papers [25, 26, 27]. He considered a more general setting where the action was 
viewed as a quadratic functional on a pre-Hilbert space Fq. Recall [28] that a pre- 
Hilbert space Fq is a vector space with a positive definite hermitian scalar product 
(•, •). Fq can be made a Hilbert space if one takes the completion in the L^ norm. 
The action is of the form 

S[f]^{KfJ) (2.95) 
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where K is a self-adjoint operator acting on the elements / G Fq. We say that S[f] 
is non-degenerate if / only is the the kernel of K when it is identical to zero. In 
that case one can define the partition function, which will be a gaussian integral 
and thus expressible in terms of determinants. These must be given meaning for 
infinite dimensional operators, which is done by zeta function regularization. The 
zeta function of an operator A is 

Cs{A) = E \"^ (2-96) 

A>0 

where one sums over the positive eigenvalues Aj. Since the zeta function is only 
analytic for Re(s) > 1, one may need to perform an analytic continuation for 
Re(s) < 1. The regularized determinant formula for a so-called regular operator 
A, is 

dCs{A) 



logdet(A) = 



(2.97) 





ds 

and in the following det(-) will be understood in that sense. The operators which 
are regular can be taken as those for which this formula is valid [26]. li A : Ti re- 
maps one (pre) Hilbert space into another Tj, its determinant can be written [26] 
as 

det(A) = exp (^-lA(^^(^t^))|^^^j = det{A^A)-2, (2.98) 

and if A is self-adjoint and regular, the two definitions will be the same. When K'^ 
is regular, the partition function can formally be written as 



e-^[/l = det(/s:)-i (2.99) 



In addition to S[f] being a quadratic functional on Fq, let there exist a sequence 
of pre- Hilbert spaces Fj, i — 1,2 ... ,N and linear operators Tj : Fj i— > Fj_i. These 
satisfy the following relations 

Ker(i^) = ImTi, (2.100) 
Ker(ri_i) = ImTi. (2.101) 

The first requirement states that the action is invariant under the transformation 

S[f + Th]^S[f], V/ieFi. (2.102) 



This can only be the satisfied if KTi = 0. This transformation is trivial if and only 
if h — T2g, for e F2 and so forth. If Ti is non-zero, the action S[f] will be a 
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degenerate functional, i.e. it has a gauge symmetry, and the partition function may 
be defined as 

N 

Z = det(X)-5 []det(Ti)(-i)^"\ (2.103) 

i=l 

Schwarz introduced the operators 

□o = K^ + TiTI (2.104) 
a, = T^T, + T,+,Tl, (2.105) 

and under the assumption that K^,T-Ti are regular the partition function can be 
written as 

Z=l[ dct(n,)^% = (-l)'+ii^l±Il. (2.106) 

i=0 ^ 

The determinants of the box operators are expressed as 

det(no) = det(is:2)det(rir/) = det(is:2)det(Ti)^ (2.107) 
using equation (2.98), and similarly 

det(ni) = det{Tiydet{Ti+iy. (2.108) 

We now apply this abstract formahsm to three-dimensional abelian BF theory, 
where both B and A are 1-forms 

-^cia^s^ / BiAdAi, (2.109) 

SO Fq = il^{M) © 0^(M). The gauge symmetries of this action are 

6Bi = dAo, (2.110) 
SAi = dA'^, (2.111) 

which means that one identifies Fi = fiO(M) © n%M) and Ti = d © d ( so r| = 
d^ ® d^) and thus Schwarz 's sequence reads 

^ Q°(M) © Q°(M) ^ n^{M) © n^{M) ^ Q^(M) © n^{M) ^ 0. (2.112) 

The last step in the sequence is the operator K, which by the existence of the inner 
product can be viewed as a map K* -.Fq h-> Fq from the pre-Hilbert space on which 
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K acts to its dual space. Under the assumption that there are no zero modes in 
A, B we apply equation (2.106) and write the partition function as 



1 



Z = ndet(n.)"% 



i=0 



= det(no)~4det(ni)4. (2.113) 

Since the laplacian acting on i-forms is Aj = d\di + did\ we can rewrite the partition 
function as 

Z = det(Ao © Ao)"^det(Ai © Ai)^ = det(Ao)"^det(Ai)5, (2.114) 

using equation (2.98). We now show how to obtain the same partition function by 
BRST gauge fixing of the classical action. The BRST algebra reads 

^BRST^i = dc, (2.115) 

^BRST^l = duj, (2.116) 

5brstc = 0, (2.117) 
5brstc^ = 0. (2.118) 

The ghost fields are c, a;, which are scalar grassmann fields on M. We choose a 
gauge fermion 

= *u]SB + *cd^A, (2.119) 

where we have introduced two anti-ghost multiplets {uJ,G), {c, E) which trivially 
extend the BRST algebra 

5brstcJ = G, (2.120) 

5brstG = 0, (2.121) 

5brstc = E, (2.122) 

SbrstE = 0. (2.123) 

where E, G are Lagrange multipliers. This leads to the following quantum action 

Sg= [ (BiAdAi + *GAd''Bi + *EAd''A + oJd''du + *cd''dc). (2.124) 

Here we used that Q commutes with the Hodge star and anti-commutes with d^ . 
The term Sd is just Aq. The gaussian ghost terms contribute to the partition 
function with det(Ao)^. The (^41, Si, G) system is not gaussian, but it can be 
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transformed into a gaussian form, by a so-called Nicolai map which we discuss in the 
case of non-abelian BF theory. One can also square the kinetic operator, diagonalize 
it and then take the square-root of its determinant, and the result is [24] 

Z = det(Ai)-5det(Ao)~5det(Ao)^ = det(Ai)-5det(Ao)5. (2.125) 

This is the same as obtained by Schwarz formula in equation (2.114). What is 
interesting, is the fact that Schwarz has proved that Z = {%)~^, where 

Ta - det(Ai)^det(Ao)"5, (2.126) 

is the so-called Ray-Singer torsion of M, which he showed to be a topological in- 
variant of M. Hence the partition function of abelian BF theory is a topological 
invariant, if there are no zero modes. The zero modes can also be taken into account 
and the topological result is also extended to that situation. In that situation the 
gauge symmetry will be reducible, and following the BFV formahsm [19, 22], higher 
generation ghost fields must be introduced. These higher ghosts, or ghost for ghosts, 
as they are also known have alternating grassmann parity for each generation and 
the ghost number rises with -|-1 per generation. One enlarges the BRST algebra 
with higher ghosts until all symmetries are gauge fixed. Zero modes or not, the 
quantum action is always of the same form as in equation (2.88), and from this we 
can conclude that Z is topological, since the only metric dependence is in ^. Under 
a metric transformation g^j^^, i— > g^j^^, + Sg^i, the partition function will change as 

5,Z = -lv[X]e-'^{{Q,5,^}) 

= {{Q,W) 

= 0, (2.127) 

following equation (2.87). Since Z only depends on the metric in a BRST exact 
manner, it is topologically invariant. We return to this kind of arguments in the 
section on Witten type TFT's. 

Until now we have assumed that the action was a quadratic functional, but if 
that is not the case, the results of Schwarz can be applied in the stationary phase 
approximation, i.e. in 1-loop calculation. For more information see [26]. 

2.3.3 Non-Abelian BF Theory 

In this section we discuss the most relevant version of BF theory, in relation to the 
development of topological gravity. Namely the two-dimensional non-abelian BF 
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theory. The classical action reads 

^cia.s= / tr{BAF[A]), (2.128) 

where B G f2°(M, g) and A e fl^{M, g). Under a gauge transformation the fields 
transform as 

5Ai{x) = D^X\ (2.129) 
5B'{x) = [X,B]\ (2.130) 

In dimensions n > 2, B also possesses an individual gauge symmetry 6' B = Drj, 
where r] has form degree one less than B. A remains unaffected by this transfor- 
mation and the two gauge symmetries can be gauge fixed independently of each 
other, i.e. there are no mixed terms for the A and B ghosts in the action when 
n > 2. This situation requires use of the BFV formalism of ghost for ghosts, and 
it is discussed in detail in [29] . Since we only study two-dimensional BF theory, we 
do not need this. 

The equations of motion for the classical action in equation (2.128) read 

F[A] = 0, (2.131) 
DB = 0. (2.132) 

The first equation states that the solutions to the B equations of motion, remem- 
bering the gauge symmetry, are the elements in the moduli space of fiat connections 

^^^{Al^m^. (2.133) 

y 

The A equation states that B lies in B, the space of gauge-equivalence classes of 
covariant constants. 

\B e Q°(M, g)\DB = 0} , , 

B = ^ ^^--^^^^ 

The reduced phase space jV is a fibre bundle over A4 f 

N 

[ TT (2.135) 
Mf , 

with fibre 7r~^{A) — B, A e Mf- So locally has Af the decomposition M.f and 
the tangent space at a point {A, B) e is 

T^A,B)M = Hl{M, g) ® H\{M, g) (2.136) 
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where the de Rham cohomology groups H\ are labelled by A since they consists of 
the D = d + [A, -J-closed forms modulo the D-exact forms. Equation (2.136) is the 
nonlinear generalization of equation (2.94). 

The quantum action is of the same form as in the abelian case, but since n — 2 
we only gauge fix the symmetry of A 

Sq = J^tr(^B A F[A] + *EA D^A + uJ* AqCJ^ , (2.137) 

where Aq = D^D is the covariant laplacian. One can apply a so-called Nicolai 
map [30, 31] which transforms the {B, A, E) terms of the action into a gaussian 
form. The nontrivial information is in the Jacobian of the transformation. The 
Nicolai map is a coordinate transformation in the space of fields 




*D^A, 
F[A]. 



(2.138) 



The Jacobian is 



\J\ = 



det 



' SA, ' 



det 



-1 









det (*D^d) ^ 



(2.139) 



We see that this exactly cancels the contribution *A'q coming from the ghost term 
in the action. Hence the partition function is reduced to the free action 

1 



M 



tr{B^ + Er]) 



-tr[Bi + iB + Eri + -qE 
M 2 



(2.140) 



where the integrand can be written as 
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(2.141) 



that is in a gaussian form. It should be stressed that this transformation only 
reduces the integration over the space of fields, to those elements which are in the 
kernel of the Nicolai maps. These are exactly the elements in the moduli space of 
flat connections, since F = localizes to the flat connections and the gauge fixing 
condition D'^A = restricts the integration over A to A/Q . 

It is a common feature of topological fleld theories that the reduced phase space 
is finite dimensional, in contrast to ordinary QFT's as e.g. Yang-Mills theory. 
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where A/Q is infinite dimensional. This is reflected by the fact that the partition 
function reduces to an integral over moduli space, which is flnite dimensional. Hence 
a topological fleld theory only has a flnite number of degrees of freedom. This is 
also the case for the Witten type TFT's which we introduce in a moment. 

The fact that the ratio of determinants above is one, reflects the fact that the 
Ray-Singer torsion is trivial in even dimensions [26] and the partition function is 
then just a sum of "l"'s if dim^Mp) = or an integral 



if dim(AlF) > 0. In general we do not have a generic measure d/i on the moduli 
space of flat connections. We study the general features of moduli space in some 
detail. Let us just at this stage mention, that the topological nature of the non- 
abelian BF theories has only been proven for n < 4 [24] . 

2.3.4 Moduli Space of Flat Connections 

In this section we give a brief introduction to the structure of the moduli space 
of flat connections. In chapter 3 we will discuss this in more detail for the gauge 
groups relevant for gauge theories of gravity. 

Recall the notation of the holonomy in section (2.2). If P i— > M is a flat G 
bundle, so we have a flat connection A, then the holonomy will only depend on the 
homotopy class [14]. Thus the holonomy deflnes a homomorphism from 7ri(M) into 
G, and since the holonomy is invariant under the AdG -action, one can identify 



where the quotient of G is taken as the adjoint action of G. Another way to see this 
is the following: Given a homomorphism h e Hom(7ri(M), G), we can construct a 
flbre bundle over M 




(2.142) 




(2.143) 



M 



i 



(2.144) 



M 



with flbre 7ii{M). This makes M the universal covering space on M. Viewing this 
as an associated bundle to P, the homomorphism h deflnes a flat connection in P by 
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setting h = h{u, 7) [7]. There is a lot of information on the spaces Hom(7ri(M), G)) 
and }lom{7Ti{M),G))/G in the hterature, and we return to this in chapter 3 in 
relation to gauge theories of gravity. If M is a compact, orientated two dimensional 
manifold of genus g, written as Hg, we can find the dimension of Ai p. The elements 
oi Aip are conjugacy classes of 7ri(Sg) into G. We know from chapter 1, that the 
fundamental group has 2g generators T{ai), T{bi), where (a^, bi),i = 1,2, ... ,g are 
the homology cycles on Eg. These generators are subject to the relation given in 
equation (1.25) and we have that 

n {r{ai)r{bi)r-\ai)r-\bi)) = i, (2.145) 

i=l 

The elements in Hom(7ri(M), G) are given by the set 



hi, ki^G 



llhihhr^kr^ = l\, (2.146) 



i=l 



and Hom(7ri(M),G')/G' is given by [32] 

l^hi, h e G\ f[Ad,{K)Ad,{h)Ad^{hr')Ad,{kr') = l| Vg e G. (2.147) 

Hence the dimension of AIf will be 

dim {Mpi^g, G)) = {2g - l)dim(G), (2.148) 

since the relation fixes one of the 2g generators of 7ri(E(,). Under most conditions 
the moduli space of flat connection will not be a manifold and some times not even 
an orbifold. 



2.3.5 BF Theory and Yang-Mills Theory 

As a short side track, let us present a connection between the topological BF theory 
and the non-topological Yang-Mills theory. The first proposal of transforming BF 
theory into a Yang-Mills theory was given by Blau and Thompson [23]. But the 
first application was made by Witten [33] where he used that the path integrals of 
Yang- Mills theory and BF theory are related 

J V[A]e-fMV9d-xtr{FA*F) _ J ^^^-{J^tr{BAF)+e ^d-xtr{B^)) _ (2.149) 

to prove several important results. This can be shown by gaussian integration over 
B or by applying the B equation of motions. Hence BF theory can be seen as the 



2.3. SCHWARZ TYPE TFT'S. 



61 



e — > limit of Yang-Mills theory, and this has played an important role in Witten's 
studies of two dimensional Yang-Mills theory [33, 34]. Notice that the term tr{B^) 
requires the metric to make the contraction of indices B^B^^ or equivalently in order 
to write B A *B. This reflect the well-known fact that the Yang-Mills action is not 
topological. 

2.3.6 Chern-Simons Theory 

Let us as one of the last issues on general Schwarz theories, present the Chern- 
Simons action and discuss the proof of the topological invariance of the partition 
function. The reason for considering Chern-Simons theory alone is the relation to 
knot theory and quantum gravity. 

The Chern-Simons action is special in the sense that the action is only defined 
in three dimensions 



where the gauge indices are suppressed. This action defines a classical Schwarz type 
TFT and it is gauge invariant for gauge transformations connected to the identity, 
and changes with a constant factor for so-called large gauge transformations 



where S{g) G Z . This is related to the fact that for compact simple Lie groups G, 
the third homotopy class txz{G) = and by viewing the gauge transformations as 
maps g : M G the winding number of this map is 



The exponential of the action ^cs need to be a single valued function in the path 
integral, and this requirement forces k to be an integer. The action can be viewed 
as the special case A = B of BF theory, and BF theory is a kind of generalization 
of Chern-Simons theory to arbitrary dimensions. 

It is interesting to study the weak coupling limit of the Chern-Simons action 
in the path integral. This semi-classical phase of the theory will be dominated 




(2.150) 



Scs^ Scs + '2TrkS{g), 



(2.151) 




(2.152) 
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by a sum of contributions from the points of stationary phase, i.e. the classical 
solutions of the theory. Obviously the classical solutions are the flat connections, 
and the reduced phase space is Aip- Witten proved in an important paper [35] 
that Chern-Simons theory generates the Jones polynomials [36] from knot theory. 
This important link between Schwarz type TFT's and knot invariants, which are 
topological invariants of three manifolds, started intense research into this topic, 
which is still on-going. The reviews [7, 37] can be used as an entry to the literature 
on this topic. 

Here I present the semi-classical treatment by Witten [35] which show that the 
partition function is topological and that it fits nicely with the method due to 
Schwarz discussed above. Witten did his calculation in Lorentzian signature and in 
order to follow the literature we write the partition function as 

Z^l V[A]e^p{iScs[A]), (2.153) 

and in the stationary phase approximation, we take the large k{— 1/h) limit, which 
is of the form 

Z = 5:/x(A(")), (2.154) 

a 

if dim(A4F) = 0. Here is a complete set of gauge equivalence classes of flat 
connections and fi^A^""^) is the contribution from the partition function when ex- 
panding around A^°'\ Now introduce a change in variables, so that the gauge field 
is written as a quantum correction B around a classical A^"^ solution 

A^{x)=Al^\x) + B^{x). (2.155) 

The gauge fixing condition D^B — D^B^ — requires a metric on M in order 
to make the contraction of indices. This breaks the metric independence of the 
classical action. The quantum action is then 

Scs[A^'^'^]+^ f tr{BAdB+lBABAB)+ [ tr{*EAD'' B+cA*Aoc), (2.156) 

4:71 JM 3 JM 

where the Chern-Simons action for the classical solution 5'cs[^^'^^] , is a topological 
invariant on M. The quadratic part (in the quantum fields) of the action, reads in 
components 

5-^=/ d^xtr{e^''W^D,B^ + 2eD''B^ + cD^D^'c), (2.157) 

JM 
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where e = E/2. The {B, e) pars can be written in matrix form 



The first order operator in the bracket will be denoted H, and the partition function 
in the stationary phase approximation is 

Z = Y.e.p(^^Sm] ^^t£!l. (2.159) 

There is a slight complication in relating this ratio of determinants to the Ray-Singer 
torsion. This is due to the existence of the so-called (Atiyah) Eta phase [41] 

{^det{H))--^ = (det(i/2))-i exp , (2-160) 

leading to the partition function 

Z^gexp(,A.l^<".])^M^exp(,^,(0)). (2.101, 

Witten proved that this is a topological invariant only if one specifies a trivializa- 
tion of the tangent bundle over M. A manifold with such a structure, is known 
as a framed manifold and the Chern- Simons partition function is a topological 
invariant on such a manifold. Notice though that this is only a semi-classical cal- 
culation. Witten went further and proved the relationship to Jones polynomials 
non-perturbatively using conformal field theory [35]. The ratio of determinants 
above is now the inverse Ray-Singer torsion of M. 

This short discussion shows that one must be careful when stating that a Schwarz 
type TFT is topological, since, as we just saw, one can be forced to specify some 
additional data on M for this to be true. Framing plays an important role in 
knot theory and framed knots (known as ribbons) are also topological invariants on 
M. For further information see [37]. Witten showed that the expectation values 
of products of Wilson loops along knots embedded in M are related to the Jones 
polynomials [35] . We now consider the similar discussion in two dimensional abelian 
BF theory. 



2.3.7 Observables in 2D Abelian BF Theory 



We briefly discuss the possibility of defining generalized Wilson loops, whose ex- 
pectation values are related to link invariants, like in the case of Chern-Simons 
theory. 
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The discussion is valid for BF theory without zero modes in the action. Assume 
that S C M, is a p + 1 dimensional sub-manifold of M and that S' C M is a 
sub- manifold of dimension n — p. The boundaries 9S, 9S' are of dimension n — 1 
and n — p—1 respectively and are taken to be compact (sub)manifolds. We assume 
that 9S n 9S' = 0. 

The concept of Wilson loops can be generalized to so-called Wilson surfaces [24], 
which are the gauge invariant functionals 

Wb{^) = exp^^^), (2.162) 

Wa{^') = exp^^,^). (2.163) 

Since we only consider abelian BF theory, we do not have the usual trace in the 
definition. The most interesting object is the "two point" function 

WiJ:, E') = {WBi^)WAi^')) , (2.164) 

since it can be related to the linking number between (9E, 9E'). We briefly review 
the definitions of intersection- and linking numbers. 

Let C, D be two sub-manifolds of M of dimension p + 1 and n — p respectively 
and let A, B be their non-intersecting boundaries. The linking number of A and B is 
a topological invariant (actually the simplest knot invariant [37]) and the geometric 
picture is given in figure (2.3). This invariant is also related to the transversal 




A B 



Figure 2.3: The linking between A and B 

intersection number between one of the sub-manifolds A or and the manifold 
of which the other is a boundary. This is shown for the case C, B, where dC = A 
in figure (2.4). The transversal intersection number (from now on just called the 
intersection number) is defined below: 
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Definition (2.7) Let X, Y be sub-manifolds of M such that 

dim(X) + dim(y) = dim(M). (2.165) 

Consider for all ,x G X fl F the tangent spaces T^X, T^Y and T^M. The 
intersection number of X, Y is 

Int(X,y)= ±1' (2-166) 

x&xr\Y 

where we get +1 if 

Orientation (T,X © T^Y) = Orientation(TrM), (2.167) 
and —1 if the orientation is opposite, for all the points x E X (lY. 

The linking number can be defined [38] if: (1) dim(A) + dim(i?) = dim(M) — 1, (2) 
A (1 B = ^ and (3) the fundamental homology classes [A], [B] are homologous to 
zero in H^{M). The last requirement is fulfilled since one can "lift" the boundary 
loop into the sub-manifold of which it is a boundary, where it will be a trivial loop. 

The surfaces E, E' and their boundaries 5E, 5E', fit into these definitions and 
we have that 

#intersection 5E j = blinking {p^i 9^ ) ■ (2.168) 

As mentioned before, products of Wilson loops in Chern-Simons theory are related 
to knot invariants. The linking number is just the simplest knot invariant. Actually 
a knot can link to itself or other knots. The two point function, i.e. the product 
of two Wilson loops over distinct knots, can be given a pcrturbative expansion in 
the k- parameter in the Chern-Simons action and the first terms are related to 
the Gauss self linking number and the linking number [39] . A similar result can be 
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derived for BF theories, but expressed in the Wilson surfaces from equations (2.162, 
2.163) 

log (pr(S, S')) = #unking (as, as') . (2.169) 

For the situation of interest where n — 2 we can take B e fi°(M) and A e Q^{M). 
The geometric situation is thus tied to the question of whether a point x {a zero 
cycle, against which, the zero-form B is integrated) will intersect the surface E' (of 
which the loop dT,' is boundary) or not. The answer is given by 

W{X, E') = exp ( B{X) + / a) = I ° #intcrsection(:r, dt ) = 

A nice proof of this using the variational method can be found in [40] , but since it 
is not very relevant for the work done in topological gravity, we refer the reader to 
the literature for more information on this proof. 

What is important for the later comparison between the different types of topo- 
logical gravity of Schwarz vs. Witten type, is the fact that the observables of BF 
theory can be related to intersection numbers of sub-manifolds of M. In contrast 
to this, as we shall see, the Witten type observables are connected to intersection 
numbers of sub-manifolds of moduli space. 



2.4 General Features of Witten Type TFT 

As we have seen it is a non-trivial task to ensure that a Schwarz type TFT will be 
topological when quantized. For the Witten type TFT's this is not the case. In this 
section we give a short proof of the metric independence of both the partition func- 
tion and certain observables in all Witten type TFT's, following simple arguments 
related to the BRST invariance of the vacuum. 

A Witten type topological field theory is a quantum field theory described by a 
BRST exact quantum action 

Sg[^\g,.]^{Q,^{^\g,u)}, (2.171) 

where symbolises the fields in the theory and Qf^,^ is the metric of the underlying 
manifold M. Q denotes the BRST operator and denotes the gauge fcrmion, i.e. an 
arbitrary function of the fields and the metric. The relevant BRST transformations 
are determined from the symmetries one wishes to study. A Witten type theory is 
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a kind of field theoretical model which enables one to study topological invariants 
of a moduli space, relevant for the theory one wishes to study. The moduli space is 
defined as elements in the space of fields, which are solutions to certain equations, 
modulo the symmetries one chooses. In symbolic notation we have 



where S denotes the space of fields, and D is some operator acting on the fields. The 
action in equation (2.171) is constructed such that the path integral "localizes" to 
Ai. Generally Ai will be finite dimensional and the theory only has a finite number 
of degrees of freedom. This "localization" nature of the action is vital for all Witten 
type TFT's and we discuss it in detail in section 2.6.3. 

The first Witten type TFT was the seminal work by Witten [41] on AD topolog- 
ical Yang-Mills theory, while the more general scheme described above, was advo- 
cated by Witten in [42]. As we shall see in the case of topological Yang-Mills, one 
can add a classical topological ( i.e. metric independent ) action to the BRST exact 
action, as long as this topological action is BRST invariant, but for the moment let 
us stay with the definition in equation (2.171). 

The Energy-momentum tensor T^j, is defined as the change of the action under 
an infinitesimal metric variation g^^, i— > gi^j, -|- Sg^i, 



As a general result the Energy-momentum tensor is BRST exact in Witten type 
theories 



tions (2.87,2.174) makes it possible to show, that the partition function is indepen- 
dent under the metric transformation above. By direct calculation we find 



e S\d¥ = 0} 

symmetries 



(2.172) 




(2.173) 




5,Z = 





(2.175) 



where X is 




(2.176) 
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This proof excludes the possible dependence of the measure on the met- 

ric [41] and is thus in some sense only a classical calculation. Up to this question 
of anomalies, we have shown that the partition function of a Witten type TFT is 
independent of metric transformations and is thus said to be topological. Actually 
metric-independence is a stronger requirement than that of being topological, since 
it requires a differentiable structure on M. Since the action always is BRST exact 
this is enough to ensure the metric independence, in contrast to e.g. non-abelian 
BF theory and Chern-Simons theory. 

By a very similar calculation we now show that the partition function is also 
independent of the coupling constant. Consider a rescaling of the action Sq ^ tSq 
where t G IR and is considered to be the same as the inverse coupling constant 
t = 1/h. The change of the partition function under this transformation reads 



where we have applied equations (2.87, 2.171). This calculation shows that the 
partition function is independent of the change 5t because it changes in a BRST 
exact manner. Since Z is independent of t one can just as well take the semi-classical 
limit t ^ oo (i.e. ^ — > 0). It is an important result, that for a Witten type TFT, the 
semi-classical approximation is exact. In the mathematical language one says, that 
the stationary phase approximation is exact. For the Witten type 2D topological 
Yang-Mills theory, this statement is equivalent to the famous Duistermaat-Heckman 
theorem [43] and the argument above gives a physics "proof" of this theorem. 

The next step is to define the notion of observables in a Witten type TFT. 
These are defined as functions 0(<I>*) of the fields, which are elements in the BRST 
cohomology O G H*{M,Q), i.e. {Q,0} — 0. If one assumes that the metric 
dependence of O is BRST exact manner, i.e. 



then can one prove that the expectation value of O is independent of the metric. 




(2.177) 



5gO^{Q,R{¥,g,,)}, 



(2.178) 



R{^\g^y) symbolises an arbitrary function of the fields and the metric. One has 





(2.179) 
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since 5gSq ■ O = {Q,X}0 = {Q.X ■ 0} because O is Q-closed. Hence expectation 
values of observables and products of observables will be topological invariants in a 
Witten type TFT. 

We see that the general feature is, that Sg can depend on the metric g^,^ on M, 
but Z and (O) change only under dg inside the cohomology class of Q, and hence 
the expectation value of the change vanishes. 

2.5 A Physicist's approach to Witten's 41) Top.YM 

In this section I present the general steps in the construction of the theory of 4- 
dimensional topological Yang-Mills theory. I have chosen not to follow the historical 
development of this subject, but instead tried to focus on the most important is- 
sues, which help us understand the later development of topological gravity. For 
a detailed discussion of the historical development of this subject, I refer to the 
literature (e.g. [44]), and will just outline the main steps here. In 1987 Atiyah [45] 
suggested that it should be possible to find a Lagrangian description, which would 
correspond to the Hamiltonian formalism used by Floer, to describe the new invari- 
ants of four-manifolds. These invariants were found in 1985 by Donaldson, and they 
represent a revolution in the classification of four-manifolds, or more precisely of the 
differentiable structures of four- manifolds. As mentioned in chapter 1, IR^ stands 
alone in IR", with n — 1,2,... as the only case where there is more than one differ- 
entiable structure. The breakthrough due to Donaldson, let us partially classify the 
different differentiable structures, and the most impressive thing for a physicist is, 
that the construction of these invariants are closely related to the classical solutions 
of Yang- Mills theory. In the seminal work by Witten [41], a quantum field theory 
approach to Yang-Mills theory gave a Lagrangian description of the Donaldson poly- 
nomials. It was not the old fashioned version of Yang- Mills theory, but a (twisted) 
supersymmetric version of Yang-Mills theory. It was clear for Witten that his su- 
persymmetry was a kind of BRST symmetry, and the topological invariance of the 
partition function and the correlators of observables depended firmly on this fact. 
But is was not possible for Witten to construct his Lagrangian as a BRST gauge 
fixing of an gauge invariant action. This was first done by Baulieu and Singer [46] 
and I follow their approach, since it offers a clearer way to the results found by 
Witten. When the Lagrangian is firmly in place, we discuss topological invariance 
and construction of the observables, based on a number of different references. 
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2.5.1 The Lagrangian of Topological Yang-Mills Theory 

Following [46], consider the usual Yang- Mills connection A = A'^{x)Tidx^ e Q^(M, g) 
We will absorb the Lie algebra index from time to time for simplicity. The 

usual change of A under an infinitesimal gauge transformation is 

SA^{x) = D^e{x), 6 e n°(M, g). (2.180) 

Now extend the transformation such that the change in A reads 

5A^{x) = D^eix) + e^ix), (2.181) 

where efj_{x)dx'^ G Q^{M, g) is an infinitesimal one-form. This new transformation 
is much larger that the usual local gauge transformations. The curvature F of ^4 
changes accordingly as 

(5F^,(x)=%e,]-[e,F^,]. (2.182) 
This new large gauge symmetry will not leave the Yang-Mills action invariant 

S [ tr{FA*F) 7^0, (2.183) 

but instead the topological action 

-^top^ / triFAF), (2.184) 

JM 

is invariant under the transformation in equation (2.181). The integrand is the first 
Pontryagin class and the fields e^^, e and An must be in the same topological sector 
for consistency. 

One could actually turn the argument around and start from the topological 
action above and search for the gauge invariance of this action. It will clearly be 
much larger that the Yang-Mills action since one does not need the space-time 
metric to write down F A F, in contrast to F A *F which involves g^^, through 
the Hodge star. The larger invariance is found to be the gauge transformations 
introduced here. Since the new infinitesimal one-form e^(a;) is proportional to the 
(change) of the connection A^ it will also be subject to gauge transformations 

e^(x) ^ e^(a;)' = e^(x) + Di,X{x), (2.185) 

where X{x) is an infinitesimal scalar gauge parameter, i.e. A G f2°(M, g). The 
enlarged gauge symmetry alters the original BRST algebra for Yang-Mills theory. 
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Recall that the usual prescription for obtaining the action of the BRST operator is 
to exchange the gauge parameters with ghosts in the gauge transformations. The 
original Yang- Mills BRST algebra, with the Faddeev-Popov ghost d{x) reads 

= D^c\ (2.186) 
Sbrstc' = -\[c,cY = -\fik^c\ (2.187) 
SbrstF;, = ^[F^.,c]\ (2.188) 

Note that the ghost c and the curvature transform in the adjoint representation of 
g . We should now introduce a one-form ghost ip = ip^^Tidx'^ G Q{M, g) associated 
with e^, but the additional gauge invariance expressed in equation (2.185) makes 
this ghost possess a gauge invariance of its own. This redundancy of the BRST 
algebra requires the introduction of a ghost for ghost. The second generation ghost 
is denoted (f)^{x) G f2°(M, g), and it is a bosonic scalar field with ghost number 
two. It is a general feature that for each generation in the ghost tower, the ghost 
number and grassmann parity is raised by one unit. This new ghost fixes the gauge 
symmetry in and Bauheu and Singer claim [46] that the only possible BRST 
algebra with nilpotent BRST operator 6b is 



5b 4 = D^d + ip;, (2.189) 

5b c' = -^[c,c]^ + 0^ (2.190) 

5b = -D<l)^-[c,ij,]\ (2.191) 

5b 0* = -[c,0]\ (2.192) 

SbF' = D,i;i-[c,F^,]\ (2.193) 



In the next section we show that this is an example of what is known as a Weil 
algebra, and that the differential in such algebras, which in this case is 5b , is always 
nilpotent. The BRST algebra is now free of additional symmetries and requires no 
third generation ghost. It is often useful to express the BRST algebra in term of 
diffeential forms, but one should be careful regarding the signs of the individual 
terms in this translation. The reason for this is the fact that 5b anticommutes 
with the exteriour algebra [46, 47] because d can be viwed as a fermionic derivative, 
mapping the commuting coordinates x'^ into anticommuting differentials dx'^. This 
implies 

5b {A') = 5b (dx^A^ ) = -dx" 5b = -dx^D^d - dx^t/j' = -De' - (2.194) 
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but by change of coordinates ipli^ ipli — — we find 

S^(A') ^-Dc' + ip\ (2.195) 

in addition to 

= -D0^-[c,V^]\ (2.196) 

By relabeling ip = ip we obtain the differential form version of the BRST algebra 
for topological Yang-Mills theory [7, 46, 47] 

5b A' = -Dc' + ijj\ (2.197) 

Sbc' = -^[c,c]* + 0\ (2.198) 

(5b = -D<j)'-[c,ij]\ (2.199) 
5b 0^ = -[c,<P]\ (2.200) 
5b = DV''-[c,F]\ (2.201) 

This algebra has a deep geometric meaning explained independently by Baulieu and 
Singer [46] and Kanno [47]. Inspired by Baulieu and Bellon's work on a geometric 
interpretation of the original Yang-Mills BRST algebra [48], Baulieu and Singer 
could write the BRST algebra above as the defining equations for a connection and 
its curvature, in a generalized setting. Extend the exterior derivative d d — 
d+ Sb and construct a generahzed connection At-^ A — A + tc. The t is just an 
real integer keeping track of the ghost numbers, in the expressions we derive. By 
direct inspection the generalized curvature is 

F^dA+hA,A]^F + t{i^) + e{(t>), (2.202) 
with the Bianchi identity 

DF^dF+ [A, F] = 0. (2.203) 



At first glance these equations look rather strange. We add zero-, one- and two- 
forms, bosons and fermions as though they were of the same nature. But the 
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proper way to view these equations is to expand them on both sides of the equahty 
in form-degree and ghost number and then identify the Ihs and rhs of the various 
combinations of these numbers. For example the ghost number 1 and form-degree 
1 relation from equation (2.202) is the same as equation (2.197), and second the 
form-degree 2 and ghost number 1 relation from equation (2.203) is the same as 
equation (2.201). The rest of the BRST algebra follows in the same way. These 
relations show that there must exist some principal fibre bundle with connection 
A and curvature F, which is closely related to the BRST algebra. We explain this 
abstract construction in the next section. 

Consider for a moment the action in equation (2.184) and recall that the classical 
solutions to the Yang-Mills equations 

D * F = 0, (2.204) 

are the self-dual field configurations ^classical for which F = ± * F. If these are 
inserted in the Yang-Mills action one obtains our topological action 

^classical = -\ f tr{F A *F) U„ = t\ / tr{F A F). (2.205) 

One could ask whether the arbitrary deformation of A^ in equation (2.181) would 
transform a self-dual connection into a non-self-dual one, but it has been shown [49] 
that the self-dual solutions of the Yang- Mills equations are stable under these trans- 
formations. This shows that the transformations in equation (2.181) are gauge 
symmetries of the action in equation (2.184). 

In order to fix the gauge invariance, three gauge fixing conditions are used in [46], 
two covariant conditions fixing the transformations of A and 

d^A^ = F'^V'^ = 0, (2.206) 

together with a condition fixing the connections to be self-dual 

F^''' ± e'^'^^'^F^^ = 0. (2.207) 

We have three gauge conditions and should hence introduce three anti-ghost multi- 
plets, each consisting of an anti-ghost and its Lautrup-Nakanishi field companion. 
We choose two scalar anti- ghosts (c, 0) and an antisymmetric tensor ghost x . We 
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list the ghost multiplets and the relevant ghost numbers: 



ghost: 


c 






L-N field: 


b 


V 





(2.208) 

















fields : 


C 


b 





V 






^ghost • 


-1 





-2 


-1 


-1 






(2.209) 



The BRST algebra is extended to these fields (where 0,77, 0,6 e Q^{M, g) and 
6+_ = bfj^^dx^ A rfx'^jX = Xfj.udx'^ A dx'^ e Q^(M, g). This extension is trivial in 
the sense that it is a closed sub-algebra of the full BRST algebra and clearly 5b is 
nilpotent on these fields. The quantum action for topological Yang-Mills reads 
generally 

S^^^^l^d''xtr{FAF)+ I ^d^x{Q,^}. (2.210) 

The central part in the work of Baulieu and Singer was to choose ^ so cleverly that 
the action reproduces the one given by Witten in [41]. It reads 



(2.211) 



* = tr(x,AF'''±e^''^^F^,)±-pX,.b^^ + cl>D,r + cd,A^ + 

\cb+c[x.,,T"] +c[0,0]y 



2" ■ 

where p is a real gauge parameter. By direct inspection we find 

{g,*} = tr(b,,{F^''±e^''^^F,,)-x^^{D^^r^±e^''^^D^,i;,{) 

X,A[c, F^" ± e^'^'^^F,,]) ± l-pb,,b^^ + + bd,A^ 



IK) XixuK^^'W^^'' 

1 1, 



,0] - c[[(/),c],0] +c[0,r/] 



(2.212) 

where one applies the Jacobi identity, remembering that all fields have hidden gauge 
indices. There are two special values of p which are interesting. First the case p = 
where the equations of motion for the b^^ fields are F^" — ^e^^^^F^^ or equivalently 
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F = =1= * F. So in this case we single out the (anti) self-dual configurations, which 
are the classical solutions to the Yang-Mills equations, just as we wished to do by 
our choice of gauge fixing function in equation (2.207). Secondly the choice p = 1 
is interesting, since by applying the equations of motion for we can eliminate 
this multiplier field from the action just as in the discussion between BF theory and 
Yang-Mills theory in section 2.3.5. We find 

tr {F'^T^, + e'^-'^-F^^F^,) , (2.213) 

which in short hand notation reads 

bA{F±*F) + bA*b^ F A*F + F AF. (2.214) 

The special reason for discussing p = 1, is that the last FAF term above cancels the 
classical action, and the quantum action is now identical to Witten's action [41], 
which is a Yang- Mills action plus fermionic terms (ghosts and multipliers). The 
main importance of these manipulations is that they provide a geometrical inter- 
pretation of the theory described with Witten's action. Especially explaining the 
supersymmetry SA — t/; introduced by Witten as a topological ghost term for the 
additional gauge invariance of the action FAF. Moreover, the geometrical inter- 
pretation which will follow in the next section, makes it possible to identify the 
individual terms in the quantum action Sq as components of the "curvature" of a 
universal fibre bundle. There exists a firm geometrical interpretation of the indi- 
vidual terms in equation (2.212). 

2.5.2 Observables in Topological Yang-Mills 

We now turn to the discussion of observables in topological Yang-Mills. Recall 
that in the previous section we defined observables to be elements in H*{M, Q) 
with a BRST exact dependence on the space-time metric. At first it does not 
look like we have any obvious candidates for observables, since no elements in 
the BRST algebra in equation (2. 197, ..,2.200) are Q-closed, but the solution to 
this is to consider the two symmetries involved in the BRST algebra as individual 
symmetries. We have a local gauge invariance which is fixed with the ghost ^{x) 
and then a topological symmetry which is fixed via the ghosts 'ip^^ix) and 0*. A 
lot of discussions have appeared in the literature regarding the so-called problem 
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of "triviality of obscrvables" in Witten type TFT's, but here I try to cut through 
this discussion and present the resuh. In the next section we find the mathematical 
reason for this problem, which actually is no problem at all. The correct thing to 
do when writing down observables is to consider closed forms under the topological 
part of Q, i.e. to reduce the situation to the case where the Faddeev-Popov ghost 
d{x) is set to zero. We then get the reduced BRST algebra introduced by Witten 
in [41] 

A' = (2.215) 
5wV'' = -D(l)\ (2.216) 
5w 0' = 0, (2.217) 
5w F' = Dijj', (2.218) 

where (5w = |c=o- Note though that is only nilpotent up to gauge trans- 
formations. We return to this issue in the next section. After this reduction we 
see that 0* is now QvK-closed (where (5w = {Qw, ■})• To obtain an observable, we 
must make a gauge invariant expression in (p, and consider the trace of 0^, which is 
gauge invariant since transforms in the adjoint representation of g . Hence we 
define the first observable of topological Yang-Mills as 

W^o)ix) = tr4>\x) e Q°(M, g), (2.219) 

which is just the quadratic Casimir of the gauge group G. The expectation value 
of products of observables is then of the form 

/ k \ k 

(l[W^o)ixk)) = f V[X]e-'''l[W(^o){xk), (2.220) 

\i=i / i=i 

which by the general arguments in the previous section is known to be a topological 
invariant. Here X denotes the collection of all relevant fields in the path integral. 
We can test that the correlators do not depend on the positions Xi, . . . ,Xk simply 
by differentiating H^(o) (x^) with respect to its position x^ & M 

9^1^(0) (x^) = {tT(t>\x^)) = 2tT{(t>D^(t>) = -2{QwMH,.)}. (2.221) 

since tr[A^,0] = due to tr{Ti) = 0. Hence while W(o) per definition not is BRST 
exact, daW(^o) is BRST exact. By this one can construct the difference in W(^o) when 
defined at two distinct points x^^x'^ and find 

W(o){x^) - W(o){x^) = r d^W^o)dx'' = [qw, r , (2.222) 

Jxi, I JXi, 
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where we have defined 

= -tr{4>i^^)dx>' e n\M, g). (2.223) 
The index (1) signals that it is a one-form. Consider now the correlators 

(2.224) 

by the general arguments from the previous section. Since the difference Wo{Xfj) — 
Wo{x'^) is BRST exact, the Wq^s stay in the same cohomology class under coordinate 
transformations and the correlator is a topological invariant. We now have two 
important results 



{Qw:W^o)}^0 and dW^o) ^ {Qw^W^i)}- 
By recursion Witten wrote down the famous descent equations 

= {Qw,w^i)}, 

= {QW,W(^2)}, 
= {Qw,W^3)}, 

= {Qw,w^4)}, 

= 0, 



dW^i 
dW^2 
dW^s 



dW, 



(4; 



(2.225) 

(2.226) 
(2.227) 
(2.228) 
(2.229) 
(2.230) 



where we get zero in the last equation, since otherwise we would have to integrate a 
five form on M, which can not be done. In more detail: Let 7^ be an /c'th- homology 
cycle in M, against which we can integrate a /c-form to obtain the function 



^(7.) = / 

J-y 



w, 



JkCM 



The right hand side is BRST invariant 



{Q,Hik)} 



IkCM 



{Q,w^k)} 



dW, 



IkCM 



(fc-1) 



0, 



(2.231) 



(2.232) 



since = (up to gauge invariance). Let 7^ = 9/3^ be a boundary, then 



n^k) = [ w^k) = [ 



dW, 



{k)= I {Qw,W^k+i)} = \QwJ (2.233) 

by Stokes theorem. We see that 1(7^) = /([7fc]) for [7^] e Hk{M, R), up to a BRST 
commutator. Witten derived the exact form of the forms W{k), k = 1, 2, 3, 4 



W, 



(1) 



-tr{(t) A -0), 



(2.234) 



78 



CHAPTER 2. TOPOLOGICAL FIELD THEORY 



W^2) = tr{-ipAip-(l)AF), (2.235) 
1^(3) = tr(iljAF), (2.236) 

W^4) = \tr{FAF). (2.237) 

These satisfy the descent equations (2.226,. . . ,2.230) which can be seen directly by 
inspection. These relations can also be derived in the full BRST algebra. Recall that 
we could write the generahzed curvature F — F + t{'ip) + t^{(t)) in equation (2.202), 
as the curvature oi A — A -\- tc with generalized exterior derivative d — 5b -\- d. 
As will become clear in the next section, the generalized fields A, F form a Weil 
algebra with a nilpotent derivative, which in this case is d. We can construct gauge 
invariant polynomials in the generalized fields, and we define [47] the A'^'th Chern 
class 

iV-times 
" ^ 

= CNtr{F A--- AF), AT = 1,2,..., (2.238) 

with a normalization constant c^. Since F transforms in the adjoint representation 
this is clearly gauge invariant. The geometrical situation is discussed in detail in the 
next section. The Weil theorem ensures that Wn is closed since it projects down 
from a G-invariant form on P 

dWjv = 0. (2.239) 

Only it is not a closed form on M, but on the base space of the universal bundle, 
which we introduce in the next section. We now make an expansion of Wat in ghost 
number, 

2N 

Wiv = E t''^"'^fe,iv(F, V', </>)■ (2.240) 

fc=0 

Here we use that F is a polynomial of order in the fields {F.ilj, 0) and Wk,N is 
then a A;-form with ghost number 27V — k, representing the individual terms which 
comes from taking the A^'th power of F. Insert this in equation (2.239) 

(^+ <^B)|E^''^"'^fe,iv(^>^»|=0. (2.241) 
U=o J 

This gives a sum of 4 A" terms, where d and 5-q act on the various Wk^N^s and the 
total sum is zero. When d, acts on w^^n, we get an element w^-^-i^n and when Sb acts 
on an element of order f we get an element of order t'"*"^, since 6b raises the ghost 
number by +1. By reading off elements in the sum, which have the same ghost 
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number and form degree, we can obtain the descent equations (2.226,. . . ,2.230) 

: (2.242) 

5b W2N,N + dW2N-l,N = 0, 
dW2N,N = 0, 

but expressed by 6b instead of 5w ■ As an example consider the second from last 
equation. The term W2n,n has ghost number zero and form degree 2iV, so 5b W2n,n 
has ghost number one and form degree 2A'". This can thus be added with the term 
dw2N-\,N which has form degree 2A'" and ghost number one, since W2n-i,n has form 
degree 2A'" — 1 and ghost number 1, according to equation (2.240). 

How do the descent equations for 5b relate to those of 5w ? According to 
equations (2.189,. .. ,2.193) and (2.215, ...,2.218) the difference between 5b and 
5w for X — {F,il},(f)) is of the form 

5b 5w^ + [^,c], (2.243) 

since these fields transform in the adjoint representation under gauge transforma- 
tions. Hence they have the same transformation properties with regard to the 
Faddeev-Popov ghost c, so if we restrict ourselves to gauge invariant polynomials 
in the fields F, ■0) like w^^n we can take 

5BWk,N ^ 5w Wk,N- (2.244) 

This means that the descent equations for 5b and for 5w are equivalent. 

In the seminal paper by Witten [41], he considered the second Chern class (i.e. 
N = 2) for reasons explained in the next section and the constant C2 = —1/2. This 
gives by equation (2.238) 

W2 = + + 

= W(^o)+tW^i)+fW^2)-t^W^3)-t^W^4). (2.245) 

Where W(i), i = (0,1,2,3,4) are given in equations (2.234, ...,2.237). So in our 
notation Wk.2 = These are exact copies of the Donaldson polynomials which 

are related to topological invariants of four dimensional manifolds. We return briefly 
to the discussion of these invariants in the next section. 
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The last thing we shall discuss is how one can see that the expectation vahies 
of the observables we have been considering, e.g. 1/^(0) and products of these, are 
related to closed differential forms on moduli space. By integrating these forms over 
the moduli space we produce numbers, known as the intersection numbers, which 
are topological invariants. We proceed as follows: We show how the path integral 
reduces to an integral over moduli space. In the next section we then discuss how 
this is tied to intersection numbers. 

Recall, that the quantum action in equation (2.210) is independent of the form 
of the gauge fermion in equation (2.211). We use this fact to introduce a background 
gauge fixing [50], here written in the more transparent differential form notation. 
The background gauge fermion we use is 

* = (x{F+ - I&+-) + + c{Dl,^A - y 6) j , (2.246) 

where a, a are gauge parameters and D(o) denotes the covariant derivative around 
a fixed classical solution Adas. So this solution corresponds to a fixed element in 

y 

The classical solutions are known as instantons and A^ins is the moduli space of 
instantons. By we denote the self-dual part of the curvature for which F — *F. 
This gauge fermion leads us to a quantum action 

^b' + bD^^A + viD},^^) - cD^^Dc + -cD\,^i; + 

4>Dl^[c,^^^]+4>{D\,^D)(^y (2.248) 

For the choice of delta function gauges, which are convenient for our purpose, we 
set a = a' = 0. We expand the path integral in the semi-classical approximation, 
around the classical solution. This expansion is exact for Witten type TFT's, 
following the general arguments in the last section. Hence the gauge field is of the 
form 

A = Aiass + A> (2-249) 

where we have a classical and a quantum contribution. All other fields are assumed 
to be of pure quantum nature. In the semi- classical approximation we go to first or- 
der, i.e. only quadratic terms in the quantum fields contribute and this contribution 
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to the quantum action is 

J Ad 

0Dfo)D0 +{r] + c)Dl^i/j + xDio)i) . (2.250) 

Redefining -q — r] + c, which has trivial Jacobian leads to a cancellation between 
the Faddeev-Popov determinant in the cc term against the 00 terms, since they are 
of opposite grassmann parity. When we consider the partition function 

Z = J V[A,i,,<P,b,b+_,c,c,r],x,^]e-^-, (2.251) 

we see, that if there are any zero modes in the fermionic field ■0, i.e. nontrivial 
solutions to the equations 

Dlo)^{x) = 0, (2.252) 

D^oMx) = 0, (2.253) 

then the rules of grassmann integration 

n dMx)f{X) = 0, (2.254) 



/ 



where f{X) is any function of all fields excluding ip, will kill the partition function 
totally. This is due to the fact that the ip has dropped out of Sg, since it is a solution 
to equation (2.252) or equation (2.253). 

Assuming that there do not exist any symmetries in the moduli space of instan- 
tons, Witten [41] concludes that only A, and hence by supersymmetry ip, can have 
zero modes. Wittcn's notation of ip being the super partner to A, is identical to 
our notation of ip being the topological ghost for A. So one should worry about the 
zero modes in ip since it is the only fermionic field with this possibility. 

First it might be instructive to consider the semi-classical partition function in 
the case with no zero modes in ip. The integration over b and 6+_ imposes two delta 
functions 

5 (D(o)^) 5 (D(o) * a) , (2.255) 

and the effect of integrating these with respect to A is to restrict the integration over 
^ to A^ins. The integral can be calculated along the lines of similar expressions in 
Schwarz theories and it has been shown to give [51, 50] 

1 

detTo ' 



/ 



(2.256) 
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where To is the appropriate differential operator mapping connections into zero 
forms and self-dual 2-forms. We do not need the specific form of this operator 
and refer to [26, 51, 52] for further arguments. The integration over x, 77' gives a 
contribution 

S (D(o)V) S (Z^fo)^) , (2.257) 
which can be represented as another determinant 

/ V[ijj]detT, A^Aiass- (2.258) 

JTA^Mins 

The operator T is related to Tq and can be studied in [51]. Thus the partition 
function will be an integral over Alms of the ratio of these determinants. We have 
indicated that ip should be viewed as an element in the tangent space of the moduli 
space. The reason for this is explained in the next section. 

While the are no zero modes, moduli space is just a collection of points, but 
it becomes a manifold (actually an orbifold, due to singularities) with dimension 
n when there are zero modes. When A^ins is a manifold, we need to have forms 
of the top dimension of A^ms, in order to be able to perform the integral. The 
integration over the zero modes is missing due to the rules of grassmann integration 
and we must therefore insert functionals Oof the various fields in the action to get 
a non- vanishing result. The functionals must have a ghost number which sums up 
to n such that they can "soak up" the fermionic zero modes [24]. We show how the 
observables are expressed in terms of the zero modes in the action. 

The strategy is to integrate out all non-zero modes in the path integral, such 
that the measure of all fields reduces to 

n 

V[X] ^dii=l[ dAi di^i, (2.259) 
1=1 

where Ai,ipi are the zero modes. Since Aj, and ipi have opposite grassmann parity, 
d/i will be invariant under change of basis in the space of {A^, ■0^) zero modes. The 
integration over non-zero modes in the semi-classical approximation gives a cancel- 
lation of the determinants mentioned above, and these integrations give ±1 [41]. 
Under the integration, all non-zero modes in Odrop out, and thus Ois effectively 
only a functional O' , of the zero modes 

O' =^^^_^^{AS"'^---^"'-. (2.260) 

By $mi,...,m„(^i) we denote an antisymmetric tensor on moduli space, i.e. a form 
of top dimension on Alins- The trick is now to compute the expectation value of 
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Cand replace Cby O' , due to the integration of all non-zero modes to obtain [41] 
{O) ^ j Me-^q-(2) O 

i=l 

= / (2.261) 

By we denote the top form on A4ins and the last equality is due to the rules 

of grassmann integration. 

Witten states [41] that it is possible to view Cas a product of, say k different 
terms Oi, i — 1, . . . ,k and that this sub-division holds after integrating out non- 
zero modes. So we consider 

k 

O' ^l[0' i, (2.262) 

i=l 

where O' , has a ghost number and the total ghost number still adds up to 
n = J2i=i ^i. The form of an individual term is 

= (2-263) 

which we view as an mj-form on the moduli space. Hence the form of top dimension 
on moduli space is 

$ = $W A... A^^'^). (2.264) 
This changes equation (2.261) to 

{O) = (O,--- O.,) 

= / A . . . A (2.265) 

where the dimension of moduli space is n = J2j=i ij- 

We introduce the candidates for based on the discussions in the previous sec- 
tion. Recall from equation (2.231) that 

I{lk) - / W^w, (2.266) 

is BRST invariant and since Wf^k) is a A;-form with ghost number 4 — /c, is it obvious 
to try to relate /(7a;) to a (4 — /c)-form g A^ins- The expectation value of 



(7(7i) •••/(%)) = (/ W^k,,)---! 

= / A... A$(^^). (2.267) 
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According to the discussion above, we should integrate out non-zero modes of the 
fields present in the W^(fe^.)'s on the left hand side of the last equality sign in order 
to obtain the explicit form of the <l>*^'''''''s. In the semi-classical limit we can replace 
the F[A] in the W^(fc^.)'s with ^[ylciass] and ip^ with 

n 

€ = E^'^,,^ (2-268) 

i=l 

where m"^-, ^ is an element in the basis w"^-, ^ ■ ■ ■ n^^-j ^ in the space of (A^, ■0^) zero 
modes. Since the Af^ zero modes and the ■^^ zero modes are in the same basis, the 
discussion is independent of the specific choice of U(i), since d/i is invariant under 
shift of basis. Regarding 0, which is the third field present in the VF(fe^.)'s, consider 
the form of the quantum action in equation (2.212) with 0, (p terms 

-5q = / y/gd'xtr(... +^[i/j^,ilj^]+^D^Dy + ...). (2.269) 
When performing the integration over we get a delta function 

S (I ,/gd*xtr{Di,D''<P+[ilj^,r])) ■ (2.270) 

The remaining terms in the action are independent of so the expectation value of 
is 

= -/ ^d'xiD,D'^)-'[,p„rl (2.271) 

Here Sq signals that we have performed the integration such that is no longer 
present in the action. So the expectation value of is the integral over the Greens 
function of the laplacian D^^D^ acting on the [^}j^,ip^]. This has a direct geometric 
interpretation in the context of the universal bundle which we discuss in the next 
section. 

When expressing (0*) in terms of the zero modes ■0" we can write down Witten's 
expressions for by inserting (i^[Aciass], "0") (0*)) expressions for W(j~^,^ in 

equation (2.234 ,. . . , 2.237). We have 

$(7o) = i^r((0(x)))^ 7oGi^o(M,[R),a;eM, (2.272) 
= / ir(-(0) AV"), 7i e i/i(M,[R), (2.273) 

$(72) ^ /• ^^a_ ^ F[Alass]), 72 ^ H2{M, El), (2.274) 



2.6. THE MATHEMATICS BEHIND THE PHYSICS 



85 



$(73) ^ / tr{rAF[A,,^]),^^eH^{M,\R), (2.275) 
$(T4) ^ f Lr(F[AeiaJ AF[AeiaJ), 74ei^4(M,IR). (2.276) 

As mentioned before is a (4 — A;)-form on A^ins and hence it represents a map, 
first introduced by Donaldson, from homology on M to cohomology on A^ins 

: Hk{M,U) ^ H'-\Mir.s, Q). (2.277) 

The cohomology on moduli space is rational since moduli space is an orbifold and 
not truly a manifold. The original Donaldson invariants were exactly defined as 
the wedge product (giving a form of top dimension) of such maps, integrated over 
the moduli space of Yang-Mills instantons. In that sense the expressions in equa- 
tion (2.267) represent the QFT representation of the Donaldson invariants [41]. The 
rules of BRST theory singled out the BRST invariant functions as observables and 
we now see that the elements of the BRST cohomology are related to the coho- 
mology of the moduli space, i.e. the space of classical solutions to the Yang-Mills 
equations. When there are no fermionic zero modes the partition function is a topo- 
logical invariant and by introducing observables with the proper ghost number one 
can construct non- vanishing invariants in the presence of fermionic zero modes. 

In the next section we discuss several issues from this section again and put 
them into the geometrical picture given by the universal bundle construction. For 
further information about four dimensional topological Yang-Mills theory we refer 
to the vast literature on this topic. The above presentation is in no way complete, 
but serves to help the understanding of similar constructions in topological gravity. 

2.6 The Mathematics behind the Physics 

In this section, we review the most important mathematical constructions and re- 
sults, which are related to the material presented in the previous section. After 
reading this, it will be clear what amazing symbiosis between mathematics and 
physics, the Witten type TFT's represent. I have as far as possible tried to use the 
original material as the basis for this section, but also gained a lot of understanding 
from the long list of reviews written by physicists working in this area. The most 
prominent reviews I know, are those by Birmingham et.al. [7], Cordcs et.al. [53], 
Blau [54] and Blau & Thompson [55] , and all of these have contributed to my un- 
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derstanding of this field. When I use a result specifically based on a review text, I 
will cite it, but otherwise I hereby acknowledge the importance of these reviews. 

2.6.1 The Universal Bundle and Equivariant Cohomology 

One of the most prominent features in the theories studied in this thesis, is the 
study of manifolds on which there is a group action. This is either the action of 
gauge transformations or diffeomorphism. Here we present the important theory 
of equivariant cohomology, which will enable us to study cohomology in relation to 
this group action. 

Let M be a manifold on which the group G acts. Then M is called a G space 
and one can form the principal G-bundle 

M 

i (2.278) 
M/G . 

If there are fixed points for the action of G on M, the space M/ G is complicated and 
it is hard to calculate its cohomology because M/ G might not even be a manifold. 

The notation of the "Universal G- Bundle", due to Atiyah and Singer [56], gives 
us a tool to overcome this problem. The universal bundle is a kind of "Mother of all 
G-bundles" as we shall see. Let EG be a manifold on which G acts and construct 
the universal (principal) bundle over BG 

EG 

i (2.279) 
BG =EG/G, 

with two defining properties. First that EG is a contractible space such that 
7ri{EG) — {id}, and second that G acts freely on EG. The universal G bundle 
is a principal G bundle over the base space BG, which in general is a nontrivial 
bundle. There exist characteristic classes on BG which measure the "twist" of the 
bundle, i.e. the obstruction to triviality and these are elements in H*{BG). At 
the moment this may seem unconnected with the G bundle M M/G, but any 
G-bundle can be obtained from this universal G-bundle as the pull back of a certain 
map known as the classifying map. For every Lie group (actually every topological 
group) G, the loop space of BG is homotopic to G. The loop space L{BG) is the 
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space of all maps : 5*^ i— > BG and L{BG) — homotopic G. Consider two different 
G-bundles 

E G^ F 

i i (2.280) 

M M 
and consider two maps Je'-M^-^BG and fp : M t-^ BG from eacfi of these bundles. 
These maps are known as classifying maps and BG is also known as the classifying 
space of G. This is due to the following result. Let ci, . . . , c„ e H*{BG, Z) be 
characteristic classes, for example the Chern Classes, which are cohomology classes 
on BG. Make the pull back of these cohomology classes via the classifying maps 

fpCie H*{M,Z) and fpCieH*{M,Z). (2.281) 

If the pull back of the cohomology classes agree for the two classifying maps Je and 
fp, then the maps arc homotopic and the bundles E and F will be isomorphic. So 
isomorphism classes of G-bundles are in one to one correspondence with homotopy 
classes of maps M i— BG. Every principal G-bundle up to isomorphism, can be 
obtained by a pull back from the universal bundle. 

As we stated, the universal bundle is a tool which is used to study the coho- 
mology on M/G, whereas a direct approach does not work. Due to the fact that 
EG is contractible, its de Rham cohomology is trivial [16, 38]. This follows from 
Poincare's lemma, which states that if a manifold M is contractible to a point in 
a coordinate neighbourhood U C M, then every closed form on U is also exact. 
When the whole of EG is contractible, any globally closed form will also be exact 
and hence EG has trivial de Rham cohomology 

H*{EG) = 6^o^. (2.282) 

But there exists the framework of cquivariant cohomology [57] written as Hq[M) 
which is ordinary de Rham cohomology of a larger space H*{Mg), where 

Mg^ EG XgM = {EG X M) /G. (2.283) 

The elements in Mg are equivalence classes under the equivalence relation {pg, q) ~ 
(p, gq) where p G EG, q e M,g E G. A central feature in this construction is the 
following result: Mg is a fibre bundle with fibre M over BG, associated with the 
universal bundle 

Mg ={EGxM)/G 
TT i with fibre M (2.284) 
BG = EG/G. 
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In addition to the projection tt, there exists a map a : Mq M/G, which in 
contrast to tt is not always a fibration. The so-called Cartan-Borel mixing diagram 
illustrates this construction 

EG ^ EGxM ^ M 



(2.285) 

BG ^ EGxgM M/G. 
71 a 

Using a one can define a map in cohomology 

a* : H*{M/G) ^ H^{M), (2.286) 

which is an isomorphism [57] if G acts freely on M. This links the cohomology of 
M/ G to the equivariant cohomology on M. 

The equivariant cohomology of a point g G M is HqIq) = H*{BG), which 
follows from "integration over the fibre" tt^ : H*{EG Xq M) ^ H*{BG). 

It is possible to give an algebraic description of this construction which enables 
us to determine H*{BG). This leads back to the work by Weil, Cartan and others, 
but we follow the treatment in [57, 58]. 

The Weil algebra VF(g) is based on the Lie algebra g of G. It is the tensor 
product between the exterior algebra A( g* ) and the symmetric algebra S{ g* ) on 
the dual Lie algebra g* 

W{^) =A(g*)«)5(g*). (2.287) 

The exterior algebra [59] 

oo 

A(g*) = 0A"(g*), (2.288) 

n=0 

is a graded algebra of differential n-forms and 

oo 

•^ir ) = 0^"(r )' (2-289) 

n=0 

is the graded algebra of symmetric polynomials on g . Let {Xa} be a basis for g 
dual to {0""}, the basis for g* . We assign the degree 1 to elements 6*" G A( g* ) 
and degree 2 for 5'( g* ), which we denote (ff. Then Vl/^(g) will be a commutative 
graded algebra with product rule 

wP'w'^ = (-l)f« w V, p, g = (1, 2), (2.290) 
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for elements G W{g) . The range of the indices is a, 6, . . . = 1, . . . , dim(G). By 
introducing a differential dw on W{g) , defined by the action on the generators 

dwe^" = r-\h:o'd'^, (2.291) 

dw^^"" = (2.292) 

W{g) is promoted to a differential graded algebra. As usual are the structure 
constants of g via [Xb, Xc] — fbc^a- We now show that d'^ = by acting with dw 
twice on both generators. 

dwidwO") = dwr-lhc'dwie'e") 

= /6c>'^' - Ih: {dwe' ■ r - e'dwe'') 

= 0. (2.293) 

Where we have used equation (2.290) and that dw is an anti derivation so it obeys 
the anti-Leibniz rule 

dwiw^ A w^) = dww^ A + (-l)W A dww''. (2.294) 

In the same way we find 

dw{dwr) = dwihcy'O'') 

- /,;(rf^0'')r + /rfc^^r 

= [[Xa, X,],X,]r0'0' - \ {[[Xc, XalX,] + [[Xa, X;,], Xj) 0'^^"^ 

= i ([[x„, Xb], X,] - [[Xc, x,],x,]) 

= 0. (2.295) 

In the fourth equality we switch to commutator notation and relabel the indices 
to improve the clarity, and the term fi,c4'^(t>'^ = due to contraction between the 
antisymmetric structure constant ( in 6, c ) and the symmetric expression in (J). In 
the fifth equality we use the Jacobi identity and in the last step the expression 
inside the brackets is symmetric in b, c so it vanishes when contracted with the 
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antisymmetric term 6^6'^. We conclude that the so-called Weil differential dw is 
nilpotent. It is now possible to show that the cohomology of Vr(g) is trivial by 
changing to a new set of generators (/t" = dwd"'), and it then follows that 
K = dwO"" is exact and dy\/K = closed, since rf^ = 0. This hints that is the 

algebraic model of EG. To find a nontrivial cohomology, we must find the algebraic 
model of BG. This is done by studying the action of G on elements in Vr(g) and 
on differential forms. 

Recall our general construction: P is a smooth principal G bundle n : P ^ M 
and the elements of the Lie algebra X G g are the vertical vector fields. The 
elements X act on the differential forms Q*{P) in two ways. First by the interior 
product i{X) : f2'^(P) i— f2*^~^(P) and next by the Lie derivative Cx '■ f^'^(P) i— > 
fl''{P), which are related by the infinitesimal homotopy relation 

jCx ^i(X)d + di(X), (2.296) 

where d is the exterior derivative. Recall that lemma (2.3) said that the basic forms 
on P, were the forms in the kernel of tx and Cx for all X G g. In addition it 
stated that the basic forms on P can be mapped uniquely to the forms on M by 
the bundle projection 

0*(M)=7r(l]*(P)|basic). (2.297) 

So as de Rham complexes we identify {Q*{M),d) = {^* {P)\hasic, d) . Since P x M 
is a principal G bundle over P Xq M we also have 

n*{P Xg M) = n*{P X M)|basic. (2.298) 



On the principal G-bundle tt : P — > M we assume the existence of a connection 

A with curvature F. They are one and two-forms on P with values in the Lie 
algebra, i.e. forms in the adjoint bundle 

A e {n\P) xad g); Fe (n^(P) x,d g). (2.299) 

They satisfy the following standard relations 

ixA — X, X e g; the connection is vertical (2.300) 

ixF = 0, X G g; the curvature is horizontal (2.301) 

F = dA+^[A,A] (2.302) 

dF = [F,A]; the Bianchi identity. (2.303) 
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The Weil algebra is actually a model of the relations defining a vertical connection 
and a horizontal curvature, in terms of the the generators of W^(g) 



Ix.9' = (2.304) 

IxJ'' = 0, (2.305) 

LxJ"" = 0, (2.306) 

LxJ'' = 0, (2.307) 



where Ixadw + dwixa = Lxa- The sub- algebra of the elements in VF(g) satisfying 
these relations is denoted Sg, and the elements are called the basic elements in 
Vr(g) . By defining the elements A"- e VF(g) ^ and F" e VF(g) ^ as the images of 
{9"-} in the A( g* ) and 5'( g* ) respectively, the universal connection and curvature 
over the Weil algebra is defined [58] as 

A = A'Xa e ' g, (2.308) 

F = e W{g) ' ® g. (2.309) 

These arc G-invariant and thus in the kernel of Lxa for ^ = !;•••) dim(G'). Com- 
bining equations (2.291,2.292,2.304,2.305) we see that these relations expressed in 
A"-, reproduce the identities in equations (2.300,. . . ,2.303) 

IxA' = t (2.310) 

Ix^F- = 0, (2.311) 

dwA'^ = F«-^/,«#^^ (2.312) 

dwF'' = -h^A'F'', (2.313) 



So the connection A in P determines a map g* i-^ ^^(-P) ^-nd the same for F 
in P with g* 1-^ 0^(P), which induces a unique homomorphism of graded algebras 

w: W{g) ^n{P). (2.314) 

This is (almost) the Weil homomorphism from theorem (2.3), which maps the uni- 
versal connection and curvature A"', P" into A, P. The importance of this construc- 
tion is seen when we consider the tensor product W{g) (8) Q*(M), which again is 
a differential graded algebra. The sub-algebra 



Og(M) = { W{g) 0(M)} Italic C W{g) ® 0(M), (2.315) 
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is the algebra of equivariant differential forms. Here the basic elements are those 
f] e W{g) (g) Q{M) which satisfy 

dimG 

T] e ker fl (^x. ® 1 + 1 ® ^xJ , (2.316) 

a=l 
dimG 

77 e ker fl {Lx^®l + l®CxJ. (2.317) 

a=l 

The homomorphism w and equation (2.297) determine a new homomorphism 
W (which is the Weil homomorphism from theorem (2.3)), and also follows W on 
the basic sub-algebras 



W{g) Q{M) Q{P X M) 

u u 

w 

Qg(M) ^ Q(PxgM). 

The homomorphism W between basic sub-algebras is known as the Chern-Weil 
homomorphism and it induces a homomorphism in cohomology 

H*(yLG{M)) ^H*{Pxg M), (2.319) 

which is independent of the choice of A e P, from which W is determined [58] . 
By H*{nG{M)) we mean H* {ndM) , dr) where 

dT = dw®l + l®d. (2.320) 

So what have we obtained? The step M i— > EG x M is mirrored by Vt{M) i— > 
W{g,) X Vl{M). The equivariant cohomology of M was identified with the co- 
homology of BG and in the same way by setting P — EG, we now have from 
equation (2.319) 

H*{Bg^n{M),dT) H*{{EG X M)/G,d) 

integration over fibre 

H* {BG, d) . 

(2.321) 

The first step is actually an isomorphism if G is compact [57], and hence we have 
found an algebraic description of the H*[BG, d). We now just need to identify the 
basic elements in W{g) , in order to have characterised the equivariant cohomology 
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of M. Notice that a horizontal element in W^(g) must be in the kernel of Ixa but 
equations (2.304,2.305) show that only the elements in the symmetric algebra satisfy 
this requirement. Invariance under G, i.e. that the elements must be in the kernel 
of Lx^ identifies 

5g~5(g* f, (2.322) 

with the invariant polynomials on the Lie algebra. The Weil derivative vanishes on 
the basic sub-complex, due to equation (2.296). Hence one identifies H*{B g,dw) 
with B g. 

There exist other representations of equivariant cohomology. The so-called Car- 
tan representation of equivariant cohomology [43, 53] which is based on the ba- 
sic sub-complex of W{g) . So as a vector space the Cartan model is based on 
S'( g* ) ® fl{M) with the differential dc, which is defined by its action on the gen- 
erators 

= (2.323) 

dcv = {l®d-(j)''®txjv = {d-i4,a)r], (2.324) 

where r] e fl{M). In contrast to dw, dc does not always square to zero. One finds 

(1 d - 0" (g) ixj (1 d - 0" ^xJ = -0" <H) dix, - 0" ® ixj 

= -r^J^x., (2.325) 

since = and d^ — 0. By restricting to the invariant sub-complex 

Qg{M) = [S{g* )®Q{M))^ , (2.326) 
dc becomes nilpotent. In cohomology we have the isomorphism [53] 

H* {{W{ g* ) ® Q{M)} Ibasic, dr) ^ H* ({S{ g* ) ® Q{M)f, dc) • (2.327) 

Finally let us mention the BRST representation of equivariant cohomology [53], 
which is built upon the same complex as the Weil algebra, but with a new differential 

dB = dw(^l + l^d + e''0Cx^-<f>''0ix^, (2.328) 

where d% = 0, so the cohomology is trivial as in the case of W{g) . The basic sub- 
complex is the same as the invariant sub-complex of the Cartan algebra, and on this 
dc = ds and dc = 0- There also exists an algebra isomorphism mapping dr into 
ds hy conjugation with exp(^"zx„) and the cohomology groups H*{W{g),dB) — 
H*{W{g),dT) are isomorphic [60] 
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2.6.2 Translation into Physics - Part 1 

The grading of the Weil algebra signals that it may be described by the framework 
of supersymmetry. One can construct [53] a superspace (for a general introduction 
see e.g. [61]) g built on the tangent bundle over g 

Tg 

i 

where the coordinates of the fibres 

C e7r-\X),i^l,...,dim{Gy, X e g, (2.330) 
now are taken to be grassmann odd. The superspace 

g = nrg, (2.331) 

is identified with this bundle, where 11 indicates that the fibres are taken to be odd. 
One can identify the Weil algebra with g, and a generic function on g is represented 
by a superfield $(c*,7'), where d are the odd generators of functions on the fibre 
and Y is the generator of symmetric polynomials on g . By introducing the dual 
to these generators, namely bi to d and /3j to 7', with commutation relations 

[A, 7'] = V, (2.332) 
[k,ci] = S/. (2.333) 

We get the indication that the Weil algebra is rather closely related to the de- 
scription of the (6, c, (3, 7) ghost systems known from superstring theory, which we 
discuss in chapter 4. For more details on this connection see [53], where it is shown 
how equivariant cohomology on g is the same as supersymmetrized Lie algebra 
cohomology. 

In more general terms we can write a superspace M as the tangent bundle with 
odd fibres over M 

M = HTM, (2.334) 

where the coordinates (x*,^*) e M are the coordinates E M and ■0' are the 
odd fibre coordinates, where i — l,2,...,n. This setup gives the possibility of 
identifying functions on M with differential forms on M, by the identification 



TT 



(2.329) 



■0' dx\ 



(2.335) 
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since the differential forms on M are anti-commuting objects. Let r] G Q*{M) be a 
form on M and fj a function on M. In general we do not have a generic measure 
on a manifold, and are left to integrate differential forms, but by construction one 
has a generic measure d/i on M 

d/i = dx^ A . . . A dx" A A . . . A (2.336) 

This measure is invariant under coordinate transformations on M because the coor- 
dinates {x\ ip^) transform in an opposite way to each other. So one can interchange 
integration over forms on M with integration of functions on M 

fdnfj=f r]. (2.337) 

JM JM 

We now show how this formalism is used in topological Yang-Mills theory, dis- 
cussed in section (2.5). The configuration space is the space of connections A and 
using the identification above, one can represent forms Q*{ A) as functions on 
superspace generated by 

Aen°(A) a^ndi/j^dAen^A). (2.338) 

These forms can be pulled back to the underlying space-time manifold M, using a 
local section and they are described by local fields 

A = Ai^ixYTidx" e n\M, g) (2.339) 
jjj = ijl{x)Tidx'' e n\M, g) (2.340) 

with ghost number zero and one respectively. In this sense A represents a point in 
A , and ip an element in ^ . This explains the notation in equation (2.258). 

The relevant group action on A is of course the group of gauge transformations 
Q , and the Weil algebra is thus modelled on the Lie algebra Q^. The dual of this 
Lie algebra, on which we should form the exterior and symmetric algebras, can be 
viewed as the space i7"(M, g) where (n = 4) is the dimension of M. This follows 
from Poincare duality and the fact that gauge transformations can be viewed as 
functions from M into G. The Faddeev-Popov ghost and the ghost for ghost 0* 
are zero forms on M with values in the Lie algebra g , and they may be considered 
as analogues to O"", 0" in the Weil algebra since they respectively have ghost number 
one and two, and hence odd and even grassmann parity. 

The BRST model from equation (2.328) is now built on the complex W{Q) ® 
fl*{ A) and Kalkman [60] has proved that the BRST differential ds, is exactly the 
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BRST differential given in equations (2.f89,. . . , 2.f92). His proof is quite compli- 
cated and independent of the models one chooses to consider. The reader is referred 
to the literature for more details on this proof. In addition it also follows [43] that 
the Cartan model is equivalent to the reduced BRST algebra introduced by Witten 
in equations (2.215,. . . ,2.217). The important thing to note is that there exists a 
framework, namely the algebraic representations of equivariant cohomology due to 
Weil and Cartan, which corresponds to the form of the BRST algebra in the Witten 
type TFT's. In this way equivariant cohomology hints at what kind of geometric 
structure these theories describe and we now turn our interest to this. 

We have in the principal G- bundle it : P M where G is the gauge group and 
M is the space-time manifold. The (Atiyah-Singer) universal bundle constructed 
over P, is the principal Q bundle 

Px A 

i (2.341) 

{Px A)/g . 

The gauge group G has an action on the base space of this bundle and we can 
construct the principal G bundle 

{Px A)/ g 

i (2.342) 

M X A/g . 

The G action corresponds to global gauge transformations after the local gauge 
transformations have been gauge fixed. The action of both groups is taken to be 
free. One often writes L — {P x A)/G. If there exists a G- invariant metric on L, 
we can then isolate the horizontal vector fields on L as the orthogonal complement 
to the vertical vector fields. The vertical vector fields are isolated by studying the 
Lie algebra g of G. This is of course identical to having a connection F on the 
principal bundle L M x A/g . 

Assume the existence of a metric g on M and let tr denote the Killing metric 
on G. To have a metric on L consider the tangent vector 

{X + X)eT^u,A){Px -4), (2.343) 

where X is tangent along P and A G Q^{M, g) since A is affine. The metric g on 
L acts at tangent vectors 

[g{X + X,Y + /.)](„_^) ^ {X, y)(„,^) + (A, /.), (2.344) 
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where 

{X,Y\^,A) ^ [g{MX),7r4Y))l^^^+tr{ujA{XpA{Y)) (2.345) 

is the metric on the tangents X, Y along P, defined via the projection n : P ^-^ M 
and g, and where cua is the connection one form on P defined via the point A & A . 
The remaining metric in equation (2.344) is the usual inner product between forms 
on M 

(A,/x)= / ir(AA*/x), (2.346) 

where * is defined via the metric g on M. The metric g{-, •) in equation (2.344) 
is G X ^ invariant, so it induces a G- invariant metric on L, since P x A is a 
Q bundle over L. This induced metric fixes the connection F on L and the curvature 
of this connection Fr can be viewed as an element in Q^(M x A/S , g)- Since Fr 
is a two form it takes arguments on two vector fields on M x A/Q . There are 
three components of the curvature at {x, [A]) e M x A/Q 

Ft = -^(2,0) + -^(1,1) + -^(0,2), (2.347) 

where the indices (a, 6) label the number of vector fields living on M and A/Q 
respectively. These components were calculated by Atiyah and Singer [56] and the 
first component is the ordinary curvature of A on M 

F(2,o) = F[A\x,Y){u); X,Y e T,{M), t:{u) = x. (2.348) 

The (1,1) component is 

= Fr(X, r) = r(X); X e T,M, r e T^a] A/Q . (2.349) 

We know that the elements in Ta A/Q correspond to horizontal elements in Ta A 
or equivalently to one-forms ip on M with values in the Lie algebra which are subject 
to the horizontal condition D^ip — 0. This is just the topological ghost ip satisfying 
the zero mode requirement in equation (2.252). The last (0,2) component is the 
curvature on A/Q , which from equation (2.66) reads 

i^(o,2) = Ga (*[ri, *T2]) , Ti, T2 G T^A] A/Q , (2.350) 

where the tangent vectors of T[ A] A/Q are identified with one-forms ri, T2 e Q^(M, g) 
subject to the horizontal condition 



ri,r2 e Ker{D^). 



(2.351) 
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This is the same as (0*) expressed in terms of the zero mode contributions of ip in 
equation (2.271). 

Consider the BRST cohomology as 

H*iM, Q) = H*i[W{_g_) Q(P)]|ba.ic, dr), (2.352) 

equation (2.321) then shows that 

H*{M, Q)^H*{{A xP)/ g)^ H*{ A/g x M) ^ H*{ A/g ), (2.353) 

where the last step is obtained by integration over fibre M . This identification 
follows from the fact that Q acts on P as a G-bundle automorphism, and hence 
induces the action of ^ on ^ . In the universal bundle notation E Q = A 
and B g = A/g ■ A is only contractible when we consider it as the space of 
irreducible connections [53]. 

We should identify the BRST invariant observables with the closed forms on 
A/g ■ In equation (2.202) the BRST algebra was identified with the defining 
equations for the generalized curvature 

F = F[A] + (2.354) 

We can now see, that this is exactly the same form as the curvature two-form on 
M X A/g . The conclusion of the Witten approach to Donaldson theory was that 
the classical solutions to the equations of motion and the ghost fields ■0, were the 
building blocks for the closed forms on moduli space, corresponding to Donaldson's 
invariants. Recall, that the requirement for the zero modes for the topological ghost 
in equations (2.252,2.252) can be written as 

P_D^ = (2.355) 
P>V = (2.356) 

where P_ is the projection to self-dual forms, i.e. P_ : f2^( A/g ) ^ il'^{Aims)- 
We saw earlier that i/j e T[a] A/g , and the requirement in equation (2.355) states 
that projects to a tangent vector to Alms, while equation (2.356) states that tp 
is a horizontal tangent vector. We note that the zero mode requirements for ip 
are precisely identifying the curvature component P(i,i) on M x A/g with the 
topological ghost. The form of the expectation value of in equation (2.271) is 
exactly of the same form as the curvature component P(o,2) 

= - I V9GA{x,y)[,p,,r]{y)- (2.357) 

J M 
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One should note that this expression is non-local in space time due to the Ga term. 
Recall also the BRST transformation of A from equation (2.197) 

SbA^i/j-Dc. (2.358) 

When tjj is forced to be horizontal due to equation (2.356), the BRST transformation 
of A spht into a horizontal and a vertical part (recall that Va G Image(Z^)). So 
■0 and Dc are orthogonal with respect to the metric on A . In this way Sb is 
interpreted as the exterior derivative d ^ on A . Projecting down to A/G in 
the bundle A i— > A/G we would like to determine the exterior derivative on 
A/G and hence on M-ms- The spht into horizontal and vertical vectors splits the 
BRST derivative 

5b = ^3 horizontal^ vertical ^ + ^brST, (2.359) 

where 5brst is the usual Faddeev-Popov BRST derivative. Recall from lemma 
(2.2) that for a horizontal form 77, the covariant exterior derivative is equal to 
the exterior derivative. So Drj — dhA{r)) — drj, where Ha is the projection to 
horizontal forms. So while 5brst squares to zero, 5w squares to the curvature on 
A/G ■ The derivative 5brst is the exterior derivative in the G direction, and (5w is 
thus the covariant exterior derivative on A/G , and for self-dual forms also on the 
instanton moduli space. When 5w ^ = ^(p^ according to the identification between 
Witten's 5w and the Cartan derivative dc, it is clear, that is the curvature 
for S^J\l on A/G and Aiuis- We now understand how Witten could derive the 
Donaldson invariants from the second Chern Class of the curvature F. This is 
simply the second Chern class tr{Fr A Fr) on M x A/G ■ There are five different 
components, namely (4,0), (3, 1),(2, 2),(1, 3) ,(0,4), representing the form degree on 
M and A/G respectively. When M has homo logical nontrivial i-cycles 7^ C M, we 
can integrate over fibres of the bundle M x A/G ^ A/G 

I ^r(F^AF^)^^ i = 0,l,2,3,4 (2.360) 

resulting in a closed (4 — i)-form on A/G ■ These are exactly the forms in equa- 
tions (2.272,. . . ,2.276), namely the four-form 

ir(F(o,2)AF(o,2))~ir((0)2) (2.361) 

evaluated at any point x e M, since we integrate over a zero-cycle 70 or a point. 
Integration over a one-cycle 71 gives a three-form 

ir(F(o,2)) A Fi,i) - ir((0) A V^). (2.362) 
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Next, follow the two-forms: 



ir(F(i,i) A Fi,i) + tr(F(2,o) A ^0,2) ~ tr{^ + F[A] A (0)), 



(2.363) 



by integration over 72. Integration over 73 results in a one- form 



tr(F(2,o) AF(i,i)) ~tr(F[A] A^/;), 



(2.364) 



and finally integration over the (fundamental) four-cycle 74 = M gives a zero-form 



By restricting {A, ip) to their zero modes, these forms give the Donaldson invariants 
on A^ins- Actually the moduli space of instantons is non-compact and the finite- 
ness of these invariants is a tricky question in mathematics which requires great 
care. One of the reasons for the great interest in the Seiberg-Witten invariants 
in mathematics, is due to the fact, that there the moduli space is automatically 
compact [62]. 

We have shown that the framework of equivariant cohomology and of the univer- 
sal bundle helps to explain how Witten's Lagrangian describes Donaldson invariants. 
We now give the explanation on how the form of the BRST exact Lagrangian for 
topological Yang-Mills can be explained in this geometrical formalism. All these 
results generalize to all Witten type TFT's and will be important for the theories 
of topological gravity. 

2.6.3 Localization and Projection 

In the following pages we introduce the general tools for constructing the so-called 
localization and projection terms in the action of Witten type TFT's. The main 
goal of this section is to be able to write the cohomology classes on the configuration 
space as an integral over closed forms on moduli space. 

So far we have studied the de Rham cohomology H*{M, d) as the closed forms 
on M, modulo the exact forms. The equivariant cohomology was also the de Rham 
cohomology, just on EG Xq M. In the general theory of cohomology [38], there is 
another type of de Rham cohomology on M, namely that of the forms which have 
compact support on a subset of M. The complex for compact cohomology is 



n*c{M) - {C°° functions on M with compact support} 0*(M), (2.366) 




(2.365) 
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and we write Hq{M, d) for the cohomology groups. We now consider the cohomology 
on a vector bundle E i— > M, where we recall that a vector bundle of rank n is a 
fibre bundle with fibre IR" and G = GL{n,\R). We assume for simplicity that the 
bundle is trivial, i.e. E = M x IR" and that n = dim(M). The Poincare lemma for 
vector bundles states 

H*{Mx\R!') = H*{M), (2.367) 
H^{M X EJ") = //^-"(M), (2.368) 

where we absorb the d in the notation of the cohomology groups. The pull back 
of a form on M to a form on M x IR", does not have compact support and hence 
TT* : Qq{M) 74 ^^(M X R"). However there exists an important push- forward 
map [38] 

TT* : Qc(M X R'^) ^ Q^-"(M), (2.369) 

known as "integration over fibre" . Let (ti, . . . , t„) be coordinates on IR". A form in 
Qq{E) is a linear combination of two types of forms 

(A) n*^- f{x,ti,...,tn), .2 370) 

(B) n*(l)- f{x,ti,...,tn)dtiA... Adtn, 

where G Q*{M) and f{x,t) is a function with compact support on IR", for every 
X G M. The (B) type forms include a n-form dti . . . dtn along the fibre. The 
integration over fibre maps is given by 

(A) {n*(f))f{x, ti^,..., ti^) ^0, if r < n 
7r*:| (B) {n*(l))- f{x,ti,...,tn)dtiA...Adtn (2.371) 

^ /[R" f{X: ti,..., tn)dti A ... A dtn- 

So only the forms of top dimension on the fibre are non- vanishing under this map. 
This can of course be generalized to non-trivial bundles. The integration over fibre 
lowers the form degree by the dimension of the fibre 

TT* : flciM X R") ^ n*(y-''{M), (2.372) 

and this map is an isomorphism in cohomology 

TT* : H^{M X EJ") ~ //^-"(M). (2.373) 

This explains the Poincare lemma for compact cohomology in equation (2.368). We 
introduce some terminology. If the covering of M by a family {Ua}a&i of open 
subsets Ui C M is of the form where all nonempty finite intersections obey 

t/ao n [/ai n . . . n U^, ^diffeomorphic H'', (2.374) 
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the covering is said to be good, and for M being compact one can always take a 
finite covering. The manifold M is then said to be of finite type. This implies that 
the compact cohomology groups of M are finite dimensional. We assume from here 
on, that M is orientable. 

The notation of Poincarc duality for an orientable manifold states [38] that the 
integration over the wedge product of two forms r;, ^ e 0^(M) induces a cohomology 
pairing 

/ 77 A C : H'^{M) ® Hq-^M) ^ \R, (2.375) 
Jm 

following the usual inner product between forms in equation (2.346). This coho- 
mology pairing is non-degenerated if M has a finite good covering and one writes 

H%M) ~ (h'c^M))* . (2.376) 

We now extend this to the vector bundle E M. The zero section sq of this bundle 
is a map 

Sq-.M^E such that x ^ (x, 0) e M x IR", (2.377) 

which embeds M diffeomorphically into E. The subspace M x {0} C E, is said 
to be a deformation retract of E. This means that there exists a continuous map 
H : E E for which 

H{e, 0) = e, and H{e, 1) e M x {0}, for any eeE, (2.378) 
H{e, t) = e, for any t e [0, 1] and any e e M x {0}. (2.379) 

if is a homotopic map between \d{E) and the retraction f : E ^ M x {0}, which 
leaves all points in M x {0} fixed during the deformation. This implies that the 
cohomology on E and M agree 

H*{E) ~ H*{M), (2.380) 

since homotopic maps give rise to the same cohomology. The same type of result 
holds for compact cohomology if E and M are orientable [38] 

H*q{E) ~ H}r''{M). (2.381) 

A third and important type of cohomology exists on vector bundles, known as 
the compact vertical cohomology. A smooth n-form u on E is an element in VL'qy{E) 
if and only if for every compact set K C M, the set 'k~^{K) fl support(cj) C -E is 
also compact. The situation is illustrated in figure (2.5). If a form uj e VLq-^^E) 
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Figure 2.5: The definition of f^cv(-^) 

tlien tlie set 

support(a;)|7r-i(a:) C n~'^{x) fl support(a;), a; G M (2.382) 

will be compact since it is a closed subset of a compact set. So even though a form 
in cu G QqyIE) need not have compact support in E, its restriction to every fibre 
in E will have compact support. The cohomology of the forms of this complex is 
denoted H^y{E). The integration over fibre map also applies for compact vertical 
cohomology [38] 

TT, : n*cy{M X RJ") ^ n*-''{M). (2.383) 

Let {ti, . . . , tn) be coordinates on IR". A form in Q^v(-^) is a linear combination of 
two types of forms 

(A) n*(P- f{x,h,...,tn), ,2 384) 

(B) 7r*(j)-f{x,ti,...,tn)dtiA...Adtn, 

where (f) e Q*{M) and f{x,t) is a function with compact support on for every 
X E M. The (B) type forms include a n-form dti . . . dtn along the fibre. The 
integration over fibre maps is given by 

r (A) {7r*<P)f{x,ti„...,ti^)^0, ifr<n 
TT, : J (B) (7r*0) ■ f{x, ti,..., Qdti A...Adt„ (2.385) 
I ^ 4>Iu" fi^^ti, . . .,tn)dti A ... A dtn- 

Again only the forms of top dimension on the fibre are non-vanishing under this 
map. This can of course be generalized to non-trivial bundles. The integration over 
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fibre lowers the form degree by tlie dimension of tlie fibre 

TT, : n*c^{M X IR") ^ Q*-'^(M), (2.386) 
and this map is an isomorphism in cohomology 

TT* : H^y{M X IR!") ~ H*-''{M) 

This is exactly the map used in the universal bundle discussion. 

Let M be oriented and of dimension m. Consider then the forms uj G r2^y(£') 
and r G r2'"+"~''(M) where n is the fibre dimension in E. Then the following 
projection formula holds 

/ (ttV) a a; = / T A (tt^o;), (2.388) 
Je Jm 

which is of great importance for the projection from configuration space to moduli 
space in Witten type TFT's. The isomorphism in equation (2.387) holds in general 

H*cy{E) ~ H*-''{M), (2.389) 

for a rank n vector bundle over M, with finite good cover. This isomorphism is 
known as the Thom isomorphism 

r : H*{M) ~ H*ctJ\E), (2.390) 

and the image of 1 in H^{M) determines a cohomology class $ G Hqy{E), known 
as the Thom class of E. Using that 7r*7r* = 1, one can use the projection formula 
in equation (2.388) to show that 7r*$ = 1 

/ 7rj7rVA$)= / rA7r*$= / r, r G 0*(M), (2.391) 
Je Jm Jm 

since $ is the image of 1. So the Thom isomorphism is inverse to integration over 
fibres, and it acts on forms r G Vt*{M) by 

T{t) = 7r*(T) A (2.392) 

Note that 7r*$ = 1 can be written in the nice form 

/ $ = 1. (2.393) 

J fibre 
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The Thorn class is uniquely determined on E as the cohomology class in Hqy{E) 
which restricts to the generator of Hq{F) on each fibre F m E. \{ -Ki : E ^ M, 
7r2 : F I— > M are two oriented vector bundles over M of rank (n, m) respectively 

E®F 

TTi / \ 772 (2.394) 

E F, 

the Thorn class will satisfy [38] 

^{E ®F) = 7r*$(E) A 7r;$(F) e H^+"'{E F). (2.395) 

Consider 5" to be a closed sub-manifold of dimension k in M, where M is orientable 
and of dimension n. To any inclusion i : S ^ M, one can associate a unique 
cohomology class [rjs] G H'^~^{M) , denoted the Poincare dual to S. Using Poincare 
duality {H^{M))* ~ //"-'=(M), integration over S corresponds to [775] e i7"-*^(M) 

[ i*u;^ [ ojA r]s, \/u; E H^{M). (2.396) 
Js Jm 

How does this fit with the above results which were formulated using vector bundles? 

To see this we need the notation of the normal bundle N ^ M , oi M embedded 
in 11"*+'', which is of the form 

TV = U N,M, (2.397) 

where is normal to T^M at every point x E M. The spaces N^M are isomorphic 
to [R'^. The normal bundle is a rank k vector bundle with typical fibre El'^. 

The trick is to consider a tubular neighbourhood T of S, which is an open 
neighbourhood of 5" C M, diffeomorphic to a vector bundle of rank n — k over S, 
such that S is diffeomorphic to the zero section. This vector bundle is the normal 
bundle 

Ns^Tm\s/Ts, (2.398) 

of S embedded in M, where Tm is the tangent bundle of M and T5 is the tangent 
bundle over S. Since M and S are orientable, the normal bundle will also be 
oriented as 

Ns®Ts^Tm\s- (2.399) 

Let j' : T ^ M be the inclusion of T in M. We apply the Thom isomorphism on 
the normal bundle T = Ns and have a sequence of maps 

H*{S) ~ H*c+p-^{T) h H*+''-^{M). (2.400) 
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The first step is made by wedging with $, the Thorn class of the bundle T. By 
J* we extend the compact vertical cohomology with {0} to the whole of M. One 
considers only forms which vanish near the boundary of the tubular neighbourhood, 
since it only plays a technical role in this construction. The Poincare dual of S is 
the Thom class of the normal bundle of S [38] 

Vs = j* A 1) = j*^ e //"-'=(M). (2.401) 

The main conclusion is that the Poincare dual of a closed sub-manifold S in 
an oriented manifold M, and the Thom class of the normal bundle of S can be 
represented by the same forms. Since the normal bundle Ns is diffeomorphic to any 
tubular neighbourhood T, the support of the Poincare dual r]s of ^ sub-manifold S 
can be shrunk to any tubular neighbourhood of S arbitrarily close to S. 

If we have two closed sub-manifolds R and S, embedded in M and these intersect 
transversally as defined in section (2.3.7), we have 

codim(i? n 5) = codim(i?) + codim(5) , (2.402) 

and the normal bundle has the composition 

Nnns = Nr® Ns. (2.403) 

Apply the result to the Thom class on a oriented vector bundle from equation (2.395) 

HNnns) = © Ns) = ^Nr) A ^Ns), (2.404) 

which implies that 

Vms = % A rjs. (2.405) 

Under Poincare duality, the transversal intersection of closed oriented sub-manifolds 
corresponds to the wedge product of forms. 

This result is used again and again in Witten type TFT's and is vital for the 
map between the physical and the mathematical approach to the invariants one 
studies. It generalizes to the intersection of A^-sub-manifolds 

5i n . . . n -Sjv C M ^ 775i A . . . A 775^, (2.406) 

under Poincare duality. 

The Thom class is also related to the Euler class of the (even dimensional) 
oriented vector bundle E M. The Euler class e{E) is a characteristic class of 
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this bundle and an element in i7^™'(M), where 2m is the rank of E (i.e. the fibre 
dimension) and n = dim(M). 

There are three ways to define e{E) [38, 58] 

(A) Considering sections s : M E. In general there will not be any nowhere 
vanishing sections s and the Euler class is the homology class of the set of 
zeros of s. This is also known as the zero locus Z{s) C M of s. The Poincare 
dual is the cohomology class e{E) e H'^'"\M). 

(B) If there is a connection F on with curvature two-form written as a matrix 
of two-forms, e{E) can be represented as 

^r(^) = (^Pf(^r), (2.407) 
where the Pfaffian of a generic antisymmetric two tensor Aij is 

Pf (A) = — — — ^ ^ai...a2m^aia2- - - ^a2m-ia2m.i (2.408) 
CF(a\,...,am) 

where one sums over all permutations of the indices. The Pfaffian is related 
to the determinant of A as 

Pf(A)j =det(A). (2.409) 

The cohomology class of er{E) is independent of F. By introducing (2m) real 
grassmann variables the Euler class can be written as a grassmann integral 

„ 2m 

er{E) = (27r)-"^ / [] d^a exp {^a^^%) . (2.410) 

a=l 

(C) The Euler class e{E) is the pull back of the Thom class $(£') via the zero 
section sq : M E 

e{E) = s^E). (2.411) 

If the rank of E coincides with the dimension of M (i.e. 2m = n) one can also 
introduce the Euler number x(-E')- According to definition (A) this is defined as the 
Euler class evaluated on the fundamental homology cycle [M] 



X{E) ^ e{E)[M]. 



(2.412) 
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The Euler number can be calculated as the number of zeros of a so-called generic 
section s (transverse to Sq) counted with signs according to whether it preserves 
orientation when mapping from M to E [63] 

X{E)^ Y: (±1), (2.413) 

{xkeM\s{xk)=Q} 

or by the more familiar relation as the integral over M 

X{E) = / er{E). (2.414) 

If the vector bundle is the tangent bundle E — TM, equation (2.413) is just the 
Poincare-Hopf theorem 

X(TM) = x(M) = ^(-l)'^6fc(M), (2.415) 

k 

where bk = dim{H''{M)) are the Betti numbers. Equation (2.414) is just the Gauss- 
Bonnet Theorem 

X(M) = -1 / d'x^R[g]. (2.416) 
47r JM 

The projection formula in equation (2.388) can be translated into the notation 
of the Euler class, and for any form O e Q*{M) the integral of this form over M 
can be localized as an integral over the set of zeros Z{s) for the generic section s 
defined ear her [53] 

/ s*mE))AO^ ( i*0. (2.417) 

The i denotes the inclusion i : Z{s) ^ M. We have that 

s*mE)) = r)[Z(s) ^ M] (2.418) 

by Poincare duality. When the section is not generic one must make a small correc- 
tion to this equation. We do not enter this technical discussion and refer the reader 
to [53, 64]. 

We see that the localization of integrals on M to a subset defined by the zero 
locus to the section, is deeply related to the Thom class and hence to the Euler 
class. In physics this is exactly the kind of situation we encounter. Recall the 
discussion around equation (2.172). We want to go from the space of all fields S, 
to the subset defined by some equation = where symbolises an element in 
the space of fields. We will view this equation as a section of the bundle S ^ 
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modulo the action of the gauge transformations. This can be done in a two step 
manoeuvre known as locahzation and projection. 

It happens that one can give an exphcit representation of the Thom Class, which 
turns out to be (almost) the whole action of the Witten type TFT. This discussion is 
sadly quite long and complicated. An excellent discussion is given in [53] but other 
reviews also discuss these techniques (see e.g. [54, 55]). Due to the complicated 
nature of this subject, several of the discussions in the literature do not quite agree. 
I follow the discussion in [53] and will present only the most important results. 

Combining equations (2.404,2.417,2.418) we can write the wedge product of 
forms Oi e H*[M) as the intersection number of their Poincare duals 770 . 



#intersection (?70i H . . . fl 770J = / i*Oi A ... A i*Ok 

Jz{s) 

= J^s*(^^r{E)^ AOiA...AOk. (2.419) 



Here i : Z[s) M is the inclusion, and s : M ^ E the section. The main 
idea is, that one can represent the Thom class above by a fermionic integral of an 
exponential, which turns out to be a part of the action. In the end one will find 

/ s*($r(^)) A d A . . . A Ofc = / e-^-Oi ...Ok, (2.420) 

J M J superspace 

where Oi are superspace functions representing the forms on M. This is the link 
between the mathematical structure and the QFT formulation. We give some details 
on this construction below. 

First of all it is useful to not only work with E, but instead construct a tower 
of bundles over the principal G-bundle tts : P h- >■ M 

PxV ^ P 

V^Pxso(y)V ^1 P = P/SO{V) (2.421) 

E = V/G ^4 M = P/G = P/{SO{V)xG). 

We have constructed an (almost always) trivial vector bundle tti : V i— > P with 
typical fibre V. F is a 2m dimensional vector space, and by the metric on V, one 
can define orthonormal coordinates. The group SO{V) = SO {2m) acts on V as 
linear transformations mapping V ^ V. The bundle tt^ : P P is a principal 
SO{V) bundle and V is an associated vector bundle to it. We will denote the 
sections between the relevant bundles with the same indices as the projections. 
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Mathai and Quillcn [58] have given name to the so-called Mathai-Quillen form, 
which is an explicit representative U for the Thom class on a vector bundle. The 
Thom class is always taken to be the universal Thom class, which means that the 
Thom class is an element in the equivariant cohomology of the bundle in question. 
In order for it to be non-trivial, it must be a basic form, and it must of course be 
closed. 

As a technical detail the forms uj G Qqy of compact vertical support on this 
bundle can just as well be represented as forms uj G J^rvd of rapid vertical decrease 
(RVD) along the fibres in the bundle. 

The Mathai-Quillen form on V can be considered in either the Weil model or 
the Cartan model. There are technical differences related to this choice. Consider 
first the Weil model built on = Lie algebra of SO {2m), such that 

UeWi Q(y)RVD, (2.422) 

satisfying three requirements: (1) U must be a basic form, (2) QU — where 
Q — dw + d and (3) The integral of U over the fibre V must be one. Choose a 
metric (•, ■)v on the fibre and a connection F on the bundle. The metric is taken to 
be compatible to this connection. Let (i^, . . . , t^'^) be orthonormal coordinates on 
V and let the action of the covariant derivative with respect to F act as 

{Drty = df" + V\Ti)\t\ (2.423) 

where we take the Lie algebra in the adjoint representation. Let (pi, . . . ,P2m) be 
the orthonormal coordinates on V* defined by the dual-paring (t", Pb) v = 5\ These 
dual coordinates are always taken to be anti-commuting and they generate TIV* , 
where we use the superspace convention to stress that the fibre has odd coordinates. 
The coordinates pa are zero-forms on TW , but they are assigned ghost number or 
degree minus one. In TFT they correspond to the anti-ghosts. The Weil algebra is 
generated by F* G A( g*) and its curvature Vt^ is represented by 0* G S{ g*) and 
the Mathai-Quillen form is the integral 

C/r = T:-m^-{t,t)v j^^^ -Q o^p^exp |-(p, ct>p)v' + i{Dt, p)v\ ■ (2.424) 

The exponential hes in W{ g^) ® VL*{V) ® VtiYiV*). It is clear that [/ is a form of 
rapid decrease in the fibre direction due to the gaussian term —{t,t)v- Integration 
of the part of U which is a 2m-form on V gives 

Jv Jv Jnv 2m! 
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2m „ /■\2m 2m 



= TT- / n dtae-^'''^- f ^^Y[(dpaPa) = 1- (2.425) 

One must also show that Ur is closed, and it is convenient to extend the derivative 
Q to be 

Qw = dw® I® I + I® 1 + 1® 1^6, onW{gj0n*{V)® n*{UV*). (2.426) 

The derivative 5 is the exterior derivative on Iiy* and by introducing orthonormal 
commuting coordinates (tti, . . . , 7r2m) on V*, this is given by 

Spa = TTa, (2.427) 

SiTa = 0. (2.428) 

This pair form an anti-ghost multiplet and the ghost number of TTa is zero. One can 
form a function playing the role of the gauge fermion 

^ ^-i{p,t)v + \{p,rp)v* -]ip,7r)v* ew{g )(®n*{v)®n*{uv*). (2.429) 
44 

The Mathai-Quillen form can be represented [53] as 

U^^ [ ff ^^e«-*, (2.430) 

which is shown by expanding the term Qvk^? performing the gaussian tt integral 
and using the duality map between and pa- Since the integrand is Qvk exact, it 
is also Q closed. One should also prove, that t/p is horizontal but we refer to the 
literature for this [58]. 

The Mathai-Quillen form IJy is a basic form on g^) ® f2*(l^) and the Chern- 
Weil homomorphism w maps it into a basic form on V = P x V^. Since E is the 
base space for the principal G bundle V i— (V/G) = the forms on E correspond 
to basic forms on V, due to the existence of the connection F on V. The form 

U([/r) = 7r;<l>r(^), (2.431) 

descents from the Thom class $r(-E') e H]^jj{E) on E. 

The Mathai-Quillen form can also be discussed in the Cartan model, which 
actually was the original approach by Mathai and Quillen [58] 

^Cartan _ (^^^ g*^ ^ ^{V))^ . (2.432) 
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The differential Qc on S{ g*) O n*{V) n*(nV) acts as usual 



Qct 
Qc4> 

QcPa 
Qc^a 



{d - l^)t, 
0, 



(2.433) 
(2.434) 
(2.435) 
(2.436) 



a; 



The Mathai-Quillen form can be written as 



2m 



Ccirtan 



(27r)-'"^ / n rf7r„dp„e(««{'"'(-*"-'^'^»)» 



(47rK)~^"' / (^p^g(-i;{*.*)v+i(p,dt>+K(p,</>p)v*) 




a=l 



(2.437) 



Here k is a real constant. The main difference between the representations of the 
Mathai-Quillen forms in equations (2.424,2.437) is that we have Dt in the Weil 
representation and dt in the Cartan representation. When we use the Chern- 
Weil homomorphism to go from the algebraic to the form representation, we send 
W^( gg) ® ^*(^)|basic into f2(P X V")|basic- But in the Cartan representation we 
should take Chern-Weil homomorphism together with horizontal projection so we 
get {S{ g*) ® VL*{V))^ ^ Q{P X 'K)|basic- Recall that 0* is the algebraic version of 
the curvature fl^, but Qc4>^ = while it is mapped into F, for which dF = —[A, F]. 
This is why we should make a horizontal projection to obtain a basic form. The 
gauge fermion is simpler in the Cartan representation and wc often use this repre- 
sentation in TFT's, but the projection is problematic in gauge theories since the 
connection on P x V, required to define the horizontal direction, is non-local in 
space time. For example if P = A , equation (2.63) shows that the connection is 
nonlocal due to the l/D'^D part. This projection procedure can also be built into 
the "action" to make a total Mathai-Quillen form, which we study below. 

The projection step is a general problem. If vr : P i-^ M is some principal fibre 
bundle and r G H*{M), how can we then write the integral of r over M as an 
integral over P? This can be solved by having a cohomology class $(P i— > M) on 
P such that 



We want to integrate over P instead of M, because in the physical interesting cases, 
we have a much better control over the space P. An example is in gauge theories 
where P could be A and M would then be A/G . The observables for which 




(2.438) 
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we seek the expectation values are gauge invariant, but the path integral is done 
by gauge fixing on A instead of writing the path integral directly on A/Q . In 
general we do not have a generic measure on A/G . An illustration is the well- 
known picture from Yang-Mills theory 

This is the picture to have in mind when we discuss projection, even though it is 
not quite the same as the ordinary Faddeev-Popov procedure we discuss. But when 
we write down a local QFT with an action to describe the observables on moduli 
space, this is done by writing the integral on the configuration space. 

When we construct the form $(P i— > M), it is important to recall that the 
projection tt^ is an isomorphism 

TT : ~ T^M, 7r{u) = x, (2.440) 

and we know that the forms on M are identified with the basic forms on P which 
can be written as the pull back by tt. So all vertical directions on P must be in 
<I>(P I— > M). The projection form must be a top form in the vertical direction of P 

$(P ^ M) e (]top^2^p^ vertical^ (2.441) 

in order for it to "soak up" all vertical direction when integrated over P. It should 
also be an equivariant closed form, 

dc^P ^ M) = 0. (2.442) 

Finally is there a technical requirement [53] regarding its normalization which we 
skip for simplicity. The projection form is constructed using the Lie algebra valued 
one-form defined in equation (2.47). Recall that 

ker(C^) ~ = (7^^p)horizontai^ (2.443) 
so a top form on ( j'p)verticai should be a wedge product 

/\ Cl (2.444) 



^If there exists a connection on P. 
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Again one can form a fermionic integral representation of this construction, and the 
complex we consider is of the form 

Sig*)0 Q(P) (8) [Si g) ® A( g)) . (2.445) 

The first two terms are the usual Cartan representation for the form $(P i— M) and 
the last two terms are generated by the elements in the needed anti-ghost multiplet. 
These are with ghost number minus two, generating S{ g) and rja with ghost 
number minus one, which generates A( g). These are as usual Lie algebra valued 
zero-forms. The derivative on this complex acts as 

Qc^dc0l + 10 5, (2.446) 

where 

S\a = Va, (2.447) 

5ria = -C^Xa = [\A]Le g* . (2.448) 

We can use the metric (•, •) g, to identify and [A, 0]^, as elements in the Lie algebra^ 
g . Only by restricting it to the G invariant sub-complex, will the extended Cartan 
derivative be nilpotent. 

The projection form can be defined from a gauge fermion 

^projection = ^(A, C^) g = Xa{C^)trdp- G ^^P) , (2.449) 

where Tj is a basis element in g and dp" is a basis element of (P) . The contraction 
between A^ and is obtained using the metric on g . The projection form is then 
defined by the path integral 

dimG „ dimG 



) / TT d\adr]ae^^'^^^°^'"^'°^ 

2TnJ -^gxng^^^i 

(1 \ dimG „ dimG 
— / n d>^adr]a exp {r?„(Ct)«r^dp^ + X{dC'')^TW 



gxn g "i 

+ Xa{C^)tT\dp'} 



(1 \ dimG „ dimG 
2m) /gxng n ^^«^^«exp{(^,Ct)g + (A,dCt)g + (A,CtC0)g} 

-j^ X dimG „ dimG 

2^) L g n 



-1 X dimG „ dimG 

^ j n dVaS (ctC0 + dC^) exp {z{r], C^) g} . (2.450) 



]l is the Lie bracket [1] 
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It can be proved that this form is dc- closed and obeys its normahzation require- 
ment [53]. Note that 4> is locahzed on 

resembhng the result for the curvature on A in equation (2.64). 

The intersection numbers in equation (2.419) can now be given as an integral 
over P 

#intersection (r^Oi n . . . n r^O J = / S* ($r(^)) A d A . . . A Ofe 

= J {7r*s*(^r(E)) A^P ^ M) 

A7r3*(C»i) A...A7r3*(e»fc)}. (2.452) 

The pull back of the cohomology classes Oi on M to P, will be represented by local 
operators on P in the topological field theory. 

As one could see from the bundle map in equation (2.421), there will be two 
connections on E. First the gauge connection Fgaugc tied to the G connection 
on P M. And secondly the SO{V) connection Tso{v) descending from the 
vector bundle V ^ P. This implies that the total Mathai-Quillen form on E is 
made with the direct sum of these connections Ftotai = Tgaugc © ^so{v) ^-nd lies in 
G^totai = G + SO(y ) cquivariant cohomology. It is studied in a mixed representation, 
where the Weil model is used for the SO{V) part and the Cartan model for the 

G^gauge pS-rt 

f/totai e W{ g^^(^p ® n*iV) ® Si g^^^^J. (2.453) 

There are technical reasons [53] for this choice that we will not discuss. Apply the 
Chern-Weil homomorphism on the SO{V) part, realizing that fl*{V) plays a double 
role in the complex above, and we obtain 

«JC/total = t/gauge £ S{ g^^^J ® Q*(V). (2.454) 

Using the result in equation (2.431), we have that 

«^C/gauge = 7r;$r,o,.,(£^). (2.455) 

When we wish to use $rtotai(-^) equation (2.452) we should apply both the 
Chern-Weil homomorphism and a horizontal projection on [/gauge, but because we 
wedge the form together with the projection form, which is fully vertical, this is not 
needed in practice. 
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At last are we at the end of this rather abstract discussion. The intersection 
numbers in equation (2.419) can be represented by a QFT expression 

(Oi • • • Ok) = I i*Oi A ... A i*Ou, (2.456) 

J Z{s) 

where the left hand side is a quantum field theory correlator of superfield represen- 
tatives Oi of the forms Oi e H*{M). The correlator is defined via equation (2.452) 

In this notation 5 is a superspace of form V* x g generated by {A, ip) for the base 
space P of V, together with (p, tt) for the fibres of V* and finally by (A, rj) for g. 
The measure is symbolically written as 

/i = dAd-^dndpdXdr], (2.458) 

and the derivative is 

Q^dc^l^l + l<S>Qc<S>l + l(S>l<S>S, (2.459) 
using the notation from the above discussion. This derivative acts on 

^( igauge.) ® {^(P) ® ^(^)) ® ^( ggauge)' (2-460) 

where symbolises functions on superspace and where we have assumed that 
V — P X so{v) V is trivial. The total gauge fermion 

^total ^localization ~l~ ^projection; (2.461) 

where 

^localization = i{p,t) - {p^T sO(V)p)v* + {p: T^)v* : (2.462) 

^projection = «(A, C^) g ■ (2.463) 



-gauge 



2.6.4 Translation into Physics - Part 2 

The above discussion presents the mathematical view on Witten type TFT's. Since 
these topological field theories are local quantum field theories, which model some 
moduli space in order to calculate intersection numbers, it is not so strange that 
such a general description exists. But in practice one does not need to think in 
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terms of Mathai-Quillen forms and Thom classes when doing topological field theo- 
ries. The straight forward approach presented in section (2.5) is just as effective as 
the mathematical approach. Actually the physics methods are more powerful that 
the mathematical ones, since the tricks of QFT's enable one to actually calculate 
intersection numbers, which can be quite hard to compute using the abstract meth- 
ods. A warning is also needed at this stage. Several of the mathematics results 
are only formally true, when applied to interesting physics examples. If the gauge 
group is non-compact, several of the results in equivariant cohomology will be of 
formal nature. Also the application of the universal bundle only acts as a formal 
guide, when the gauge group does not act freely. Both things happen in topological 
Yang- Mills theory if one reintroduces reducible connections, and are always true in 
topological gravity. 

Even though one does not need to use the methods explained in the last section, 
and though they might only be of a formal nature, they do give some helpful hints 
on how to proceed when writing down actions for new TFT's. 

As an example we translate the general discussion to the special case of topo- 
logical Yang-Mills theory. The general set up is the same as in section (2.5), but 
now we construct in addition the vector bundle 



where the fibres are the self-dual two-forms on M, with values in the Lie algebra. 
This bundle has a section si = F + *F. The group of gauge transformations Q acts 
on the fibres of V+ and we form the vector bundle 



associated to the principal bundle ir^ : A i— > A/G ■ The section si transforms 
equivariantly under Q , and it descends to a section S4 : A/G ^ 

The fibre coordinates on V will be replaced by the section si so the gaussian 
term gives 




(2.464) 



E+ = A 02'+(M, g). 



(2.465) 




(2.466) 



in the action. The localization term is 




(2.467) 
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corresponding to the first two terms of equation (2.211). Tliis can be seen from 
equation (2.437) wliere t i— > Si = F+ and {pa,T^a) ^ ^nvi^^")- Tlie projection 
gauge fermion is 

*projection = (A,Ct)= / tr{\D^) = ( tr{XD^r), (2.468) 

JM J M 

where dA is used. Letting (A, 77) 1— > (0, rj) this is the third term of equa- 

tion (2.211). The last terms of equation (2.211) are related to the gauge fixing of 
the path integral, which is always needed if we want to do any computations. These 
two terms can be put into a gauge fixing gauge fermion 

*gaugefixing= / tV^cd^A^^ + \w + C%,,T''] + A'PA]) ■ (2-469) 
J M Z 

The full action of topological Yang-Mills is thus given by acting with the BRST 
derivative on 

^ ^gaugefixing ~l~ ^projection ~l~ ^localization- (2.4T0) 

Note that the projection term ensures that ip is in the kernel of D'^ such that it is 
a horizontal tangent vector to A/Q , and that the curvature on A/Q is localized 
around 

'/•=-;p^(*[^,*^]), (2-471) 

by integration over A. In this sense the action of a Witten type TFT is just a fancy 
way of writing several delta functions, which localize the theory to the relevant 
moduli space. Let us just mention that Atiyah and Jeffrey [65] have used this 
to show, that the partition function of topological Yang-Mills theory equals the 
(regularized) Euler number, using the relation between the Thom class and the 
Euler number. 

In chapter 4 we discuss the Witten type approach to topological gravity in two 
dimensions. We will not use the full machinery of this section, but just rely on the 
discussion given in this chapter, now that we know there exists a general framework 
for Witten type TFT's. 



3 2D Topological BF Gravity 



3.1 Introduction 

The most successful approach to the quantization of gravity has been to lower the 
space-time dimension, such that gravity simplifies. One can learn many lessons 
from lower dimensional theories, but it is not clear which results are stable un- 
der the change of dimension. In both four and three dimensions, gauge theories 
of general relativity have been formulated by Ashtekar and Witten. In four di- 
mensions Ashtekar [66, 67] introduced a complex self-dual SL{2, C) connection, in 
terms of which the Wheeler- De Witt equation simplified considerably. In three di- 
mensions, Witten showed [68, 69] that an ISO{2, 1) Chern-Simons theory could 
describe general relativity Both approaches have had a great impact on the study 
of quantum gravity Especially Witten's work proved that since general relativity 
can be describes as a I SO {2, 1) Chern-Simons theory, it must be renormalizable in 
three dimensions, contrary to the general belief. It appears that the correct way 
to describe gravity in three dimensions is through a Schwarz type topological field 
theory. 

In two dimensions it is more difficult to know what approach is correct, since 
Einstein gives no guidehnes on what to do. The Einstein tensor is identically zero 
in two dimensions and the Einstein-Hilbert action 



is just a constant, namely the Euler characteristic of the space-time manifold M. 
Therefore, as Jackiw states [70], "When it comes to gravity in (H-l) dimensions, it 
is necessary to invent a model". In this chapter we present the BF-theory of two- 
dimensional gravity, which is a generalization of Witten's work in three dimensions 
on Chern-Simons theory. The model is also connected to the Jackiw- Teitelboim 
model, which we introduce first. In the later chapters a Witten type theory of 




(3.1) 
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two-dimensional gravity is presented and we discuss how the different theories are 
related. 



3.2 The Jackiw-Teitelboim Model 

Due to the lack of guidelines from general relativity in two-dimensions, one must 
seek inspiration from other subjects in order to write down an action for gravity. 
One theory from which we seek inspiration is Liouville theory, which is a completely 
integrable field theory expressed in a scalar field ^{x). In Minkowski space, the 
Lagrangian density of Liouville theory reads 

L = - "^e^", m > 0, (3.2) 

and the equation of motion is 

□ $ + a^e"" = 0. (3.3) 

Recall that □ = d^dx — d^dt for space-time coordinates {x, t) on M where the speed 
of light is set to one {c— 1). Let gai3 be a flat background metric on M and consider 
the metric Qa/s in the conformal gauge 

9ap = e^*^„/3- (3.4) 

The scalar curvature R[g] is then of the form [71] 

R = /3e-^*^°^9„9^$. (3.5) 

Wc see that the curvature is a constant if $ is a solution to the Liouville equa- 
tion (3.3). Classical Liouville theory is invariant under conformal transformations, 
which led Jackiw to propose the Liouville equation as a replacement for the missing 
Einstein equations. If one introduces the cosmological constant A in the Einstein 
equations 

Rap - ^QapR + ^QaH = (3.6) 

the nature of two-dimensions (it!a/3 — \gapR)-i signals that either the metric is 
vanishing for A 7^ or totally undetermined when A = 0. The Liouville equation 



i? + A = 0, 



(3.7) 
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could be a nice alternative to equation (3.6). The form in equation (3.7) is the 
same as in equation (3.3) if the metric is conformally flat (we can always choose 
isothermal coordinates) and A = m^. We must stress that this is a choice made 
by hand, not something proposed by nature. Taking this as a replacement for the 
Einstein equations in two-dimensions, Jackiw suggested an action to replace the 
Einstein-Hilbert action, from which the Liouville equation (3.7) could be derived. 
This action was also proposed independently by Teitelboim [72] and it read 



with the Liouville equation as the equation of motion for the scalar Lagrangian 
multiplier N{x). The equation of motion for gap results in the equation 



The price for obtaining an action from which one can derive the Liouville equation 
as an alternative for Einstein's equations in two dimensions, is this very complicated 
and non-transparent constraint on the Lagrange multiplier N. This equation for 
N is hard to interpret in a geometrical way, but we note that it does not put 
any new constraints on the metric. The action in equation (3.8) is known as the 
Jackiw-Teitelboim action and it is generally covariant. 

In the next section we introduce the first order formalism of Riemannian geom- 
etry, which makes it possible to transform the Jackiw-Teitelboim action into a BP 
theory. 

3.3 First Order Framework 

In this section we review the definitions of the first order formalism of Riemannian 
geometry [16, 73]. Let M be an m-dimensional differentiable manifold with metric 
g. The tangent space T^M at the point x G M is spanned by the derivatives {da} 
and the cotangent space T*M by the differentials {dx"}. 

The metric gap can be decomposed by introducing m-beins e^lx) 




(3.8) 



{DaDp - ga^a) N{x) - AgapN{x). 



(3.9) 



9ap = e.^'ae^pTloh, 



(3.10) 



where we use the notation 




5ab if {M, g) is Euclidean, 
r]™jj if (M, g) is Lorentzian. 



(3.11) 
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The Minkowski metric rj'^^ is the diagonal m xm matrix with entries (—1, 1, . . . , 1). 
We can also write equation (3.10) as 

77«^ = g'^^e^e'^. (3.12) 

The inverse m-bein is defined as 

= Vabg'-^e'^, (3.13) 

where the internal indices (a, b, . . .) are lowered and raised by rjab and its inverse, 
and the space-time indices {a, (3, ■ ■ ■) by ga/s and its inverse. The m-bein and its 
inverse are orthogonal in both Latin and Greek indices 

Ea^'e'a = ^a"e«^ = S^- (3-14) 

Hence one can identify the m-bein e"'^ as an element in GL{m,, R) which transforms 
the coordinate basis dx"' of the cotangent space T*{M), into an orthonormal basis 
of the same space, namely 

e" = e"„dx". (3.15) 

Similarly we identify E^ as a GL{m, IR) matrix transforming the basis da of tangent 
space Tx{M) into an orthonormal basis: 

Ea = E.^da, (3.16) 

where one should note that even though dx'^ always is an exact form, need not 
be exact and likewise the elements in the basis Ea need not commute in contrast to 
those in the basis da- 

The introduction of the so-called spin-connection one-form uo\ enables one to 
define the curvature and torsion two-forms {R\^ T"-) with purely internal indices. 
These are defined by the structure equations due to Cartan 

R% = d< + < A u;^, ^ ^i?^,e^ A (3.17) 

T" = de" + u% A e'' = ]^Tl/ A e". (3.18) 

The Bianchi identities are isolated by taking the derivative of both of the structure 
equations 

dR^ + u^^AR^- R''^Auj\ = Q. (3.19) 
ciT" + uj% AT'' ^ R% A e^ (3.20) 
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We now define a covariant derivative from tlie spin- connection witli tlie action on 
matrix- valued p-forms V^i^: 

DVl = dVl + a;", A V^, - (-If F", A a;^ (3.21) 

This definition enables us to rewrite equation (3.19) as 

DRl = 0. (3.22) 



When expressing the metric through m-beins, we have more degrees of freedom 
to describe the same geometry, so we have introduced a redundancy. The metric 
tensor g^p is symmetric and therefore it has m(m 4- 1)/2 independent components, 
while the m-bein has components. That is, many different m-beins describe the 
same metric and these are related to each other by local orthogonal transformations, 
i.e. local gauge transformations: 

^ e"(x) = A''^{x)e\xy, Vx e M. (3.23) 

Since the space-time metric is rotation invariant the matrices A"^(a;) must satisfy 

VabK^'d = Vcd. (3.24) 

This implies that^ 

e / ^^^"^^ Eudidean, ^5) 

I SO{m — 1, 1) if {M,g) is Lorentzian. 

Under the local gauge transformations the space-time indices are left invariant while 
the internal indices are rotated. This fits with the picture of the m-bein (or tetrad) 
as a local orthonormal frame (i.e. coordinate system) over each space-time point, 
whose basis vectors can be rotated freely. The dimension of the special orthogonal 
groups are 

dim[50(m - 1, 1)] = dim[SO{m)] = ^ ^2 _ m(m + l) ^ ^6) 

which exactly was the difference in the number of independent components for the 
m-bein and the metric. Since AA~^ = 1 it follows that 

dA-A-^ + A- d{A-^) = 0. (3.27) 



^Or 50(1, m — 1) if the signature of r]™^ is {+, —,—,...,—) instead of (— , -h, . . . , 



124 



CHAPTER 3. 2D TOPOLOGICAL BF GRAVITY 



The action of the gauge transformation on the torsion reads 

f " = de" + 00% A e^ (3.28) 

with = A%T'' and using equation (3.27) one can isolate the transformed spin- 
connection 

= A>'^,(A-^)1. + A"e(c^A-')^6, (3.29) 

in correspondence with equation (2.20). The the covariant derivative and the cur- 
vature two-form transform covariantly 

R% = dw% + ^j'',ACo% = A^,R'^,{A-')%, (3.30) 
{DVYt, = A»(W)^,(A-i)t (3.31) 

The correspondence between the curvature and torsion two-forms in Latin and 
Greek indices is given using the m-bein and its inverse, to obtain first the mixed 
versions (i?^.,^,^^): 



R^b = -R\^e''Ae'^-R%,^dx''Adx^, (3.32) 
T" = -Tl/ A e'^ = -T^^dx" A dx^, (3.33) 



and finally the pure space-time versions: 

R%s = -^a^eJ-R^y^, (3.34) 
T^, = E:T%^. (3.35) 

The compatibility of the covariant derivative with respect to the metric expressed 
by DaQp-y = 0, and the no-torsion requirement 

T^ = r^^ - r^^ = 0, (3.36) 

fixes the connection (or Christoffel symbol) F^^ uniquely from the metric 

r^7 = ^5"" (^/j5p7 + 9^9pp - dpQp^) . (3.37) 

These two requirements are translated to the following requirements on the spin- 
connection and the m-bein 

Metric compatibility: ujab = — t^ba, (3.38) 
No-torsion requirement: de" + uj\ A e'' = De" = 0. (3.39) 
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For a spin-connection satisfying these requirements one can express 00%^ in terms of 
the m-bein and its inverse, where ujI = uj\^dx". Since ujah = —uJba one can instead 
write a;e"^ = 00%. For use in General Relativity it is fruitful to explicitly include the 
determinant e = det{e°'^) in the expression for the inverse m-bein 

K = e-'rja.g'^^e'f,. (3.40) 

Prom equation (3.39) we isolate cu']^ as 

ujl^ = -{er'e^^d,e'^f,-E,^. (3.41) 

This clearly shows that the spin-connection is uniquely determined from the no- 
torsion requirement if and only if the m-bein is invertible. This result plays a 
central role in the formulation of quantum theories of gravity and the relation to 
topological field theories. We shall return to this fact several times in the following 
chapters. 

3.4 BF Gravity 

How to formulate a gauge invariant action for two dimensional gravity is a problem 
which has appealed to many authors. To our knowledge the specific gauge invari- 
ant action which we study in this section, was first explored by Fukuyama and 
Kamimura in two papers [74, 75]. The gauge group considered was 0(2, 1). Later, 
independently and with no reference to the work of Fukuyama and Kamimura, Isler 
and Trugenberger [76] , Chamseddine and Wyler [77] , and Blau and Thompson [24] , 
introduced the same action for various gauge groups. In the latter approaches 
the gauge groups S0{2, 1), S0{1, 2), S0{3), IS0{1, 1), IS0{2), PSL{2,R) are dis- 
cussed. 

In this section the common basis of these papers will be discussed and the role of 
the different gauge groups are explained. Generally a Lie algebra valued connection 
one-form is written as 

A = Aadx'^ = A'^Tidx'^, (3.42) 

where Tj is a generator of the Lie algebra. When indices are suppressed we always 
think of the situation defined above. 

The common idea for all the approaches to two-dimensional gauge gravity is 
to form a gauge connection one-form, with values in the two-dimensional Poincare 
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algebra IS0{1, 1). This connection is taken as a linear combination of the zwei-bein 
and spin-connection one-forms 

A^e^'Pa + ojJ, (3.43) 

where a = {1,2}. Pa is the generator of translations and J is the generator of 
Lorentz rotations. 

These satisfy the relations: 

[J,Pj=6„^n; [Pa,Pb\ = 0. (3.44) 

The indices are lowered and raised by the flat metric rjab - here taken to be of 
Euclidean signature such that rjab—Sab- For Lorentzian signature we would take 
T)^. In the case where there is a non- vanishing cosmological constant A 0, (here 
taken as positive) this algebra can be extended to the de Sitter algebra SO (2,1) 
(or SO{l,2)) 

[J, Pa] = e.'Pb ; [Pa, Pb] = -JeabA. (3.45) 

This is more suited for a gauge theory description since there exists an invariant 
trace on this algebra, in contrast to the situation for IS0{1, 1). The Killing metric 
Qij equips this algebra with an non-degenerated, invariant bilinear form (-, ■) 



9ij 

such that 



-1 
Ar]ab 



(3.46) 



{Pa,Pb) = JSab; {J,J) = 0. (3.47) 

We introduce the indices i,j — {0, 1, 2} and define the generators of the de Sitter 
algebra as 

Ti = {To, Ti, T^} = {J, Pi, P2} , (3.48) 
the Lie Algebra can be expressed as 

[T,,T^] ^ f,}n ^ eijk9'% (3.49) 

with 

9^J = \hif'i. eoi2 = 1. (3.50) 

Note that the Killing metric clearly is degenerate for A = 0, illustrating that there 
is no invariant trace on IS0{1, 1). 
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Consider the following gauge invariant action 

Sbf[A,(P] = ftricpF) = f (fix(p'{x)Fip{x)g,,e^^, (3.51) 



which defines a BF theory. The trace on the Lie algebra is given by the Killing 
metric. The Lagrange multiplier is a zero-form with values in the Lie algebra. 
The equations of motion are 

F'[A] = 0, (3.52) 
D(j)' = 0. (3.53) 

First the well-known statement that the classical solutions are the fiat connections. 
Secondly the multiplier is a covariant constant with F = as consistency require- 
ment, i.e. with respect to the covariant derivative D — d + [A, ■], which is related 
to the fiat connection A. We expand the action in the i — (0, a)-components 

Sbf[A, 0] = y d'^xtr + rF") = J d^x {-cfP F^^^e'^l' + A5„50"F<S^e"^) . 

(3.54) 

The curvature components in terms of (e",a;) read 



F° = dA^ + f^lA^ ^A^ 

a' 

2 



= du; - ^e" A e^e„6, (3.55) 



and 



F" = dA'^ + fj^A^ AA'' 

= de^ + uolAeK (3.56) 

We do not always write the (0) index, since it is only one component. The action 
in equation (3.54) now reads 



SBF[e, ujA\^ j d'x [-0° (^dw - -e-^ A e^e„;,) + ASai,r {de' + u\ A e j 
The equations of motion read 



(3.57) 



dw = ^ea^,e'^Ae^ (3.58) 
de" = -a;"6Ae^ (3.59) 
D(f)' = 0. (3.60) 
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We recognise the form of these equations from the general treatment on the first 
order formahsm in the previous section. Equation (3.59) is just the no-torsion re- 
quirement from equation (3.39). When the zwei-bein is invertible we can determine 
the spin-connection uniquely from e" (and its derivative). Equation (3.58) therefore 
states that the scalar curvature 

«H - = A. (3.61) 



e = det(e",) = e^^e" A = e"^ea(,e'^,e''.. (3.62) 



with 

Hence we find the Liouville equation from the Jackiw-Teitelboim model as a result 
derived from the equations of motion in BF gravity. One should also show that 
equation (3.60) corresponds to equation (3.9). This was done by Fukuyama and 
Kamimura [74]. The trick is to identify the component cf/' — N and identifying 
0" — from the i = component of equation (3.60). Then the i — a component 

of this equation translates into equation (3.9), after one transforms from first-order 
formalism back to metric variables. 

An action for a theory of gravity should be diffeomorphism invariant, so we 
investigate the symmetries of the action (3.51). Under an infinitesimal gauge trans- 
formation the Aa transforms as 

SAa = DaX ; A = X%. (3.63) 

The scalar field transforms in the adjoint representation 

50^ = [A,0]^ = /^,A^</)^ (3.64) 

Under an infinitesimal diffeomorphism x°' ^ + e°'{x) such that Sx"" = e"(x), the 
gauge field transforms under the action of the Lie derivative along [78] 

jC,cA = e^Fp^ + D^ief^Ap) = D^X, (3.65) 

which is of the same form as a gauge transformation if 

A = el^Ap, (3.66) 

and the equations of motion F[A] = are applied. A similar result holds for the 
scalar field. This is a very important result for most gauge formulations of gravity^, 
^This is not the case for the Ashtekar formalism (see e.g. [79]). 
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namely that local gauge transformations equal diffeomorphisms on shell. We will 
return to this point several times. 

At this stage we discuss the various choices of gauge group, which have been 
discussed in the literature. Except for the 0(2, 1) study in [74, 75], the remaining 
discussions are all directly connected. At the level of the Lie Algebra PS'L(2,IR), 
SL{2, El), S0{2, 1) and S0{1, 2) are considered equal. Only when considering global 
issues, will one encounter a difference. Following the discussion of the Mobius 
transformations in chapter 1, SL{2,\R) can be viewed as the double covering group 
of PSL{2,\R) according to equation (1.31). PS'L(2,IR) can also be identified with 
the component of S0{2, 1) connected to the identity 

PSL{2, R) ~ SOo{2, 1). (3.67) 

For Euclidean signature on the Killing metric we recover the groups SO (3) from 
^0(2, 1) and 50(1,2) while we get IS0{2) from IS0{1, 1). The construction of 
a gauge invariant action for the latter needs special care, since we noted that the 
Killing form became degenerate when A — > 0, in equation (3.46). There exist 
methods to overcome this problem [7] which we discuss here. If we take the limit 
A — > in equation (3.64) we find 

= -AWn]"-AV°[j,n]" 

= e'^,(AV-AV°), (3.68) 

is unchanged since it is independent of A. But 

Scf)"" = rX'iPa, Pbf = Ae„^,A>^ (3.69) 

will vanish for A — > 0. This implies that the only gauge invariant IS0{1, 1) action 
is 

S = - j d^x(j)^duj. (3.70) 

This is invariant under 5uo = dX^ and 50° = 0. By performing a rescaling of the 
component 0" t-^ 0"/A one obtains 

50° = e„^,A>^ (3.71) 
50" = e"f,A°0^ (3.72) 

This is not the usual /S'0(1, 1) transformation for 0*, but it now fits with the A — > 
limit of e.g. SO {2, 1). The action, which is invariant under the new transformation 
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reads 



d X 



(3.73) 



For this action the equations of motion are the A ^ hmit of equations (3.58, 3.59, 
3.60), which read 



duj — 0, 

de" = UJ^^e\ 



D4>' 



0. 



(3.74) 

(3.75) 
(3.76) 



We see that the curvature R[uj] = forces the genus of the underlying space-time 
manifold to be one. Now the following picture emerges: The choice of gauge group 
determines the genus of the surface, on which we formulate a theory of gravity. 
By rescaling Pa by A, when A 7^ 0, the value of the cosmological constant can be 
set to ±1. Hence the sign of A determines the signature of the de Sitter algebra 
5*0(2,1) or 5*0(1,2) and A = implies /5'0(1, 1). Using our knowledge on the 
uniformization of Riemann surfaces in chapter 1, together with the fact that the 
cosmological constant also determines the curvature of the surfaces through the 
Liouville equation, enables us to draw the following picture: 



Genus 


Curvature 


Group 


A 





1 


50(1,2) 


-1 


1 





750(1,1) 





> 2 


-1 


50(2,1) 


1 



(3.77) 



This is a central feature for this approach to gravity. One must specify the gauge 
group accordingly to the genus of the surface one wishes to study. This is problem- 
atic if one wants to make a sum over genus, and in the next chapter we shall see how 
this can be changed by allowing curvature singularities on the surfaces. Also here 
we note that this feature is not shared with the Ashtekar gauge formalism of gravity, 
where the gauge group is always fixed for each choice of space-time dimension. 

Since the action for this approach to gravity is of the BF type introduced in 
chapter 2, all the general results regarding quantization of the BF theory are vahd 
for this theory of gravity. Clearly this is a topological theory of gravity and one 
can translate all results on quantum BF theory to the gravity variables (e",a;) by 
expanding the connection in these components. Therefore we do not need to go 
through the quantization procedure again, but refer to chapter 2 for the discussion 
there. Instead we show how identifying the gauge theory with gravity singles out a 
connected component of the moduli space of flat connections. 
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3.5 Quantum BF Gravity 

As always, it is possible to follow either the canonical or the covariant approach 
to quantization of BF gravity. Both approaches offers different insights in to the 
quantum nature of this theory of gravity and we discuss both in some detail. 

3.5.1 Canonical Quantization 

For the canonical approach it is natural to consider a foliation of space-time such 
that the topology is of the form [R x 5"^. A closed curve C (with topology) 
represent an initial spatial slice of space-time and the action reads 

J dt J^dx(l)' (2Fo\) , (3.78) 

where Fqi = Ftx- The Poisson brackets are given by 

{A\{x, t), (f>>{x', t)}^ 5'^ 5 {x - x') , (3.79) 

while the non-dynamical Aq component can be viewed as a Lagrange multiplier for 
the (Gauss-law) constraint 

Dif = 0, (3.80) 

which generates the gauge transformations. Considering A\ as coordinate and 0* 
as momentum, the Poisson bracket is changed into a commutator of operators 

[A\{x, t), ^{x\ t)] = -iS'^ {x - x') . (3.81) 

It is possible to study the wave functions in the position (^41) representation or in 
the momentum (0*) representation. In the position frame, the wave functions will be 
of the form '^{Ai) and the conjugated operators {A\, 0') act on the wave-functions 
in the usual way as 

A\--^{Ai) = A{-^{Ai), (3.82) 
$'-^(A,) = T^^(Ai)- (3.83) 

The physical states are isolated as those consisting the kernel of the Gauss law 
constraint in equation (3.80). We can solve this equation by choosing to represent 
A\ as [76, 80] 

Ai{x) = S{x)dxS-\x), (3.84) 
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where S{x) is the Lie algebra valued function given by the holonomy around C 

S(x) = V exp £ dx'A\Ti(x')^ . (3.85) 

Differentiating with respect to x pulls down the term J dx'Ai = A\ and the 
exponentials cancel, which shows that the representation in equation (3.84) is con- 
sistent with the given choice of Six). As usual V denotes path ordering. To 
find a solution to equation (3.80) we should choose a gauge invariant wave func- 
tion. The Wilson loop l^(Ai) = trS{L), where L is the length of the closed loop 
C = {xf e [0, L]\xo = xl}, is the obvious candidate since 

D,^^ . W{A,) = + fMj^^ WiA^) = 0. (3.86) 

Hence the quantum states are taken as functions of the Wilson loops \I'(W^(Ai)). 
The Wilson loops are gauge invariant such that ^(Ai) = \t'(Ai), where Ai is the 
result of a gauge transformation. This implies that the physical states are class 
functions of W, invariant under conjugation and that they must be expressible as 
an expansion in characters of the gauge group G [9, 81] 

^{A^) = ^c^Xa{S{L)), c„eC, (3.87) 

a 

where the sum runs over all isomorphism classes of irreducible representations a of 
G. The function Xa{S{L)) = traS{L), is the Wilson loop taken in the a represen- 
tation. The Hilbert space of physical states 7i is thus of the form 

7i ~ (G/AdG) . (3.88) 

In the case of Minkowski space-time, the gauge groups of BF gravity are noncom- 
pact like e.g. S0{2, 1) and one should include infinite dimensional representations 
of the group in the sum in equation (3.87). This approach to canonical quanti- 
zation has been used by Rajeev to quantize two-dimensional Yang-Mills theory in 
the same space-time topology as considered here, and by Witten in his study of 
two-dimensional gauge theories in [81]. It is interesting to note that from this ba- 
sic description of the wave functions of 2D quantum BF theory, Witten derived 
the wave functions representing the geometric situations in figure (3.1) which are 
representing A: a three-holed sphere, B: a two- holed sphere and C: a one-holed 
sphere. The two- holed sphere, with two boundaries Ci,C2 and two holonomies 
Si{Li), S'2{L2) can for example be represented by the amplitude 

*{2} = E Cai,a.Xai (^l(i>l)) Xa, {S^iL^)) . (3.89) 

0.1,0.2 
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Figure 3.1: A three-, two- and one-holed sphere 



The complex number Cai,a2 can be related to the two-point function 



c, 



,Ct2 — (Xq2|^ IXai) '^01,02) (3.90) 



since the Hamiltonian is vanishing for the BF action and the resulting amplitude 
for the two-holed sphere is of the form 

*{2} = EXa iSl{Ll))Xa {S2{L2)) ■ (3.91) 

a 

The Hamiltonian is vanishing (weakly) since it is proportional to the Gauss law 
constraint ^ 

H^ - I dxtr iAoDict)) ^ 0, (3.92) 

^0 

which follows from the action in equation (3.78). 

A general genus g Riemann surface can be constructed by gluing 2g — 2 three- 
holed spheres together at the "ig — ?> boundaries, where the representations a at 
the "gluing points" are identified. Based on his studies, Witten [81] derived the 
partition function for two-dimensional BF theory over a genus g surface E^, to be 

^(^^) = ((2l)imi)) 5 (dima)2.-2- ^^-^^^ 

The result above depends directly on the gauge group and since we have to change 
the gauge group of BF gravity for the different values 5^ = 0, 1, > 2 of the genus, 
a genus expansion of Z{Tjg) like the one in matrix models (see chapter 5), is not 
so attractive from this point of view. The geometries in figure (3.1) are anyhow 
identical to those studied in string field theory (see e.g. [82]) and in the discussion of 
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Hartle-Hawking wave-functions in matrix models (see e.g. [83]). In both approaches 
one considers a specified time direction, just hke in the canonical quantization of BF 
theory. In 2+1 dimensional Chern-Simons gravity, a detailed analysis of topology 
changing amplitudes has been made using a representation of the wave functions 
similar to those in the above discussion [69, 84], but to the author's knowledge no 
similar investigation has been made for 1+1 dimensional BF gravity. Note that if 
the length of the loops C are taken to zero, they may be viewed as fixed marked 
points (punctures) on the surface. The role of punctures in topological gravity is 
important for the discussions in the next chapters. 

As mentioned is it also possible to study the canonical quantization in the mo- 
mentum formalism, where the wave functions are functions ^(0*) of the Lagrange 
multiplier. This approach has been studied in [85], and it offers no drastic new 
insight compared to the position representation. 

It should be stressed that the consideration made by Witten in [81], was not related 
to BF gravity, but instead it probed topological (Witten-type) Yang-Mills theory 
from BF theory, through the relation between the two theories discussed in sec- 
tion 2.3.5. We conclude that the canonical approach to two-dimensional quantum 
BF theory is completely determined by the structure of the gauge group and its 
representation. 

3.5.2 Covariant Quantization 

In the covariant approach, we apply the results from chapter 2 directly, and simply 
translate the components of into the gravity variables (a;a,e^). In chapter 2 
the use of the Nicolai map reduced the partition function to an integral over the 
moduli space of flat connections A4f- The Ray-Singer torsion is trivial in even 
dimensions, and the relevant ghost determinants therefore cancel in this situation. 
The reduced phase space in equation (2.136) is locally the product of the modufi 
space of flat connections and the space B of gauge equivalence classes of covariantly 
constant 0*'s as seen from the equations of motion in equations (3.52,3.53). Recall 
the representation of the moduli space of flat connections in equation (2.143) as: 



where the quotient of G was taken as the adjoint action of G. Due to the difference 
in gauge group depending on the value of the genus, we discuss the situation for 
each of the values = 0, 1, > 2. 




(3.94) 
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The fundamental group 7ri(So) is trivial and the dimension of A^i? is zero. There 
are no obstructions to gauging the connection to zero and the reduced phase 
space is of the form (locally) 

Af = pt.xB, (3.95) 

which is non-compact. In genus one, 7ri(Ec,) is abelian and the dimension of Aip 
equals the dimension of G according to equation (2.148). It can be shown that all 
connections are reducible in genus one [7]. The reduced phase space is non-compact 
and can be given an explicit representation [86]. 

The most interesting situation is when g > 2 and the gauge group is taken to be 
5*0(2, 1). Since we identify PSL{2, R) and S0{2, 1) at the Lie algebra level, we are 
able to use the description of the moduli space of flat PSL(2, R) connections over a 
Riemann surface Hg developed by Goldman [87, 88, 89] and Hitchin [90] in the mid- 
eighties. Goldman's approach was to study these spaces as spaces of representations 
of the fundamental group over surfaces, while Hitchin studied self-duality equations 
on Riemann surfaces and related their solutions to the moduli space of flat con- 
nections. The topology of IIom(7ri(S^), G) and IIom(7ri(Sp), G)/G depends on the 
choice of gauge group. For G = SU{2) or G = 5*^(2, C), Hom(7ri(Eg), G) is con- 
nected, while it has two connected components for G = 5*0(3) or G = PSL{2, G). 
For the group P5'L(2,IR) there are several connected components which we consider 
in the following discussion. 

The group G acts by conjugation and as we discussed in chapter 2, the G-orbits 
parametrize equivalence classes of fiat principal G-bundles. The characteristic 
classes of the G-bundles determine invariants of representations tt h- > G, which 
for connected Lie groups G are elements in 

i/2(^E„7ri(G)) ~7ri(G). (3.96) 

The so-called obstruction map 

(72 : Hom(7ri(E,),G) ^ (E„ 7ri(G)) ~ 7ri(G), (3.97) 

defines an invariant and if G is a connected Lie group and 7ri(G) is finite, the map 
7ro(c2) : 7ro(Hom(7ri(Eg), G)) i— >• 7ri(G) is a bijection. For G = PSL{2,\R) one can 
form a flat RP^ bundle associated to cr, with an Euler class e. The connected 
components of Hom(7ri(Ec,), G) are the pre-images e~^(/c), where k is an integer 
satisfying <2g — 2. In this situation equation (3.97) reads [89] 



e : Hom(7ri(Ej,P5L(2,[R)) ^ H^Eg,7:i{G)) ~ (3.98) 
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and it has been proven that 

\e{h)\ < |x(S,)|, h e Hom(7ri(E,),P5L(2,IR)), (3.99) 

where x(Sg) is the Euler-Poincare characteristic of T,g. The number e{h) is known 
as the relative Euler number and we thus find Ag — 3 connected components A4p 
of the moduh space of flat PSL{2,\R) connections. The difference between the 
components with the same relative Euler number, but with different signs, is a 
change of orientation. From this one can say that there are (up to orientation) 
2g — 2 different components of Adp for G = PSL{2,\R). The components A4p with 
k ^ are smooth manifolds of dimension 6g — 6. diffcomorphic to a complex vector 
bundle of rank {g — 1 + k) over the symmetric product S'^^~'^~^'Eg [59], while the 
component k = corresponds to reducible connections [90]. 

Goldman [87] has shown that the moduli space of flat connections over a Rie- 
mann surface is a symplectic manifold, which corresponds perfectly with the fact 
that A^i;- is the phase space for 2+1 dimensional Chern-Simons gravity. 

We now return to 1+1 dimensional BF gravity and let us assume in the following 

that the genus of the underlying Riemann surface is greater than or equal to two. 
Let G Hom(7ri(Sg),P5L(2,R)) embed 7ri(Eg) as a subgroup F in PSL{2,U). If 
F is a discrete subgroup, the quotient of the upper complex half-plane H with F: 

7^/F~Ej, (3.100) 

will be isomorphic to a Riemann surface with a complex structure determined 
by 0. This follows from the uniformization theorem discussed in chapter 1. Recall 
equation (1.64) to see that the collection of all homomorphisms which embed 
7ri(Eg) into PSL{2,R.) as a discrete subgroup, will be isomorphic to Teichmiiller 
space Tg . 

Two interesting results hold. First the restriction on the homomorphisms (p to 
embed the fundamental group as an discrete subgroup in PSL{2,Tl) singles out 
exactly the homomorphisms in the component of the moduli space of flat 

connections, while the remaining components |A;| < 2gi — 2 correspond to embed- 
dings of 7ri(E(,) as a continuous subgroup. For these components the corresponding 
Riemann surfaces, formed accordingly by 7i/F, will not be smooth, but singular 
Riemann surfaces [68]. These surfaces will contain conical singularities [91]. Wit- 
ten offers in [68] an interesting visual description of these singular surfaces: Let 
(p e A4p for e.g. k — 2g — 2 — 2r, the Riemann surface Ti/T will then correspond 
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to a singular Riemann surface with r collapsed handles. This description resembles 
that of pinched surfaces given in chapter one and we return to a discussion of the 
similarities and differences in chapter 6. 

Second, the presence of conical singularities makes it possible to use a physical 
argument to exclude the components Aip for \ k\ < 2g — 2. When identifying a gauge 
theory with a gravitational theory, it is natural to require the defining principles of 
the gravitational theory to be satisfied by the gauge theory. We previously discussed 
the requirement of diffeomorphism invariance of the gravity action, and saw how it 
is satisfied on-shell by the gauge invariance of the BF action. When proving the 
connection between Chern-Simons theory and 2+1 dimensional general relativity, 
Witten [68] excluded the singular surfaces by requiring the space-time metric to 
be positive definite. Since he worked in a canonical formalism, the spatial slice is 
a Riemann surface, whose induced metric should also be positive definite. Hence 
by requiring the m-bein to be invertible, the presence of conical singularities are 
forbidden and the component of Hom(7ri(Sc,), PSL(2,\R))/ PSL(2,\R) with relative 
Euler number 2g — 2 is singled out. By imposing this physical requirement, the 
only allowed component in the moduli space of the gauge theory describing general 
relativity, becomes the component isomorphic to Teichmiiller space. This offers a 
nice relation between the two theories. 

In two-dimensional BF theory, the same arguments have been copied and while 
there are no guidelines from general relativity to require a positive definite metric, 
it is still enforced to single out the non-singular surfaces. By this line of arguments 
Chamseddine and Wyler [86] generafized Witten's arguments from 2+1 dimensions 
to obtain a characterization of two-dimensional BF theory. For genus g > 2 the 
moduli space of flat connections AIf is identifled with Teichmiiller space and the 
reduced phase space Af is obviously noncompact. Herman Verlinde has found the 
general solutions to equations (3.58, 3.59) for G — SO {2, 1) and they read [92] 



where a, /" are arbitrary functions. The sign in the exponential is plus for a = 1 
and minus for a = 2. If one forms the connection from (a;,e"), these solutions 
express the gauge field in the usual fiat form 



exp(±Q;) 



d/i + dp 




■2' 



(3.101) 



uj — da -\- 



(3.102) 



A'T, = g-^dg, 



(3.103) 
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where [92] 



vf -f \ exp(a) cxp(-a) 



The flat connection in equation (3.103) is single-valued and real on E^, whereas the 
gauge parameters g arc multi-valued and possibly complex. The gauge parameters 
change with constant transition function around the 2g homology cycles of Eg, with 
a PSL(2, \R) transformation 

g^M-g, M=^" ^ j G P5L(2,[R). (3.105) 

The transition functions around the cycles are precisely the holonomies of A. The 
constant transition functions in equation (3.105) have an action on the functions 
{a, /") which reads 

r " (3.106) 

By interpreting {f^,P) as complex coordinates {z,z) on Eg, the space-time metric 
g — <S> will acquire the form 

df ^ dp 

which is identical to the metric (ds)^ on Ti. from equation (1.37), when defining 
P — X + iy and p — x — iy, such that p — p — 2y — 2Im(/^). The above 
identification of the metrics shows that the holonomies of A generate a discrete 
subgroup of PSL{2,U), identical to T, from which E^ ~ H/T [92]. Forcing the 
zwei-bein e" to be invertible, prevents the differentials df"" from vanishing at any 
point of Eg. 

Prom the results in equations (3.101,3.102) Chamseddine and Wyler [86] could 
derive a closed solution for equation (3.60) in terms of /" and other new arbitrary 
holomorphic functions. This makes it possible to describe the elements in reduced 
phase space but since both Adg and M arc noncompact, no topological invariants 
are calculated on the basis of topological BF gravity. The partition function is only 
a formal integral over M.g or A/", as long as one does not take steps to compactify 
these spaces. To the author's knowledge no attempts have been made to compactify 
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the moduli space in order to investigate what topological invariants could be derived 
from two-dimensional BF gravity. In contrast to this, as we shall see in the next 
chapters, the compactification of Aig is of vital importance for the Witten type 
topological gravity theories we study in the next chapter. We return to a discussion 
of this and related questions in chapter 6. 

At this stage we conclude that two-dimensional BF gravity offers a gauge in- 
variant, and hence geometrical, formulation compatible with the Jackiw-Teitelboim 
model. The quantum theory is rather rigid, being determined only by the repre- 
sentations of the gauge group G. The choice of gauge group reflects the sign of 
the cosmological constant and ties the theory to a fixed genus according to the 
uniformization theorem. 



4 2D Topological Gravity 



4.1 Introduction 

In this chapter we present the theory of Witten type topological gravity in two di- 
mensions. This subject is quite complicated to embrace at first hand, because there 
exists a whole jungle of different formulations, often tied to advanced mathematics, 
which makes it hard to see what they have in common. One might also wonder 
what kind of physics is related to these theories, when they can be written down 
following so many, apparently different, first principles. 

The main lesson is that all present formulations of topological gravity in prin- 
ciple agree and that there exists a good explanation as to why so many different 
approaches are possible. The content of pure topological gravity is only mathe- 
matical, giving a method to calculate topological invariants on the moduli space 
of Riemann surfaces. But there exists a deep relation between topological gravity 
and ordinary 2D quantum gravity, when one enlarges the discussion to what we call 
perturbed topological gravity. This will be exploited in the next chapter. 

In chapter 2 we saw how Witten type theories could be viewed as the result of 
a BRST-exact gauge fixing procedure applied to a (trivial) classical action. In the 
case of topological Yang-Mills this was 



which was trivial being a topological invariant. In gravity we consider the even 
more trivial action 



This action was introduced in the paper by Labastida, Pernici and Witten [93] 
which started the study of 2D topological gravity. Notice how one by writing the 
action as a functional of the metric has tried to put information into the trivial 




(4.1) 



S[g,.] = 0. 
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action, reflecting that the phrasing "zero action" must not be taken too hterally 
since we imphcitly think of a given situation, namely a Riemann surface with a 
given metric. 

Due to the triviality of the action, it is invariant under a much larger symme- 
try group than the usual actions of gravity. It is invariant under all continuous 
transformations of the metric, in contrast to the usual diffeomorphism invariance of 
gravitational theories. It is a general feature of the Witten type theories that the 
symmetry group is larger than in Schwarz type theories. It is common to phrase 
the formulation so it reminds one of the formulation in ordinary gauge theories and 
one talks about local gauge symmetries and topological shift symmetry at the same 
time. This is the first reason for having so many different approaches to topological 
gravity, because there is a freedom in the choice of local gauge group. Since the 
topological symmetry includes the local gauge symmetries, this split introduces a 
redundancy in the representation of the symmetry group. This redundancy hinders 
quantization and one must lift it by introducing ghost for ghosts as in topological 
Yang- Mills theory in chapter 2. 

In the following sections we discuss the two most important approaches to topo- 
logical gravity, namely the metric and the first order formulation. Interestingly we 
shall see that it is only in the latter formulation that one can write down explicit 
expressions for the observables in the theory. 



4.2 Metric Formulation of Topological Gravity 

The most natural way to formulate a theory of gravity is in terms of the space-time 
metric and this is also true for topological gravity, even though the metric in some 
sense is irrelevant here. 

The first approach to 2D topological gravity by Labastida, Pernici and Wit- 
ten [93] used the metric formulation and we follow this construction in detail. We 
will clearly see how the theory describes the moduli space of Riemann surfaces. 
But to do so, one must first choose a way of representing the symmetries of the 
trivial action. The most transparent way to present this situation is to follow the 
discussion by Henneaux and Teitelboim in [94]. It follows from the general theory 
of constrained systems [95, 96], that we must isolate the first class, primary con- 
straints of the theory, since they generate the gauge symmetry. It is easy to find 
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the conjugate momenta for the trivial action in equation (4.2) 

These form a set of first class constraints since their Poisson bracket algebra closes 

{7r"^(x),7r'^^(t/)} = 0, (4.4) 

which is obvious since the tt^'^'s are independent of the coordinates gap- To see 
whether the tt^'^'s are primary we must study the Hamiltonian. The Hamiltonian 
is rather trivial when L — 0: 

H = n-fgap, (4.5) 
and the so-called total Hamiltonian is then 

HT^H + Uapn''^, (4.6) 

where one adds the sum of all constraints to the Hamiltonian with arbitrary co- 
efficients Uajs- It follows from the general theory of constrained systems, that we 
should analyse the results of implementing the consistency condition tt"^ = 0, i.e. 
study the solution to the equation 

{tt^^ //t} = {tt^^ tt'-^M + usyin'^^, n"^} = 0. (4.7) 

This leads to an equation of the type = and we see that we find no new con- 
straints (these would have been secondary) and no restrictions on the arbitrary coef- 
ficients Uai3- Hence we can conclude that the vr"'^ are primary, first class constraints 
for the Lagrangian L = 0. It is easy to find the action of a gauge transformation 
on the metric 

Sdafd = {9a/3, Ht} = {ga/S, Us^Tl^^} = Ua(3, (4.8) 

which mean that all metrics are in the same gauge equivalence class. 

There exists no formulations of topological gravity, based on this representa- 
tion of the gauge symmetries. It is not clear whether one could formulate such 
a version of topological gravity. All approaches to topological gravity build on 
the introduction of an over-complete set of gauge generators, such that the gauge 
transformations are no longer independent. This is done for several reasons, first 
to introduce more fields in the theory in the hope of finding interesting relations 
and secondly to make the theory look like other known theories, string theory for 
example. 
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Let us consider the two different representations of the gauge transformation of 
the metric in [93]. They both consist of the combination of a local gauge group 
and a so-called topological shift symmetry. The local gauge part is either the 
diffeomorphisms alone or the combined diffeomorphisms and Weyl rescalings. In 
both cases the topological shift invariance is the same, namely the infinitesimal 
transformations of the metric parametrized by arbitrary 2x2 matrices 

Sshih QafS = {r^g-rP + r^Q-ya) ■ (4.9) 

Since the metric is symmetric it only has three degrees of freedom while the is 
arbitrary and has four degrees of freedom. So already in this choice of representa- 
tion, an over-completeness has been introduced into the gauge algebra. The two 
different choices for the local gauge group can be written as 

SdiS Qaf} = D^Vf) + DpVa, (4.10) 
(^diffxweyl 9ap = D^Vp + OpV^ - -QafiD^v'^ ^ g^p^, (4.11) 

where f " is the vector field along which we perform the diffeomorphism, $ is the 
Weyl factor (or Liouville field) and Da is the covariant derivative with respect to 
Qap- More details on these transformations in general are given in chapter 1. 



4.2.1 BRST Algebra for G = Diff (E^) 

We write the BRST algebra in the BRST-representation introduced in chapter 2 
and denote the BRST variation by the operator Sb ■ The full BRST multiplet 
reads [93] 

Sb QaP = DaCi3 + DpCa + iJap, (4.12) 
Sb IpaP = c'D^i^ap + DaC' ■ + D jjC* ■ ijj^a " -Da0/3 + -D/30a, (4.13) 

5b = c^9^c" + (4.14) 
5b 0" = c^D^0" - L>^c" • 0^. (4.15) 

is the Faddeev-Popov ghost for the vector field in equation (4.10) and it 
is supplemented by the topological ghost ipap which is defined as the symmetric 
combination 

= -9a^w} - g^^wl, (4.16) 

where is the ghost for the matrix field in equation (4.9). The fields QafSj'ipap 
span the superspace MET (Eg) , representing forms on the space of metrics MET(Ep) . 
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The ghosts generate the Weil algebra on the basis of the Lie algebra of Diff(Eg) , 
according to the definition in equation (2.287) 

c« e A( Diff(E,) *); #ghost = l, 

(4.17) 

r e g( Diff(Sg) *); #ghost = 2. 
The next step is to construct the action, for which we need to write down a gauge 
fermion \E'totai- Since the classical action is zero, there are no classical solutions 
spanning a moduli space to which we can localize. Hence there is no localization 
gauge fermion. The total gauge fermion 

*totai = X V5 {b^'^iQap - 9%) + B^D^^P^p) , (4.18) 

is a sum of the gauge-fixing term and the projection term. The first term is a 
background gauge fixing of the metric by setting it to a given background value 
g^p. The second term is the usual projection term, ensuring that is horizontal. 
Two anti-ghost multiplets are introduced in the definition of ^totai, first an anti- 
commuting symmetric anti-ghost and secondly a commuting vector ghost 3°". 
The full multiplet reads 

5b 6"^ = d'^^ #gi,„,,(6"/3) = -1, 



The form of the quantum action is found by 5'q = {Q, ^totai} 



(4.19) 



(4.20) 



One might consider whether the BRST variation should act on volume element 
in the gauge fermion in equation (4.18). In [93] it is argued that the variation of the 
volume element can be absorbed in a shift of d°'^. While this sounds reasonable, we 
choose to illustrate it by another method. 

Consider an arbitrary function of the fields and ghost /($), and let {X,Y) be 
an anti-ghost multiplet. We calculate 

= / {5B^)X-m+ [ ^ 5b (X) •/($)+ / ^X- 5b (/($)) 

= 1^ V^M*M • /($) + j^^Y- /(^) +j^V9X- 5^ (/($)), (4.21) 
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where we have used that 6b {^/g) = \^h{^), being some new function of 

the fields and ghosts^. Notice that the muhipher Y only enters in one term and 
integration over it produces a delta function . With this knowledge we can 

drop the variation of ^/g since it will always be proportional to something which 
vanishes. 

The partition function is defined as 

Z= Jv [g^p, S", d-, c„, 0a] • exp i-S^) , (4.22) 

where the V [gap, ■ ■ ■] denotes the (formal) functional integration measure for all 
fields mentioned. Integration over the field 6"'^ imposes a delta function constraint 

DaCp + DpCa = -ll^aH, (4-23) 

while integration over df^^ ensures that the metric takes its background value g^p. 
After this the partition function is of the form 



[gap, ^a(3, 5", d", Ca, (j>a] ' S [g^p - g^p) 6 {ipap + ^(aC/J)) CXp (-S'q) 

= yP[5",d",Ca>a]exp J^^(^-d''b''b^^cp)-B^b''{b^^<Pp)) + 



B'^i-b^^c'^^b^b^^cp) + ^b^pc^^bab^^c''^ - b^^cp^b^b-^c^) 



(4.24) 



where b^ is the covariant derivative compatible with the background metric. By 
raising and lowering indices using g^p, equation (4.24) is seen to agree with the result 
given in [93] . Note that no integration over moduli space is needed to evaluate the 
partition function. Prom the above form of the partition function it is not easy to 
interpret this theory, since it just contains kinetic terms in the ghosts (c^, 0a) and 
higher derivative terms in Ca. It is noted in [93] that the action above is not invariant 
under rescalings of the background metric and thus not conformally invariant, in 
addition to the clearly broken diffeomorphism invariance. The background for this 
statement is that the authors want to relate topological gravity to the moduli space 
of Riemann surfaces Aig . A priori we have not chosen to model this moduli space, 
since we have chosen only the diffeomorphisms as our gauge group, i.e. we could 
only be modelling MET(Sg) /Diff(Sg) , but it turns out that the formulation above 
also describes M.g . This can be clarified [53] by writing a model of M.g only using 
^See equation (5.157) for proof. 
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G = Diff(Sg) as above. This is done by localization to the subset of all metrics, 
which has constant curvature. We have shown in chapter 1 that this requirement 
fixes the Weyl invariance. The Weyl localization gauge fermion reads 



-weyi= / y/gK(R-k), (4.25) 



localization 

where is a real constant and we have introduced an anti-ghost multiplet {k, t) 
with #ghost('t) = — 1- One must make the BRST variation of the metric through 
the Ricci scalar and we find 

'S'localization-Weyl = J^Vd ('^(^ " ^) " ^^"^^ {9ap)) , (4-26) 

where G'*^ is the following operator 

This follows the discussion in chapter 1. By explicitly breaking the Weyl symmetry 
one uses the identity 

Mg ~ {MET(Eg) I R = A;}/Difr(Eg) (4.28) 

and formulates a theory of topological gravity for G = Diff(Eg) . Since both this 
formulation and the one in [93] effectively describe the same moduli space they can 
be considered equivalent, but the explicit breaking of Weyl invariance signals that 
one is really interested in defining a theory which models Aig and not just the space 
of equivalence classes of metrics under diffeomorphisms. In both approaches the fact 
that the theory models Aig is not clear at all. This only becomes transparent when 
we change the gauge group to include the Weyl transformation, which is studied in 
the next section. 



4.2.2 BRST Algebra for G = Diff (EJ x Weyl(E^) 

To obtain the symmetry group G — Diff (E^) x Weyl(Eg) , we must extend the BRST 
algebra to correspond to the bigger symmetry which we are trying to gauge-fix. We 
replace the anti-ghost with an anti-ghost multiplet consisting of a symmetric 
tensor B"'^ with 5bB°'^ — /"^^ and introduce an extra ghost multiplet (p, r) 



5b p ^ c'd^p + er; #ghost(p) = 1, 
5b T = c^djT - (f)"'d^p; #ghost(T) = 2. 



(4.29) 
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This may be reformulated by redefining t ^ t' = t + c'dyp, to the standard form 
5b P = t' and 6bt' = 0. The first relation is trivial to show by inspection. The 
second term is a bit more involved but still straightforward 

5b r' = 5b T + 5b (c'd^p) 

= 0. (4.30) 

It is also convenient to redefine ■0a/3 ^ i^afS — PQap- Then the total BRST algebra 
reads 

5b gal3 = DaCp + -D/jC^ + i^afi - POa^, (4.31) 

-DaCpp + -D/30a - TQap, (4.32) 

5b p = c^djp + T, (4.33) 

5b T = c^d^T -(fPd^p, (4.34) 

5b c° = c^a^c" + 0", (4.35) 

5b 0" = c^D^0" - D^c" • (jP. (4.36) 



The new ghosts are in the Weil algebra for the Weyl transformations 

p e A(Weyl(Sj*); #ghost(p) =1, 
r e5(Weyl(S,)*); #ghost(r) =2. 



(4.37) 



We introduce the following gauge fermion 

* = x/^ {h-^{9ap - glp) + B-^^P^p) , (4.38) 

where the first term is the gauge fixing part and the next term is the projection 
part. There are no localization terms, due to the choice of the symmetry group. 
This relies on the representation of the moduli space of Riemann surfaces given 
in equation (1.63). The projection term is special for this gauge group. This is 
due to the fact that the symmetry group is in confiict with the general framework 
of section 2.6.3. The metric on MET(Ep) given in equation (1.67) as well as the 
metric on Diff(Eg) in equation (1.70), are not invariant under Weyl transformations. 
Hence this metric does not define a connection on the universal bundle for G = 
Diff(Eg) X Weyl(Eg) . In order to find the projection form <I>(P M) which is 
fully vertical, we should use the projection operator to vertical forms. This can 
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be defined using the P, P^^ operators from chapter 1. The projection operator to 
horizontal forms is [53] 



rr ^'^ — 



PtP 



57 



a/3 



and the projection gauge fermion should be of the form 



projection 



(4.39) 



(4.40) 



For the argument we wish to make, it is sufficient to assume that ip is horizontal and 
that Ut/; — ^0. Then the gauge fermion in equation (4.38) imposes a delta function 
gauge for ip. If one does the calculation keeping the projection operator as in [53], 
one should be careful due to problems regarding non-locality and genus dependence 
of the kernel of P^P. Since we will not work with this gauge group in the following, 
we do not wish to enter this discussion. 

The gauge fermion in equation (4.38) induces the quantum action 

+B^f'{Tg^f3 - D^^cPf,))) . (4.41) 
The partition function is 

Z = Jv [g^^, b^f, B'^f, p, T, r", d'^f, c„, J exp {-S^) . (4.42) 

When we integrate over the multiplier field f^^ we get a delta function 5{'4>ap) while 
the integration over d"'^ forces the metric to equal the background metric g^p. This 
implies that 

Z ^ jv \g„p, ^ai3, B'^^, P, r, c„, 0„] 6 [g^p - g^^) 5 (ipap) exp (-^q) 
^ Jv p, T, Ca, J exp [-b'^f'iD^^cp) - pg%) 



^ jv [6"^ c„, 0jexp [j^ ^fg^ [-b'^^D^^c^) - ^"^^(.c/)^)]) , (4.43) 

where one in the final integration over (p, r) forces (b"^,B"^) to be traceless with 
respect to the background metric, indicated by the notation b"'^, B°'^ for the trace- 
less components. The resulting BRST exact action has the same form as the famous 
(6, c, I3{— B),^{— (f))) type actions from string theory 



Sb-c,B-4> =14? (b'^^DaCp - B"^Da<Pp) ■ 



(4.44) 
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In order to understand this action we make a small detour into string theory to see 
how the b — c actions appear and how we should interpret them. 



4.2.3 Note on the b — c ghost action 

We write a general bosonic string action, which is Poincare and diffeomorphism 
invariant [3, 6] as 

s^-^ [ d^iVa k^a^x^a^xVl , (4.45) 

where the string is moving in a d-dimensional flat space M with metric r]ab- This is 
described by maps X{^) from the two dimensional world-sheet with coordinates ^ 
and metric Qap to M. These maps are given by d fields X"'{^) for a = 0, . . . , d — 1. 
The details of the string theory are not so important for the arguments we want to 
emphasize. The partition function is an integral over surfaces 

Jv[g^f,,Xy-'^^'''\ (4.46) 

We must introduce a gauge fixing of the metric and it is common to use the con- 
formal gauge 

9a(3 = e^g^p, (4.47) 

where we take the flat background metric ga!3 to be Euclidean. Notice that this is 
exactly the isothermal coordinates described in chapter 1 and the gauge condition 
implies that 

Qzz = g-z-z = 0, (4.48) 

where we have changed to holomorphic/anti-holomorphic coordinates introduced 
in chapter 1. The action of a diffeomorphism / : ^^^^^ i— > ^^^^^ + a^^^^ changes the 
metric according to equation (4.10) which reduces to 

5g,, = 2D,a,, (4.49) 
5g,, = 2D,a„ (4.50) 

by our choice of gauge. We use a standard trick in fleld theory and write the 
following integral 

(f)(1). 
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which is independent of /. This can be inserted into the partition function for free, 
since it just changes the constant in front of the path integral which we always 
ignores. The resulting partition function is of the form 

Z = J 'D[f{0,9{0,X] 6 {gQ 6 {gQ det det e"^!^'^]. (4.52) 

Since the string action in equation (4.45) is diffeomorphism invariant we know that 
S[gf,X] = S[g,X] which implies 

Z-J V[m,9{0:X] 6 {gQ 6 {gQ det det e^'^^^'^l (4.53) 

Note that this integral only depends on the metric through the transformed gf so 
we change integration from g to g^. This implies that the Vf integration decouples 
to a multiplicative constant which we can take out of the integral. The part of the 
integral which is over the metric is of form 

/ Vgf6 {gQ 6 {gQ ^ J Vgf, = / V^, (4.54) 

which reduces to an integral over g^z identified with the Liouville field $ in this 
gauge. To deal with the determinants we introduce a Faddeev- Popov ghost /anti- 
ghost multiplet. The argument of the determinant is 



6f Sa^ Saz 



2DM-C'), (4.55) 



and likewise hr z ^ z. The determinant of this argument is then represented by 
the integral 

det(D,5(e - e')) = / Dic'iO: exp (-^ d'^ c'D^b,,^ , (4.56) 

and equivalently for the other determinant. The partition function can now be 
written as the string action plus a Faddeev- Popov gauge fixing action 

Z^J Vm),X{0,c(0,m]^w(^-S[<l>,X]-SMb,c]j, (4.57) 

where we actually have some problems connected to the integration over the Liou- 
ville field, due to an implicit metric dependence of the norm of ^{x). This will be 
ignored here since it not does play a role for the arguments regarding the 6c-system, 
but it is of course central for the discussion of Liouville theory and quantum gravity. 
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For further information see e.g. [2, 97]. The Faddeev- Popov action can be written 
as [98] 

SFp[b, c] = ^ f {c^d,b,, + c'd^h,) , (4.58) 
with equations of motions 

9.-c^ = 46.. = 0, (4.59) 
d,c' = aA-.- = 0. (4.60) 

The covariant derivative in equation (4.56) reduces to a partial derivative in this 
gauge according to the discussion on page 22 in chapter 1. From the discussions in 
chapter 1 we conclude that, the equations for h identify it as a quadratic differential. 
We can also identify the c field as being a conformal killing vector, since its equation 
of motion resembles the requirement e kerPi. According to the Riemann-Roch 
theorem [6] 

dim (KerPi) - dim (KerP/) = -x(S) = 3 - 3^, (4.61) 
and we see that the fee-system fits into this by the relation 

^(Quadratic Differentials) — 7^(Conformal killing vectors) = 35f — 3. (4.62) 

The fee-action models the moduli space of Riemann surfaces in the sense that the 
Faddeev-Popov action gives the dimension of moduh space. The quadratic differ- 
entials are exactly the Teichmiiller parameters, describing the metric variations not 
arising from either Weyl rescalings or diffeomorphisms. The (S"'', 0q,)'s are the 
commuting superpartners for (fe, e), being ghosts for the super-diffeomorphisms. 

4.3 First Order Formulation of Topological Grav- 
ity 

As discussed in chapter 3 it is common to use the first order formulation of general 
relativity when discussing quantum gravity. The reasons for this is the more trans- 
parent connection to gauge theories and the slightly enlarged number of degrees of 
freedom, which one does not necessarily need to exclude. This opens the possibility 
of discussing geometries where deigap = 0, which is not allowed in classical general 
relativity, but which may be a natural situation in the quantum theory. Especially 
in the path integral formulation it is natural to allow all values of the fields. 
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The construction of BF gravity from the first order variables {e°',uj), can be 
extended to the case of so-called super BF theory. In contrast to BF gravity this is 
a Witten type theory for two dimensional topological gravity. This view has been 
advocated by E. and H. Verlinde [99] and also by Montano and Sonnenschein [100]. 
There are several important points in their presentation. First of all the super BF 
action is of the form 

S[B, A, I d'x tr {BF[A] + xD^) , 

where the supersymmetry transformation maps 

S^A^iP ; Ssx = B. (4.64) 

Here x is a fermionic zero-form with values in the Lie algebra and is a fermionic 
partner to the connection one-form A. We denoted the Lagrange multipher for F[A\ 
as B. It is clearly a Witten type theory since the action is ERST exact 

S^^S[B,A,x,^]^{Q, [ d'xtr{xF[A])}. (4.65) 

J 'Eg 

In BF gravity we need to change the gauge group for each of the three situations 
g = 0, g = 1 and g > 2. Montano and Sonnenschein [100] gave a description of 
topological gravity based on the super BF action in equation (4.63). Their work 
was inspired by the developments in topological Yang-Mills and tried to copy these 
to super BF theory. The gauge field was then translated to gravity variables as 
in the previous chapter with the same choice of gauge groups. They presented 
formally analogues of the Donaldson polynomials for genus g > 2, based on the 
curvature F[A], the ghost ip, and the needed ghost for ghost (f). Even though this 
formally gives the form of the observables, no expressions were derived in terms of 
local quantum fields. Only general results based on the discussion of the universal 
bundle. There are several other unanswered questions in relation to this direct 
approach of super BF theory and topological gravity which we discuss in chapter 6. 

For genus one we had in the previous chapter the action of BF gravity 

J (fx (-Bodoj + BaDe") , (4.66) 

which corresponds to G = IS0{1, 1). The approach taken in [99] was to write a 
theory of topological gravity which models the moduli space of Riemann surfaces for 
all genera, using an IS0{2) version of super BF theory. The change to IS0{2) from 



(4.63) 
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IS0{1, 1) changes the (here B) transformations given in equations (3.71,3.72) into 

SBo = -eabX^B', (4.67) 
5B, = e^X^'B,. (4.68) 

This changes the sign on the du term of the action into a plus. But the scalar 
curvature is zero, due to the equations of motion and we seem tied to the torus. By 
equation (4.28) we identify 

^ {MET(S,) \R{g) = k} {FRAMES(e")|cia;(e)) = k} 

- {Diff (E,) } - {Diff (S,) (8) LL} ' ^ ^ ^ 

where FRAMES denotes the set of zwei-beins and LL denotes the local Lorentz 
transformations 5*0(2) ~ U{1). The Weyl symmetry is fixed by the constraint 
du = k, but E. and H. Verlinde suggest that one instead could set the scalar 
curvature to zero in all, but a fixed number of points, where one inserts delta func- 
tion singularities. Following string theory methods [3] one inserts vertex operators 
exp{—qiBo{xi)) at the position of the singularities to "screen" the curvature. When 
these operators are inserted the bosonic part of the action reads 

S = Jd^x ^Bodu + BaDe" - ^ qiB^{xi)^ , (4.70) 

which changes the equation of motion for the spin-connection 

s 

1=1 

The delta functions are considered as two-forms, such that the integrated curvature 
equals the Euler number of the surface 

^ j ^R{g)^2-2g = x{^g). (4.72) 

Later we study how this introduction of curvature singularities plays a vital role 
in the geometry of topological gravity. The curvature singularities ruin the gauge 
invariance of the equations of motion at the points (xi), where the curvature is 
situated. But the equations of motion are invariant under the local Lorentz part of 
ISO{2), i.e. under U{1) C IS0{2). It is only the inhomogeneous part of IS0{2) 
representing the diffeomorphisms, which breaks down at these points. This is more 
or less obvious, since a diffeomorphism could transform the position of a curvature 
singularity, into a point where there is no singularity. One point of view is to say that 
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the super BF action is invariant under those gauge transformations which vanish 
at the points (xj), such that dA{xi) = 0. This will on-shell correspond to those 
diffeomorphisms which leave the points (xj) inert. This is the same as formulating 
the gauge theory on a punctured Riemann surface. Punctures play a vital role in 
topological gravity and they are discussed at length later in this chapter. 

We will continue the discussion of the first order formulation in the following 
way: First we write down the BRST algebra corresponding to the symmetries in 
this formulation. Next we show that the action of this first order formulation, is 
directly related to the metric formulation. Thereafter we enter the important topic 
of observables in topological gravity. 

The BRST algebra is constructed as a product of the local gauge transformations 
and the topological shift. The replacement of gauge parameters to ghosts reads 

^ ^0 rjj-^g topological ghost ip^ can be viewed as the super partner 

for A*, but independent of the point of view one takes, it is expanded as {ipQjip"') 
which are then the partners/topological ghosts for (c<;,e"). The ghost for ghost 
field 0* is finally expanded as (0o,0")- The U{1) part corresponds to the BRST 
transformations 



Sbuj = -00 + dco, (4.73) 

SbCo = 00, (4.74) 

SBtpo = d(f)o, (4.75) 

Sb<Po = 0. (4.76) 

The inhomogeneous part reads 

e'^ = < - dc" + e>c^ + eV%, (4.77) 

Sb^ - -e-^./co - ci«c") + eXc" + e'^.V'oc' (4.78) 

+ e^^eVo + dcP"" - e%uj(P\ (4.79) 

5b = 0" + c^9^c", (4.80) 

(5b 0" = 0^9^30" - /9^c". (4.81) 

The ghost (c") is defined as = c"e^. 



The fields (e, u) arc not independent and if the torsion constraint is satisfied, one 
can express a; as a function of e, as shown in chapter 3. Both fields are thus elements 
in the space of frames, and together with (^o; ^") (satisfying the super torsion 
constraint) they span the superspace FRAMES, representing forms on FRAMES. 
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The ghosts generate the Weil algebra of Diff (E^) and LL 

Co e A(LL*); #ghost(co) = 1, 

00 eS{LL*); #ghost(0o) =2, 

c« e A( Diff(S,) *); #ghost(c«) =1, ^ ■ ^ 

0« g^( Diff(S,) *); #ghost(0") =2. 

In contrast to the metric formalism, we now have an action so that we are not 
gauge fixing "zero". We present one of the many different discussions on gauge 
fixing in this framework, following the original work in [99]. E. and H. Verlinde did 
actually not include the curvature singularities in the action as indicated above, 
but in the definition of the observables, which we give in the next section and we 
exclude this question for the moment. By choosing a conformal gauge the super BF 
action can be written as a conformal field theory, just as in the Diff(Ep) Weyl(Eg) 
representation, but now also with a (super) Liouville sector. 

We switch to complex coordinates {z, z) and use the isothermal coordinates and 
the relation between the metric and the zwei-beins, to write (locally) 

e+(^) = exp{^+{z))dz ; e~{z) = exp{^^{z))dz, (4.83) 

where = So e+ = e*+, = e*- and e~ — — in this gauge. The 
classical action reads 

S ^ J cPz [BocLu + B+De+ + B_De- + Xo#o + X+D^J^ + X-D^J'] ■ (4.84) 

The conformal gauge parametrizes the equivalence classes of zwei-beins under dif- 
feomorphisms, with the Liouville mode and the moduli parameters given in the 
6c-action. The c°'{x) and its anti-ghost b"{x) are tied to the diffeomorphisms and 
the Co{x) and its anti-ghost bo{x) to the local Lorentz transformations. Prom the 
form of the zwei-beins we see that the Lorentz transformations are fixed by imposing 
the gauge condition 

= (4.85) 

setting the Liouville mode to be real. Note that the modes are numerically equal 
but that they depend on z and z respectively. When this invariance is fixed, the 
corresponding ghosts are non-dynamical and by applying the BRST transformation 
of e" and identifying 5b (e"*") = Sb (e~), we can derive an equation for cq. At the 
same time we have the equivalent relations for the partner ip so 

il)^ = exp($+)'0+ci^ ; dif)' = exp(<l>~)'0-o?^, (4.86) 
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and the super Lorentz invariance is fixed through the requirement 

(4.87) 

Calculate Sb (e+) = Sb (e~) to obtain 

V^+e*+ + coe*+ + d,c' ■ e*+ + c'd,^+ = ^.e^- - cqc*- + d-,c' ■ e*" + c""a,-$_, (4.88) 
and isolate Cq to obtain 

Co = ^(9.c^ + c^9,$-c.c.), (4.89) 

where c.c. abbreviates complex conjugation. Since this Lorentz ghost is non-dynamical 
its super partner can be found by calculating 0o = cq: 

00 = {d,(t)^ + (t)^d,^ + (fd.i) - c.c.) . (4.90) 

These gauge choices transform the action (4.84) into a quantum action of the form 

S^ = I + (6^^3,c, + c.c.) + x°a,^ + (5^^9,0, + c.c), (4.91) 

which defines a conformal field theory. This action consists of a (super) Liouville 
sector and a (6, c, 5,0)^ ghost sector for the (super) diffeomorphisms. In this way 
it models the moduli space of Riemann surfaces just as in the metric formalism but 
the use of first-order variables includes the dynamical (super) Liouville field. 

4.4 Observables in Topological Gravity 

All the way back to the first papers on topological gravity it was expected that the 
elements of the BRST cohomology classes would be related to topological invari- 
ants of M.g . Both in the metric formulation [93], and in the traditional super BF 
approach by Montano and Sonnenschein [100], it was stated that the observables 
should be identified with the so-called Mumford-Morita-Miller classes. But it was 
first proved topologically by Witten in [101] and the observables were first given 
explicitly, in terms of the fields, in the theory by E. and H. Verlinde in [99] 

This section is organised as follows: First the definition of the observables is 
given, then follows the topological definitions given by Witten and how this fits 
^Warning! Here B is an anti-ghost for , not the Lagrangian multipher from the BF action. 
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with the general geometry of Witten type TFT's and the topological invariants due 
to Mumford, Morita and Miller. Next follows a detailed discussion on the relations 
between the observables, which are of paramount importance, when we study the 
relation to two-dimensional quantum gravity. Finally we give some hints on how to 
calculate correlation functions of the observables and discuss other related topics. 



4.4.1 Definition of Observables 

Consider the BRST algebra in equations (4.73,. . . ,4.81) and note that the homoge- 
neous part forms a closed subalgebra, on which Sb^ = 0- This is easy to see when 
one remembers that 5b and d anti-commute 

5b {5bU}) = 5b (V'o + dco) = #o - d{ 5b cq) = d(f)o - d0o = 0, (4.92) 

5b {5b Co) = 5b 00 = 0, (4.93) 

5b{5b^o) = 5b #0 = (^B (0o) = 0, (4.94) 

5b(5b</>o) = 0. (4.95) 

Note that the BRST closed expressions are also BRST exact, which a priori leads to 
trivial cohomology. This is expected since we work in the BRST representation. To 
get non trivial cohomology we should constrain ourselves to the basic subcomplex 
of the Weil algebra, or work directly in the Cartan representation. From the point 
of view of equivariant cohomology there is no problem with triviality of observables 
in Witten type TFT's. Going to the Cartan representation implies setting the 
Faddeev-Popov ghosts Cq = = 0. This clearly breaks the nilpotence of 5b , just 
as expected. We find explicitly that 

5b ( 5b a;)|cartan = ^ = #0- (4-96) 

The observables should be independent of Cq, and in order for the Cartan differential 
to be nilpotent the observables should be gauge invariant, i.e. BRST invariant. This 
led E. and H. Verlinde to define [99] 

a^t^) = 00 and = (00)", (4.97) 

which of course are the gravity versions of the observables of topological Yang- Mills 
theory. In contrast to topological Yang-Mills we do not need to write the trace 
in equation (4.97), since the local Lorentz part of IS0{2) is U{1). Note also that 
there does not exist a trace on I SO {2), which hinders writing down gauge invariant 
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observables for the full symmetry group. The superscript (0) marks the observables 
as zero-forms. Using the realization of 0o from equation (4.90) we can determine 
the observable from the field content of the action. 

As in the discussion of topological Yang-Mills, one can construct higher differ- 
ential forms, related to the scalar observable via descent equations. These are for 
topological gravity 



They also relate the different forms (7„'^°\ Cn^''^\ crn^^\ and the relations were given 
by Becchi et al. in [102] 




0. 



(4.98) 

(4.99) 
(4.100) 




For the BRST algebra given above one finds that 



(7„« = n<f>r' A Vo, 

aj'^^ ^ ndw h 0^-^ + ^n(n - 1) 0^"^ A -00 A -00, 



(4.103) 
(4.104) 



which can be verified by direct calculation: 



d cr, 



n 



d(p\ 



II 



n0o A #0, 



(4.105) 



which is the same as 



5c (n 0^0 A0^l) 



n d(f)Q A 01 



(4.106) 



Also 



dinil^Q A 0^-^) = ndV^o A 0^}"^ + nV^o A ((n - l)0[J-2 A d0o) , 



(4.107) 



which equals 




(4.108) 
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Note that this would not be true if we had used 6b instead of 6c , since we would 
obtain a term dcQ when acting on uj. Note also that 6c commutes with d, since we 
are restricted to the symmetric subalgebra of the Weil algebra W{g). It is obvious 
that special care should be taken when considering n = 0, 1, 2 for a„*^^^ and (7,/^^ 
since we get negative powers of a^^\ We return to this issue later, which is related 
to the notation of punctures and the so-called "picture changing" formalism from 
string theory [98]. 

For the BRST algebra derived in [93], the general form of cr^*-* with i = {0, 1, 2} 
was given in [102] and we list it below: 

(T^^) = ^^R{g)eafidx'' /xdxf^, (4.109) 
<7^'^ = ^e^p(d'R{g) + D,{il^f'~' -g<''~'il^p)dx^, (4.110) 
= ^^geap [c'c^Rig) + C'D.ii^P'^ -/>/) + D'^<t^ - .(4.111) 

We will not use this representation, but the formulation in [99] is in correspondence 
with [102]. Note that the two- form version is defined as the Euler class. Also note 
that parallel with the discussion in topological Yang-Mills theory, only the zero- 
form a^^^ is BRST invariant and hence a closed form. For the one-form a^^\ the 
integral around a closed loop 7 (a one-cycle) is BRST invariant 

{g /a«} = 0, (4.112) 

in addition to the surface integral of the two-form cr^^^ 

{g, / a(2)} = 0. (4.113) 

Equations (4.112,4.113) generalize to a!^"^ and The integrated one-form is 

BRST invariant, but fails to be invariant under diffeomorphisms unless the closed 
loop is a boundary of the Riemann surface Eg [103, 104]. We have assumed our 
surfaces to be without boundaries and we may only use the zero-forms or the inte- 
grated two-forms as observables of topological gravity. It is possible to consider a 
restricted part of the diffeomorphism group known as the Torelli group, which has 
a trivial action on the first cohomology group [105]. In the next chapter we return 
to the possibility of boundaries and one-form observables. 

We now present the mathematical definition of certain topological invariants on 
the A4g , due to Mumford, Morita and Miller. Mumford's work [106] relies heavily 
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on algebraic geometry and has not been studied by the author. But the invariants 
also have a geometric definition in terms of the universal bundle for the action of 
the orientation preserving diffeomorphisms Diff (S^) on a genus g Riemann surface 
Eg. This is due to Miller [107] who gave the definition and to Morita [108] who 
showed that the invariants are non-trivial. 

The Mumford-Morita-Miller invariants are characteristic classes of a certain sur- 
face bundle. In general a surface bundle is a differentiable fibre bundle 

n: E^X, (4.114) 

with fibres being a closed orientable genus g surface Hy. It is common to consider 
g > 2 for simplicity. Let TS^ C TE be the subset of the tangent bundle of E, 
tangent to the fibres. This space is assumed to be oriented and the bundle E ^ X 
is thus also oriented. The Euler class can be defined on this bundle and it is an 
element e = e(TEg) G H^{E, Z). By integration over the fibre, the Euler class can 
be viewed as an element on X 

= 7r*(e'+^) e H^'^iX, Z), (4.115) 

where e^'^^ is given by the {i + l)'th cup product [59] 

(i + 1) times 

e^+^ = eTC^^TTe . (4.116) 

By fixing a Riemannian fibre metric on TT,g, one induces a metric on each fibre 
Tr^^{x) for X & X. Since each fibre is an oriented two-dimensional manifold, we know 
from chapter 1 that the metric induces a complex structure and we can equivalently 
view the surface bundle as a complex line bundle 77 (Sg) with the fibres being one 
dimensional complex manifolds, namely Riemann surfaces Eg. We define the i-th 
Chern Class Cj of this complex line bundle rjCEg) as an element in the cohomology 
class 

a = q(7?(EJ) e H^\X, Z). (4.117) 

For the definition of the Mumford-Morita-Miller invariants the relevant surface bun- 
dle is the universal bundle for the action of the orientation preserving diffeomor- 
phisms Diff(Ep) on Yug 

EDiff (Eg) + 

i (4.118) 
SDiff(Eg)+ . 
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This bundle is known as the universal S^-bundle. Recall that the Mapping Class 
Group Tg is the quotient of Diff(Sg) /Diffo(Sg), i.e. Tg = 7ro(Diff(Sg) "*"). It is 
known [107] that there exists an isomorphism between the cohomology classes 

H* (SDiff (Eg) +, ~ H* {BTg, . (4.119) 

Since M.g — Tg /Tg is the quotient of Teichmiiller space with the discrete group Tg, 
which identifies A4g as an orbifold, it is possible to estabhsh the following isomor- 
phism between rational cohomology groups 

H*{Mg,Cl)^H*{Brg,Cl)- (4.120) 

Let Ci e if^(£'Diff (Eg) "*") be the first Chern class of the complex fine bundle r]{T,g) 
and define the Mumford-Morita-Miller invariant as the cohomology class y2n ob- 
tained by integration over fibre in the universal Eg-bundle 

y^n = 7r.(c^^) e H^^ {BFg, Q) . (4.121) 

By the isomorphism in equation (4.120) this defines analogous classes 

y2neH'-{MgM)- (4.122) 

Just as the observables of topological Yang- Mills theory in equations (2.272, . . . , 
2.276) gave rise to the intersection numbers of Donaldson invariants, the observ- 
ables of topological gravity are related to the intersection numbers of the Mumford- 
Morita-Miller invariants. Baulieu and Singer [104] have presented an alternative 
action of topological gravity, in addition to those given by (LPW) and E. and H. 
Verhnde. We will not discuss this action since it just adds to the confusion, but 
we present Baulieu and Singer's explanation on how the observables of topological 
gravity can be made to fit with the picture derived in chapter 2. This approach 
builds on both the metric and first order formalism and is therefore of general inter- 
est. Let B be the fibre bundle of oriented frames on E^ and let Q G B x MET(Ep) 
be the submanifold of 5 x MET(Eg) consisting of the oriented frames which are 
compatible to the metric g e MET(Ep) . This forms a principal 5*0(2) bundle 



Q 

i 

Eg X MET(Eg) . 



(4.123) 
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The diffeomorphisms act on Q and 

Q/Diff(E,) 

i (4.124) 
(E, X MET(E,) ) /DifF(S,) , 

is also a principal SO (2) bundle. The base space £ = (Eg x MET(Eg) ) /Difr(Eg) 
is almost a surface bundle 

i (4.125) 
MET(E,)/Diff(E,) , 

with fibre E^. This is only partially true, since the diffeomorphisms act non-locally, 
i.e. they act both on E^ and on the space of metrics MET(Ep) . This construction 
is actually a so-called orbifold bundle and the fibres are the quotient of E^ with 
the automorphism group of the metric ga/s on E^. If we restrict ourselves to the 
situation of surfaces with genus g > 2, we apply the knowledge from chapter 1 
where wc learned that such surfaces can be mapped into surfaces with constant 
negative curvature R = —1, by conformal transformations. We form the restricted 
total space of the orbifold bundle 

Af^^gX MET(EJ ^^_jDiS{Eg) c £, (4.126) 

from which the orbifold bundle reduces to an orbifold bundle over the finite dimen- 
sional moduli space 



i 

Mg 



(4.127) 
(4.128) 
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with fibre Ep/Aut(gia/3). The full picture can be seen from the following bundle map 

Q 

i SO{2) \ Difr(Sg) 

Eg X MET(E3) g/DifflSj 

i Difr(Eg) y so{2) (4.129) 

i Sj,/Aut(g„/3) 

MET(E,) /Diff (E,) . 

As in topological Yang-Mills, there arc two different gauge groups, namely Diff (E^) 
and S0{2) ~ U{1). One can find a U{1) connection on J\f with curvature F, which 
has three components -F(2,o)) -^(i,i) -^(0,2) according to the form degree on Eg and 
MET(Eg) ^^ j^ respectively. Bauheu and Singer [104] also identified the individual 
components of the curvature, from the action they used. In that sense topological 
gravity is not different from topological Yang-Mills and the "map" between the 
theories is Q-<r^Px A, jC-<r^MxA/Q. In topological gravity the topological ghost 
is again a horizontal tangent vector to the moduli space and the ghost for ghost is 
related to the curvature on moduli space. Prom the curvature F we define the first 
Chern class 

ci^ F e H\X). (4.130) 

Apply the cup product to form the classes c\^^ and via integration over fibres we 
find 

n'+^ = / ci+^ e H^\MET{Eg) /Diff(E„) ), (4.131) 

where we ignore the Aut{gai3) correction. By restricting ourselves to metrics of 
constant negative curvature Aig ^ MET{T,g) /Diff(Eg) we obtain the cohomology 
classes 

n^+i = ^'^'ImET(E,) e )■ (4-132) 

This construction presents one way to build a topological field theory, describing 
the Mumford-Morita-Miller invariants. 

The forms n'"*"^ will be represented by the observables al'^\ The topological 
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gravity version of equation (2.267) in chapter 2, is 




(4.133) 



The closed form al is a 2i-form on M which we evaluate over the fundamental 
homology cycle [S^], corresponding to an integration over fibres in A^. If we extend 
the situation to punctured Riemann surfaces, we can also evaluate the zero-form 
observable af'^ against zero cycles (i.e. the marked points) to obtain 



By Aig^i we mean the moduli space of Riemann surfaces with one puncture. 
The last formula is not quite correct, since we should alter the definition of the 
invariants on moduli space to the situation with punctures. But before we do that, 
we stress that one can construct zero- and two-form observables whose expectation 
values give the intersection number of closed forms on moduli space. In addition, the 
above integral is taken over a non-compact space and it is necessary to compactify 
the moduli space in order for the expectation value of the observable to be finite. 
One result of the compactification is that the expectation values will be rational 
numbers instead of integers. 

4.4.2 The Moduli Space of Punctured Riemann Surfaces 

We extend A4g and A4g to surfaces with punctures. The moduh space of a Riemann 
surface with genus g and s punctures is written as M.g^s and it is the moduli space 
of configurations of s- marked points on Hg. We always assume that the marked 
points are ordered. The Deligne-Mumford-Knudsen compactification M.g.s is the 
moduli space of stable curves with s marked points. There is a rich mathematical 
structure on A4g,s , which has played an important role for identifying topological 
gravity and quantum gravity in two dimensions. 

An element in A4g^s is of form {Eg, xi, X2- ■ ■ ■ ■ Xg} and each marked point Xi has 
a cotangent space T*.T,g. If the position of Xi is varied in M.g,s , the cotangent 
spaces will vary holomorphically and hence there exist s holomorphic line bundles 
over Mg^g 




(4.134) 
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i (4.135) 
Mg,s , (4.136) 

with fibres T*T'g- We also introduce the universal curve [12, 109] CM.g g i-^ -^g,s , 
which is a line bundle over M.g^s , with each fibre being a stable curve. The marked 
points on Hg are thus also points in CAig^g , over A C M.g.s ■ This universal curve 
is smooth (if orbifold points are excluded), since the singularities of the noded 
surfaces lies in the fibres and not in CAig^s itself. The line bundle Af i— > Aig in 
equation (4.128) is an example of such a universal curve, but where one has not yet 
compactified moduli space. 

The complex dimension of A^g .,is 3g — g + s and let {di, . . . ,ds) be a set of 
non-zero integers, which sums to the dimension of Aig^s 

s 

J2di = 3g-3 + s. (4.137) 
1=1 

The observables (j„ of topological gravity are by construction related to the co- 
homology pairing, i.e. intersection number, of the cup product of the first Chern 
classes of Ci 

{(Td,...crd.)- I Aciidf, (4.138) 

Mg,s 

on A4 g^s ■ We denote the intersection number above as (t^^ . . . t^J, where t„ relates 
to the definition of (7„ in [101] as 

an = TnUl. (4.139) 

The difference is only important when we compare topological gravity with ma- 
trix models, and we will shift between the r and a notation. The requirement in 
equation (4.137) must be fulfilled for the intersection number to be non-zero, i.e. 
when the cup product gives a top form on Aig^s ■ The intersection number will 
later be related to the expectation values of such products of local (7„ observables 
in topological gravity. 

The Mumford-Morita-Miller classes y2n were defined on A4g , and to relate these 
to the intersection numbers on Adg^s consider the projection 

Tt:Mg,i^Mg,o, (4.140) 
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known as the forgetful map. This map erases a puncture, which here resuhs in the 
ordinary moduh space JAg . The Mumford-Morita- Miller class on M.gfl is 

Kn = y2n^^*{ci{Cr+'), (4.141) 

where £ is the line bundle over J^g^i, with the fibre being the cotangent space over 
the single marked point. The intersection number of these classes is 




(4.142) 



In the simplest case we have 

{Tn) = L c,{Cr = L «n-l = K-i) , n > 1. (4.143) 

JMg^l JMgfi 

This indicates that the intersection theory of the two types of classes agree and this 
can also be shown [109], but for more than one marked point the arguments are 
quite complicated. We conclude that the r„ classes and hence the a„ observables are 
related to the Mumford-Morita-Miller classes. We return to the relation between 
the T and k clases several times in this chapter. 



4.4.3 Recursion Relation between Observables 

First we study intersection numbers of (T„ operators in genus zero. It turns out 
that these obey a recursion relation, which reduces any correlators to expressions 
involving one single correlation function. The geometrical reason for this lies in the 
role of the punctures. When studying (7„ = (7^°^ we needed to evaluate the zero- 
form at a point. But the compactification of Aig^s^o M.g,s , constrains the choice of 
position for the marked points. Consider as an example a genus zero surface with 
s marked points. Let two marked points xi and X2 approach each other, while the 
remaining marked points X2,X4, . . . ,Xs are held at fixed positions, as illustrated in 
figure (4.1). If one applies a Mobiiis transformation, this is identical to the situation 
in figure (4.2) where the distance between xi and X2 is kept fixed, while their distance 
to the remaining fixed points goes to infinity. By use of the result from chapter 1 
that an infinite cylinder is conformally equivalent to the neighbourhood around a 
node, we obtain the situation in figure (4.3). This is then repeated for the double 
point and ^3, to produce a new "blob" as illustrated in figure (4.4). These blobs 
are identified as spheres with three marked points, if one remembers that the node 
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Figure 4.1: Stable degeneration of a punctured surface. Step 1. 





Figure 4.2: Stable degeneration of a punctured surface. Step 2. 



is a double point. We repeat this procedure until we only have spheres with three 
marked points, which can be fixed under the PSL{2, (D) automorphism group of the 
Riemann sphere. These blobs are said to be stable (or conformally rigid) and they 
are allowed elements in Alo,s- Note that the nodes are double points and they are 
counted as a marked point on each branch. They are the only allowed singularities 
on the Riemann surfaces. The Dehgne-Mumford-Knudsen compactification tells 
us how the punctured Riemann surface degenerates to noded surfaces, if any of 
the marked points coincide. In general can one express Alo,s as the quotient of 
the space of punctures Zg — . . . , x^) G ( CP^)*~^|xj 7^ 0, 1, 00, Xi ^ Xj Vi 7^ j| 
where s > 3, and the component- wise action of the projective group such that [110] 



Mo,s = Zs/PSL{2,^), 



(4.144) 



and the first examples are 



M 



0,s 




pt 



s = 0, 
5 = 1,2,3, 



(DPV{0,1,oo} s = 4. 



(4.145) 



: s = 5, 6, . . . 

and we see that A1o,s has complex dimension s — 3. 
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Figure 4.3: Stable degeneration of a punctured surface. Step 3. 




Figure 4.4: Stable degeneration of a punctured surface. Step 4. 



Witten derived a very important result in [101], explaining how general cor- 
relators of observables ((T^^ , . . . , (7^^ will reduce to a sum of products of simpler 
correlators. First the result is derived in genus zero and later it is extended to 
higher genera. The main input to prove these relations is the knowledge on how the 
surfaces degenerate if the marked points coincide. The zero-form observable a^^ (xi) 
is evaluated at the marked point Xi and we know that 



\i=i I --^i 
Mc 



'■9,s 



(4.146) 



The first Chern class can be replaced by the Euler class, if we use a real surface 
bundle instead of the complex line bundle in the definition of the observables. 

The intersection number can also be given in an algebraic geometric formulation, 
which is the one Witten used to prove his result. The Chern class Ci(£(i)) can be 
represented as a subvariety of Aig^s ■ Let w be a meromorphic section of the 
line bundle (>C(j)) ^ -^g.s over Xi, and let [w — 0] and [w — oo] be the divisors of 
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zeros and poles^. Then the subvariety is given [101, 111] as 

= [w^O]-[w^oo]. (4.147) 

The cup product ci(>C(j))* is represented by another subvariety 

H^^^w^^nw^)n---nw^^, (4.148) 

where each individual term W^-^ for j < di is obtained by taking j copies of W[i) 
and perturbing them independently. The reason for this can be illustrated by the 
following example. Consider a manifold M and a submanifold 7 as in figure (4.5). 
The intersection of two copies of 7 is trivially just 7 




Figure 4.5: A manifold M with a submanifold 7. 

707 = 7. (4.149) 

If one slightly perturbes a copy of 7 to obtain a new submanifold 7', the intersection 
between 7 and 7' will be nontrivial as illustrated in figure (4.6), even though 7 and 
7' are taken to homologous. This method covers what Witten calls to "jiggle" the 
copies of in order to obtain a nontrivial intersection W^^^y This method can 
be made more precise by introducing vector fields on the normal bundle to the 
submanifold [105]. 

The intersection number in equation (4.146) is then expressed as 

( W (^di ) ^intersection (^H{1) n •• -n^^i!, (4.150) 

\i=l / 1=1 

^Recall that a (principal) divisor of a meromorphic function / is the assignment of an integer 
to every point a G Eg: [/] = J^aeSg orda(/) a, namely the order orda(/) which is zero if /(a) ^ 
and / is analytic in a, k if /(a) ~ with multiplicity k. —k for a pole with multiplicity k and 00 
if / is identically zero. For a simple zero/pole the multiplicity k = 1. 
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n y': 




Figure 4.6: A nontrivial intersection between 7 and 7'. 

which makes it possible to find a recursion formula for {aa^ ■ ■ ■ a^i)- This is done by 
choosing e.g. 

= n (w^d) n ■ ■ ■ n = n h'^.^, (4.151) 

where the last equality sign defines H^^^-^ as the intersection of the remaining di — 1 
terms. Since the intersection product is associative, the intersection number can be 
written in the final form 

{i{^d})= #intersection (W^(l) H {H[^^ H //(2) H • • • H ■ H rfj. (4.152) 

\j=l / i=l 

The intersection number can thus be calculated by first restricting to W^i) and then 
calculating the intersection between {H'{i) H H{2) H ■ ■ ■ fl H(^s)) and W(iy If 14^(1) is 
chosen in the correct way, the intersection number reduces to calculating a sum 
of similar intersection numbers where di is replaced with di — 1, according to the 
definition given in equation (4.151). 

The result in equation (4.152) was used by Witten to prove the following genus zero 
recursion relation: 

(n <^<ii / = ^1 5Z ( n f^<i,-^o ) Uo n '^dk'^d^-i'Jd, ) ■ (4.153) 

\i=i I s=xvjY \ jex / \ fcey / 
We now explain the notation and outline the proof. In the discussion on page 159 
we gave a warning regarding taking the first powers {n — 0, 1, 2) of the two- form 
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versions al^\ The simplest zero-form operator 

ao{x) = (</.(x))° = P ^ 1, (4.154) 

is not trivial but instead defined to be the puncture creating operator, which inserts 
a marked point at x e T,g. We use ctq and P interchangeably for the puncture 
operator. When we consider a Riemann sphere with s marked points, we know that 
we can choose three points, say xi, Xg-i, Xg, to be fixed under the automorphism 
group. To be more precise, Witten considered an explicit section Q of the line 
bundle 

Q^dxJ — ^ ^ ) . (4.155) 

\^Xi Xg^i Xi Xg I 

This section has no poles or zeros on the dense open subset TWo.s of -^o,s- But 
there might be poles or zeros on the stable curves A = A1o,s \ -A^o.s- Let 

w = dx( ^- — J, (4.156) 

\X Xg^\ X Xg J 

be a meromorphic one-form on Eq. The form w will only have poles at Xg-\ and at 
Xg with residues plus and minus one, and no zeros on a smooth Riemann surface 
since the points Xg-\ and Xg are distinct. A meromorphic one-form always has total 
residue zero on a compact Riemann surface [5]. Hence there will be no zeros or 
poles for w \i X ^ on CP^. If one considers a holomorphic form on a 

Riemann surface, which then degenerates into two branches, the form will pick up 
a pole at the node and the residues will be equal but of opposite sign on the two 
branches. This form of poles are not counted in [t/; = oo] . 

On a stable curve Eo,s with two branches Ex, Ey, the one form w is a pair of 
one-forms ^1,^2, one on each branch, which each has a simple pole with equal and 
opposite residues. This definition ensures that there exists a unique one-form w 
with poles at Xg-\ and Xg and no zeros on the branches containing these two points. 
If on the other hand X\ is on one branch Ex and on the branch Ey, then 

Q will be identically zero at Ex since the only pole is at the double point, and 
this is in conflict with the total residue being zero on each branch. We can obtain 
Q by evaluating w at x = on this degeneration, which results in Q having no 
poles in A^o.a- But Q vanishes on this degeneration, which we denote Ax,y. Denote 
the remaining points S = {x2, . . . , Xs~2}- The divisor of zeros [Q = 0] is a sum of 
components Ax,y, where S = X UY is a decomposition of S into disjoint subsets. 
On the X branch we have r + 2 marked points namely Xi, the node and r points 
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from the set S. On the Y branch we have s — r points namely Xg-i, Xg, the node 
and s — 3 — r marked points from the set S and we find 

[Q = 0]= Yl ^x,Y. (4.157) 

S=XUY 

Prom the relation between holomorphic line bundles and divisors in algebraic ge- 
ometry, one can express the first Chern class of as the divisor of zeros for 
V^(i)[101, 111] 

ci~iy(i) = [Q = 0]. (4.158) 
The stable curve is isomorphic to the Cartesian product [101] 

Ax,Y ^ Mo,r+2 y< Mo,s-r, (4.159) 

and the intersection number (aa^ ■ ■ - (Tds) ^o,s may be calculated by restricting 
to 1^(1) and then counting the intersection points in H'^^-^ fl if (2) fl . . . fl . The 
subvariety has the form 

1^(1)= U Ax,y, (4.160) 

S=XUY 

SO the result will be a sum of terms, associated to each of the degenerated surfaces 
Ax,y and have the form of the product 

Ud,-i n <^d,P{x*)) (P{x*) n C7a,aa^_,aa\ , (4.161) 

\ j€X I \ keY I 

where the node is the fixed marked point x* created by the puncture operators 
on each branch. This outlines the idea behind the proof Witten gives, but the 
details are rather technical and some issues, like whether this results holds after 
compactification, are not treated in this presentation. Since the operator is 
replaced by a sum of terms including (J^^^i^ the recursion relation can be used to 
reduce any correlators (a^^ ■ ■ ■ cjd^ ) to a sum of correlators involving only puncture 
operators. The dimensional requirement in equation (4.137), shows that the only 
non-zero possibility on a genus zero surface is {PPP). The recursion relation implies 

{crdiCrd2(^d3) = X] di{(7di~lP) {P(Jd2'^d3) 

S=XUY 

= d,{ad,-iP){Pad,ad,). (4.162) 

There is only one decomposition since S is empty. Applying the recursion relation 
repeatly until (ij — n < for i = 1, 2, 3 and n e IN, we end with only one type of 
intersection number namely (PPP), since we define (T„ = for n < 0. 
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It might seem that there is not much to topological gravity if every genus zero 
correlator reduces to products of (PPP). When we extend to perturbed topological 
gravity, other genus zero correlators can exist, and we discuss these in the next 
chapter. The fact that there exist three conformal killing vectors allowing us to fix 
three points on CP^, but no moduli, is illustrated by the fact that the correlator 
{PPP) is the only non- vanishing contribution from a general (ad^ ■ ■ ■ ad J correlator. 

The situation is slightly more complicated for genus one. Here again a recursion 
relation can be derived and all correlators can be reduced to one of two different 
"building blocks". We only sketch the proof for the following relation given by 
Witten in [101] 

\i=l / 1 \ i=2 / S=XUY \ jeX / Q \ keY I 1 

(4.163) 

We indicate by (. . .)i and (. . .)o correlators in genus one and zero respectively. It 
is again the degeneration of punctured surfaces in the Deligne-Mumford-Knudsen 
compactification scheme that determines how a general correlator splits into the 
form above. A punctured genus one surface can either degenerate as a pinched 
torus resulting in a genus zero surface with a node, which is represented by the 
first term of equation (4.163), or it can pinch off a sphere if any of the punctures 
approaches each other. The first term represents an element in Aq, while the last 
term, describing the process where a sphere is pinched off, represents an element 
in Ai. Witten used algebraic geometry to prove equation (4.163) by choosing a 
meromorphic section for the line bundle C{i) over M.i^s and calculated the first 
Chern class via the same techniques as used in genus zero. The numerical factor of 
1/24 is explained via the details of the proof and we do not enter this discussion. 
With the topological arguments Witten used to prove these relations, he could not 
give results for arbitrary genus, but E. and H. Verlinde [99] derived such a result 
from their approach to topological gravity. We first discuss the so-called puncture 
equation which plays a special role in the following. 

Consider the projection via the forgetful map tt : A^g,s+i i— > M.g,s and define the 
following two line bundles 



i 



M 



(4.164) 
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and 

i (4.165) 

The relation between these two bundles is significant in understanding why (r^) — 
{nn-i)- An important result is that the first Chern class on is not just the pull 
back of via tt. The correct result is [109, 112] 

ci (£(,)) =r(ci (4))) + (4.166) 

Here (Dj) is the cohomology class which is dual to the divisor [Dj]. This divisor 
represents the stable curves of the type illustrated in figure (4.7) where there is a 
noded surface with a genus zero branch containing the points Xj, Xq and the node. If 




Figure 4.7: An element in [Dj] which becomes unstable if xq is forgotten. 

the marked point a^o is forgotten under the projection tt : A4g^s+i ^ -^s.s, the genus 
zero branch becomes unstable since there are only two marked points left. This is 
not an allowed element in M.g,s ^-nd the genus zero branch is collapsed into a point. 
The forgetful map tt induces a map between universal curves itc : C/Ag^s+i ^ C-Mg,s- 
This map will not just forget xq, but must encode that resulting unstable curves 
are collapsed and due to this possibility ttc is not a fibration. The Chern class in 
equation (4.166) will receive contributions from the surfaces (Dj) of the type in 
figure (4.7). If the second term in equation (4.166) was not present, the intersection 
number 

('^o n ^.,) = / 1 • A (^0))'^ d,\ = / Tf* ( A (4))'^ dA = 0, 

(4.167) 
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would vanish since the pull back from Aig^s can never be a top form on Aig^g+i- 
The factor 1 in the first line is due to the term Ci{Co)^. Only when the degener- 
ated surfaces (Dj) are considered will this intersection number be non-vanishing. 
When one evaluates the intersection number (cxq 11^=1 (^d^) using both terms in equa- 
tion (4.166), one integrates over the positions of the marked points including that 
of Xo- There are s possible contributions and we consider a single term below. The 
n'th cup product of the Chern class can be expressed as 

Cl = [r (ci (4))) + {Dj)] A c^ . (4.168) 

The term 

(i?,) A Cl (£(,))""' = 0, (4.169) 

vanishes since (Dj) corresponds to surfaces where Xj IS B; marked point on a genus 
zero branch with three marked points. This branch is conformally stable and the 
fibre T*.I]o^3 over Dj in the universal curve is a fixed vector space. There are no 
moduli to vary and the restriction of Cj to [Dj] is a trivial vector bundle with 
vanishing first Chern Class (recall that the characteristic classes in general are the 
obstructions hindering a fibre bundle from being trivial). As long as n — 1 > 
0, (Dj) will not contribute to Ci(>C(j))", but for n = 1 the intersection number 
{coY[j=iCdj) is evaluated using (Dj) where one forgets the position of xo which 
means that n* {ci{jC'^j^)) does not contribute and we replace dj with dj — 1 according 
to equation (4.168). The intersection number reduces to 

Utl<7,)^f: I (D,)A Aci(A)'^-^-, (4.170) 
\ i=i / j=i •' i=\ 

and integration over the fibre of tt : M.g^s+\ ^ -^9,8 gives the result 

= tdJi{aa,.sX (4.171) 
\ j=i I i=i \j=i I 

This is known as the puncture equation and was first proved Dijkgraaf and Witten 
in [112] by arguments similar to those given here, which are due to Deligne. Not all 
details are given here and further information can be found in [109, 112]. Note that 
every correlator involving tr^'s with n — Q can be reduced to a sum of correlators 
with one observable less. This is a very important result in topological gravity. 

It is now possible to show how the t„ and classes are related, based on the 
arguments from the previous discussion. We show how Witten could derive 

(TdiTda) ^ (^di-iKda-l) + (/«di+d2-2) ■ (4.172) 
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Consider the following example of the forgetful map 

Ttr.Mg,2^M% (4.173) 

such that TTi forgets Xi and 712 forgets X2. The moduli space -Mg^i is the one where 
Xi is deleted. We need to consider the following line bundles: 

i with fibres: T*.Eg^2 (4.174) 

Mg,2, 

and (due to the action of tt^) 

-^(1) -^(2) 

i i (4.175) 

with fibres T*.'Eg^i for i = 1, 2 respectively. According to equation (4.166) we have 

Ci(£(2))=7r;(ci(4))) + (/^2), (4.176) 

where {D2) corresponds to the divisor [D2] in M.g,2 with a genus zero branch with 
two marked points xi,X2 and a node separating the branch from the rest of the 
genus g surface. As long as di > 0, will be trivial when restricted to [Di] and 
one finds 

(T<i,T,,)= J c^{C^,))'^An*{c,{C[,/-). (4.177) 

Mg,2 

Similar to equations (4.166,4.168), we express the cii'th cupproduct of the first 
Chern class as 

ci(£(i))'^i = (vf* (ci(£;i)))'' + {D,)^ A Tf* (ci(4)))''~' , (4.178) 



which implies that equation (4.177) changes to 

(T-di Td^) = J rrl (ci (£'(!))) A tt; (ci (£'(2) ; ^ '^^ 



Mg,2 



+ / TTt (ci(4)))'^"' A (ci(4)))'^ . (4.179) 

According to the definition of the k classes in equation (4.141), the first term gives 
a contribution {nd-^-ii^d^-i) ■ The second term is a bit more tricky, since when we 
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restrict ourselves to (Dj), the pull back of the Chern classes over Xi and X2 are 
equal, since the hne bundles C[ and C'2 are isomorphic when restricted to (D) and 
we obtain [109] 

J r, (ci(£;,)))'^^''"' = («:,,+,,_2) . (4.180) 

This proves equation (4.172). Similar, but more complicated results hold for in- 
tersection numbers for three or more individual r classes. The difference between 
the r and k classes is that the individual punctures not are allowed to intersect 
when calculating products of r classes due to the nature of A4g,s , while they may 
collide for products of k classes, when we integrate the position of the puncture 
over the surface. This gives rise to so-called contact terms which we discuss from 
the topological field theory point of view in the following discussion. 

There is a slight problem with the quantum field theory representation of the ob- 
servables when we work with punctured surfaces. The BRST algebra in equa- 
tions (4.73,. . . ,4.81) does not respect the fact that the (super) diffeomorphisms do 
not act at the marked points. There are two possibilities, either to change the 
BRST algebra or to change the definition of the observables, where the latter is the 
one used in the literature. The zero-form versions of the observables are redefined 
as 

(^n(Xi) ^ (7„(Xi)c"(Xj)5 (0"(Xj)) = an(Xi) ■ P{Xi). (4.181) 

The expectation value 
(fl^*(xO\ = / P[S°,$,x°,V',&"^c^S'^^0le-^-n<7,,(x,)c"(x,)5(0"(x,)), 

\i=l / '' i=l 

(4.182) 

is evaluated by expanding the part of the action Sq{c) which has terms depending 
on c, and the rules of grassmann integration 

I lldc'^ix) c{xi){l + S^{c)) = I n ^^c"(x)e-^^ (4.183) 

ensure that the diffeomorphisms do not act at Xj. The delta functions 5(0") ensure 
that the super diffeomorphisms do not act at points where the diffeomorphisms 
do not act. The redefinition in equation (4.181) also offers an explanation of why 
ctq 7^ 1, since 

= {MX^)T ■ C"(X,)5 {r{x^)) = 1 " P{x^), (4.184) 

such that {(j)o{xi))^ = 1 as expected. This expression for the puncture operator 
relates to the string theory concept of "picture changing" . In string theory vertex 
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operators can be viewed in two different pictures, either as operators which are inte- 
grated over the world-sheet or as operators which are considered at a fixed position. 
These so-called zero and minus one pictures also apply for this representation of the 
observables in topological gravity. If one wants to calculate intersection numbers 
(cTrf^ ■ ■ ■(Td„) in the topological field theory, instead of using topological arguments 
like Witten, the approach by E. and H. Verlinde has an advantage. Since the ac- 
tion is conformally invariant, the powerful methods of conformal field theory can 
be applied. If the topological ghost ip'' is viewed as a superpartner to A^ and not 
just as another ghost due to the enlarged gauge symmetry, methods from super- 
string theory can be applied. By this approach E. and H. Verlinde define a general 
correlator 




(4.185) 



as the integral over commuting moduli Aig and anti-commuting Aig moduli to- 
gether with integrated two-form versions of the observables. The presence of anti- 
commuting moduli relies on the existence of superpartners to the zwei-beins, which 
corresponds to having a supermetric. Instead of integrating over anti-commuting 
moduli one can insert 3g — 3 fermionic operators Gi, defined as the convolution 
between the Beltrami difTerentials /Xj and the supercurrents for the superconformal 
transformations, generated by the superpartner of the stress-energy tensor. Both 
the stress-energy tensor and its partner consist of a Liouville- and a ghost sector. 
The Beltrami differentials //j are dual to the moduli m^, ior i — 1, . . . ,3g — 3. We 
do not wish to enter into the details of all these technicalities from superstring the- 
ory, but present the overall ideas. The detailed form of equation (4.185) written 
as equation (4.13) in [99], should include several terms not written, which are only 
mentioned in the text. The missing terms are four delta functions restricting the 
b, b, B, B integrations to exclude zero modes and ensure the correct overall ghost 
number. The central point is that when the puncture operator is inserted at a point, 
two b and two B zero modes are created due to the need of balancing the ghost 
number budget. These zero modes relate to two real commuting moduli together 
with two real anti-commuting moduli. The first two arise when fixing the point 
under diffeomorphisms and the last two for fixing the superdiffeomorphisms. The 
complex dimension of M.g,s is 3g — 3 + s where s is the number of punctures, but 
the counting of anti-commuting supermoduli parameters are in excess compared to 
A4g^s ) since Aig^s is the space of commuting moduli. Hence these anti-commuting 
moduli should be integrated away when performing the path integral and at the 
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same time the B zero modes must be projected out by insertion of a delta function. 
This is what is known as the operation of picture changing. If we were to write 
equation (4.185) in the minus one picture, we would include products of zero-form 
observables such that 

/39-3 ^ r r ^3-^ s 

n d'm, . . . n / d'z ^ U d'm, . . . J] / MMaHji^x,), 

(4.186) 

where are commuting moduli parameters. In the zero picture z,'z are taken as 
the integration measure for the integral over Eg, but in the minus one picture z,'z 
are the real moduli for the coordinates of the puncture and 6, 9 are the supermoduli 
(or super coordinates of the puncture) . The supermoduli are removed by insertion 
of a delta function in the so-called picture changing operator 11(2;,^) and the real 
moduli z are included in the integration measure on Aig^s 



Mg,s Mg,s 

(4.187) 

representing the commuting moduli of the puncture. 

The picture changing operator maps effectively a^'> into a^'> , by projecting out 
the 2s zero modes in B and B, leaving us with the 2s commuting moduli which we 
can interpret as part of the measure on Mg^s or as the measure for the world-sheet 
integration. It should be stressed though, that this transformation between (T„ and 
cr^^^ ignores some complications which may arise due to compactification of moduli 
space. 

Related to the question of picture changing, is the choice of where to insert the 
vertex operators e~'^^^°^^^\ If one considers the minus one picture and expresses the 
expectation value in terms of the zero-form observables, then one takes the vertex 
operators to be at the same position as an{xi). This choice led E. and H. Verlinde 
to redefine the observable^ 

an{xi) = an{x,)ei^^-'^^\xi). (4.188) 

The B signals that the original vertex operator is replaced by a BRST invariant op- 
erator, whose explicit form can be found in [99]. The expectation value (cr^^ • • • (T„J 

"'E. and H. Verlinde [99] used a different sign convention for the vertex operators, compared to 
our definition, such that the sign of the total curvature is changed. 
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is only non-vanishing if the observables form a top form on moduh space, which 
happens if 

s 

Y^{ni-l)^3g-3. (4.189) 

i 

According to the definition in equation (4.97) an should have ghost number 2n, 
but the puncture operator has ghost number —2, from the anti-commuting moduli, 
and we get a total ghost number 2n — 2. There has been some confusion in the 
hterature regarding the ghost number of the zero-form observable and the two- 
form observable al^\ Witten's approach in [101] is that a^^^ has ghost number 
2n — 2 and has 2n, as we also would expect from the definition of (7^°^ and 
the descent equations (4.98,. . . ,4.100). But since the zero-form is considered at a 
marked point according to the redefinition in equation (4.181), we should subtract 2 
from its ghost number. Hence the redefined zero-form operator a"„ i— > (7„ • P has the 
same ghost number as the two form a^^ . This confusion is related to the question 
of whether one should integrate over the position of the observable or not! 

In the author's opinion this situation is unsatisfactory. Many times one encoun- 
ters calculations where zero-form and two-form observables are interchanged during 
the same calculation and it is difficult to know exactly when one is considering the 
one or the other. Prom the topological point of view advocated by Witten, this 
relates to the difference between the r„ classes and the classes. In that frame- 
work one always knows whether one is considering the one or the other type of 
cohomology classes, simply from the difference between M.g and A1g,s , but in the 
topological field theory representation of these observables the situation is not so 
clear. 

We note that the definition of the two-form observables signals that they may 
be identified with the k, classes, just as the r classes are related to the zero-form 
observable. The definition of the k, classes in equation (4.141) as the integrated first 
Chern class, is equivalent to the integral over the Euler class, which defines cr^^^ 
in equation (4.109). The only difference fies in whether to view T,g as a complex 
or real manifold. The and a^^^ are the cup product of these integrated closed 
forms. In relation to punctures both the k„ and the a!^^ classes are defined when the 
punctures are integrated away, which allows for the appearance of contact terms. 
In this sense the roles played by these closed forms are equivalent, but even though 
the intersection theory of the r and k classes are equal, there are relations as in 
equation (4.172) between their intersection numbers. Therefore when we include 
the possibility of curves becoming unstable, due to the integration over the positions 
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of the punctures, we can not have a direct 1 — 1 map between and in the 
picture changing formahsm as advocated in [99]. When we take products of an or 
r observables the punctures are not allowed to coincide while they may coincide 
for products of a^"^^ or k observables due to the integration over their position. We 
now show how the contact terms give rise to a relation between the redefined cr^ 
observables. 

In order to give the recursion relation for general genera, derived in [99] one 
can consider the ghost number of ((T„) as 2n — 2, either following the definition in 
equation (4.185) or by subtracting 2 due to keeping the position fixed (i.e. by being 
in the minus one picture). Since the total (integrated) curvature must be 2g — 2, 
E. and H. Verlinde distributed the curvature in |(nj — 1) units at each curvature 
singularity, in the exponent of the vertex operator. This explains the definition 
in equation (4.188). When one integrates over the position of a c7^"-'(a;i) operator 
there will be contributions when / dxi hits the position of another operator, say 
a^^{x2). This is what E. and H. Verhnde denote as "contact term" contributions. 
The compactification of Moduh space forbids the points to coincide and the result 
of the integration of the Xi position in a general correlator is of the form [99] 

Un, n < ) = E iC^^J + 1) {^n,+n,-l H < ) ' (4-190) 

where Uj are local neighbourhoods around the positions of the Xj of the remaining 
s — 1 observables. The form of these contributions is very much hke that of the 
puncture equation (4.171) and the changed numerical pre- factor is due to the redef- 
initions of the observables. The result in equation (4.190) holds for arbitrary genus. 
There are also terms which results from integrating over a node, representing both 
the degenerations in Aq and Aj. The main result is the recursion relation for a 
genus g correlator [99] 

j=2 '-' \ i^j I k=l \ \ i=l I 




+ E {~^k-iX{an.)ran-kX{anA]. (4.191) 

S=XVJY \ i&X I \ j& I / 

Several comments should be made at this point. The above correlators are assumed 
to have a genus expansion 

(••■) = EA'^"'(---)., (4-192) 



182 



CHAPTER 4. 2D TOPOLOGICAL GRAVITY 



where A is the so-called string-coupling constant. The first term in equation (4.191) 
is the contribution from the contact terms while the last terms represent the con- 
tributions from the Aq and Aj degenerations. Clearly the last term represents the 
degeneration of the surface into contributions from two blobs separated by a node. 
There will be one of each type of the three terms per genus. The parameters a,f3 
are constants, which include the value of A. The proof of this recursion relation 
is based on the so-called contact term algebra, which was derived in [99]. From 
general arguments the expectation value (cr„+i 111=2 "^nj should not depend on the 
orders in which the integrations over the positions of the observables are done, and 
this requirement can by fulfilled by letting the contact terms obey a certain algebra, 
which actually is a subalgebra of the Virasoro algebra. The proof is not based on 
actual computation of the individual terms, but on a mixture of topological argu- 
ments and string theory techniques. It is clear from the form of equation (4.191) 
that the compactification scheme is central to the derivation of this result. The no- 
tation (Tn+i n|=i is chosen due to the connection between this recursion relation 
and a similar relation for matrix model observables, which we discuss in the next 
chapter. 

According to the genus g recursion relation in equation (4.191), a general expec- 
tation value will reduce to sums of products of two different types of building block, 
namely {PPP)g=o and {ai)g=i, where the genus zero contribution is normalized 
such that 

{PPP)g^, = 1, (4.193) 
and the genus one contribution is normalized/calculated to be 

(<^i),=i = ^- (4.194) 

The genus one contribution signals that there is one modulus together with one 
conformal killing vector in genus one and that one thus can fix the position of 
one operator, namely cti. This operator is known as the dilaton operator, since 
it according to the definition of the expectation value in equation (4.185), is the 
integral of the Euler class over the surface. Hence one expects the result 

(^1 n ^^.) ^{'2g-2 + s)(f[ a^^i , (4.195) 

known as the dilaton equation [109]. This operator measures the (minus)Euler 
number of the punctured surface. But for genus one, the special result in equa- 
tion (4.194) apphes. 
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If we consider a^^^ to be related to the k classes, we should expect relations as in 



equation (4.166) between and a^^^ correlators. But it is not clear how to prove 
such relations, even though equation (4.191) in principle gives such a result. The 
reason is that the definition of the expectation values used in equations (4.190,4.191) 
is not the same as given in equation (4.185), but instead of the form 



In this definition the position of the zero-form observable a„ is integrated, such 



measure on moduli space. If the recursion relation instead had been proven using 
the definition of the correlators in equation (4.185) we could test the relation in 
equation (4.172). Since the arguments leading to the recursion relation in equa- 
tion (4.191) are rather complicated, it is not obvious how to rewrite it using the 
definition in equation (4.185). 

We conclude this discussion by stressing the similarity between the topological 
definition of the Mumford-Morita-Miller classes «;„ and the integrated two-form 
version of the observables in topological gravity. We have not been able to test the 
relation derived by Witten between r and k, classes, in terms of the local observables 
due to the use of different definitions at crucial stages in [99]. If one could use 
the two-form versions to calculate the intersection numbers in the topological field 
theory, one should be careful to control the contributions from integration over 
regions close to the nodes of the surfaces to avoid infinities. The emergence of 
contact terms has also been discussed from a slightly different point of view in a 
series of papers by Becchi, CoUina and Imbimbo [113, 114, 115]. In these papers 
the appearance of contact terms are related to the Gribov problem. It is argued 
that the closed forms defining the observables fail to be globally defined forms on 
moduli space, and that one instead should relate the forms in different local patches 
of moduli space to define a global form. This relates also to the question of whether 
the observables depend on the gauge fixing we perform to calculate the path integral. 
By applying so-called Chec-De Rham cohomology, a globally defined form replaces 
the locally defined versions of the observables and the Ward identities, which relate 
to the differences between local gauge choices, determine the contact terms between 
the local observables. We do not enter these discussions, but instead change to the 
more physically interesting theory of perturbed topological gravity and its relation 
to two-dimensional quantum gravity in the next chapter. 




(4.196) 



that the measure (f. 



'xi is viewed as a world-sheet measure instead of a part of the 



5 2D Topological Quantum 
Gravity 



This chapter is devoted to discussing the surprising fact, that two-dimensional topo- 
logical gravity, in the form of a perturbation of the theory presented in the last 
chapter, and two-dimensional quantum gravity, in the form of the matrix model 
representation of non-critical string theory, are identical in the continuum limit. 
Wc discuss this result from various points of view and present the main results 
based on the work by Ambj0rn, Harris and the author [116]. The chapter is or- 
ganized as follows. First the perturbed theory of topological gravity is introduced 
and the multi-critical behaviour of correlators is discussed. The string equation and 
aspects of KdV-theory are introduced together with the work of Kontsevich. Next 
follows a brief introduction to discrete and continuum aspects of the matrix model 
approach to quantum gravity. This includes the Ward identities and Virasoro con- 
straints, leading to matrix model versions of the recursion relation derived at the 
end of the previous chapter. Finally we discuss the most important results in [116]. 



5.1 Perturbed Topological Gravity 

It is possible to perturb or deform pure topological gravity by introducing a set of 
parameters {to,ti, . . .) representing coupling constants. We can chose any version 
of the quantum action for the following discussion and will just denote it S^. The 
only important thing is that the action should be BRST exact. Since the various 
observables are BRST closed, it is possible to add one or more observables to the 
action as below 




(5.1) 
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Since the observables are BRST closed the total action will still be BRST invariant, 
but it fails to be BRST exact and therefore does not satisfy the requirement for 
defining a Witten type TFT. But the damage is not so big, since we only add 
BRST invariant terms. Here we have chosen to add the two-form observables, but 
the zero- form observables are just as good. Also, at this point there has been some 
uncertainty regarding the transformations between the different type of invariants, 
but this discussion offers no new insight at this stage. Later we discuss some new 
developments in that direction. 

To be in agreement with the conventions in [116] we will use the following 
definitions 

(n^'^.) = J -Dme-'^liaa^, (5.2) 

and 

The V{{a}) symbolise the notation of a potential added to the action, with 

oo 

V{{a}) = J2tnan, (5.4) 

n=0 

being the most general choice. We use this general potential and specify special 
situations by setting several of the coupling constants ti to vanish. Especially one 
can study critical behaviour, by choosing a point ti in the infinite dimensional 
space of coupling constants, such that as a function of ti (for all other tj's fixed) 
the expectation values are all powers of t^. Such critical points are labelled by an 
integer k. 

The partition function of the perturbed theory can be expressed in terms of 
correlators in pure topological gravity, by expanding the action in the coupling 
constants to obtain 

(1), 

\ lj=o J / v=0 

no— times ni— times \ 

/ V=Q 

no=0 ni=0 

where we in the last step introduce a shorthand notation erf' for Ui copies of af'\ 
Most of the terms in equation (5.5) will be zero, since the correlator should corre- 
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spond to a top form on moduli space. That is, the total ghost number should add 
up to the dimension of moduli space. 

The simplest choice to 7^ and = for i = 1, 2, . . . is known as the k = 1 model 
and it has played a special role in the development of the theory. The potential is 
of the form V = tQP{xQ) and a general correlator will be of the form 

( / / \ r— times . 

i=l I y r=0 ' • \ \i=l / / v=Q 

Even though we face an infinite sum, there will only be one contribution to the sum 
from every fixed genus of the underlying surface Eg. The total ghost number for 
the operators is 2X^j(dj — 1) and — 2r from the puncture operators. Since the 
total number of marked points is s = n + r, there can only be contributions to the 
sum when 

n 

r = $:(d,-l)-(3^-3), (5.7) 

i=l 

which makes the total ghost number add up to the dimension 3(7 — 3 + s of M.g^s ■ A 
genus expansion of a fixed correlator of the form in equation (5.6) receives only one 
contribution per genus, namely the one where r satisfies equation (5.7). According 
to the genus zero recursion relation in equation (4.153), a general correlator can 
be reduced to calculating expectation values of products of puncture operators. 
In pure topological gravity the only genus zero contribution is (PPP), which is 
usually normalized to the value one. In the k = 1 model, equation (5.6) shows that 
the non-vanishing genus zero correlators involving only puncture operators are as 
follows: 

= i(^^^)v=o = f (5-8) 
{P)v = §^{PPP)v=o-% (5-9) 
{PP)y = I (PPP)^^o = to, (5.10) 

{PPP)v = §_{PPP)v=o = ^^ (5-11) 
while all genus zero correlators with four or more puncture operators will vanish 

(5.12) 



(r>4)— times 

('pp ■ • • pp\ =0. 



V 



5.1. PERTURBED TOPOLOGICAL GRAVITY 



187 



In the following discussion we will restrict ourselves to genus zero unless otherwise 
specified. Dijkgraaf has given the following useful result [117] 



(5.13) 



\i=l 



\i=l 



by repeated use of the puncture and dilaton equations. We have changed the nor- 
malization of his result, such that it corresponds to that of chapter 4. Note that 
the correlator depends only on the total ghost number J^i di of all the observables 
together with the total number of punctures s. 

From this we see that the partition function in equation (5.5) can be written as 



(i; 



V 



no=0 ni=0 



U =0 % 



(5.14) 



k=0 



This is the starting point for one of the important results in [116]. We now show 
how the partition function in equation (5.14), and hence any correlator, derived 
by differentiating the partition function with respect to the couplings tj, can be 
expressed as a contour integral of a type similar to expressions known in matrix 
models. This leads to an identification between the theories, discussed later in this 
chapter. 

We define the potential V as 

oo 

V{z)=J2t,z\ (5.15) 

where z is a complex variable, with z"' playing the role of c^. The pre-factor to the 
delta function in equation (5.14) can be written in an economical manner 



= E E ^A"i V 



-z 



n2 



00 (f\n3 



00 00 



E E- 

no=0 ni=0 



no! rii! 



n3=0 



(5.16) 



The exponent of A is clearly related to {J2k ^^fc)' in equation (5.14), and it can be 
brought to this form by differentiating repeatly with respect to A and afterwards 
setting A to zero 



1 + 



d 92 



dX dX^ 



+ 



= 1 



A=0 



dX 



X^j=o 



A=0 



(6.17) 
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using that the sum over the A-derivatives forms a formal geometric series. With the 
pre-factor to the delta function contained in 



\ _ ^\ pViXz)/z 

dX 



(5.18) 



A=0 



we can find a way to isolate the term z"^, such that the delta function constraint is 
satisfied. This is done by expressing the partition function as the following contour 
integral around the origin 

-1 



d 



1 



1 — <p dz z e ^ 



27ii 



origin 



(5.19) 



J A=0 



Next we perform a series of manipulations to find a more convenient form for the 
partition function. First perform the substitution z' = Xz and then relabel the 
dummy integration variable z' back to z to obtain 

-1 



(1) 



V 



dX 



1 
2wi 



origin 



dz 
A3 



2 ^y(z) 

z e ^ 



(5.20) 



J A=0 



Next we expand the exponential and pull out the sum X^^q ^ front of the 
integral 

"1 r>n 



(1) 



V 



1 

2wi 



1 



dX 



r=0 



r-3 



^.Y.{r-2>)\i dzz'l 

2tI% j,_q Jorigin y 



dz z^ 

origin 

XV{z)V 



XV{z) 



1 



A=0 



Z 



1 



(5.21) 



where we have evaluated the A-dcrivatives in the last step. The terms for which 
r < 3 will only produce positive powers of z and the contour integral will vanish. 
Hence we start the sum at r = 3 and cancel out the factorials to obtain 



-1 oo 
ZTTt J origin 



dz Z 



'V{z) 



1 



r(r — l)(r — 2) 



(5.22) 



At this stage it is convenient to make the substitution V i— > (5V ^ where is a 
constant parameter introduced such that differentiating three times with respect to 
13 cancels the denominator r(r — l)(r — 2). Next we relabel r' — r — ?> and find the 
relation 



^3 



(1> 



-1 oo 

= —T 



dz z 



'V{z) 



r'+3 



Q ./origin 



1 

27ri Jc 



c 



dzV{zf 



(5.23) 
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since the r' sum constitutes a geometric series. We require that 

PV{Z 



< 1, (5.24) 

ensuring that the denominator does not vanish. The contour C should be deformed 
such that this requirement holds and we assume this can be done. We want to 
eliminate the auxiliary parameter (3 and do so by integrating three times with 
respect to /3 and then setting P — 1, before we evaluate the contour integral. After 
the three-fold integration and dropping analytic terms in the integrand, we obtain 
the final result for the partition function with a general potential 

= -ItL - n^))' In (l - ^] . (5.25) 



2 27ri Jc 

This expression was first presented in [116] and as we discuss later in this chapter, 
it offers a new possibility to investigate the relation between perturbed topological 
gravity and matrix models. 

We use equation (5.25) to express the partition function at certain critical points. 
For a suitable choice of the coupling constants {to,ti, . . .) the contour integral has 
a cut on the real axis, from the origin at z = to a point z — u. The point u is 
defined by the equation u — V{u): 

oo 

u^to + Y^tku'', (5.26) 
fc=i 

which allows one to express u as a function of to ioi fixed values of the remaining 
tk {k > 1) parameters. Equation (5.26) is known as the genus zero string equation 
in two-dimensional quantum gravity, were it plays a central role in expressing the 
genus zero structure. 

Consider the k = 1 model, which corresponds to the potential 

V{z)^to + tiz, (5.27) 

where we have included a ti contribution, which at first hand disagrees with the 
previous description of the k — 1 model. It reflects that not only the puncture 
operator, but also the dilaton operator have been added to the BRST exact action. 
However the only role of the dilaton operator is to measure the Euler number of 
the Riemann surface, through its action in the dilaton equation (4.195), and one 
can add this operator to the potential for free. 
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The partition function based on the potential in equation (5.27) reads 

- -llii"^ - «^ - *°)^ (^i^^) . (5.28) 

which has a cut on the real axis from zero to the point to/{l — ti) due to the 
logarithm. By letting the contour enclose the cut in a anticlockwise manner, the 
logarithm contributes a factor (— 27ri) which cancels part of the pre-factor to the 
integral, and we find 



1 rto/{i-ti) 



dx 



1 2 



U)x — t, 



^° (5.29) 



61-^1 

Note that the ti contribution just gives a geometric series, reflecting that the dilaton 
operator leaves the remaining operators unchanged. The factor t^/d is in direct 
correspondence with the result in equation (5.8), illustrating the presence of the 
three conformal killing vectors on Coo ■ 

The k — 2 model is especially interesting, since it is known to correspond to pure 
gravity in the matrix models. The simplest choice of potential is 

V{z) =to + z-z^, (5.30) 

which is the first example of the choice of coupling constants made in the literature, 
for the /c'th multi-critical point 

ioT^O, ,ii = l, tk^-l. (5.31) 

For the k — 1 model there is a problem since ti should be both plus and minus one. 
This refiects the fact that the k — 1 model plays a special role and we note also that 
the result in equation (5.29) is singular for ti — 1. In some aspects this model is 
too trivial to be included in the general setting of multi-critical models since it has 
a trivial scaling behaviour. We will return to this fact several times in this chapter. 

The k — 2 partition function reads 

11 t . (, /\\lz'-t„'^ 



We must study the cut structure for the logarithm: 

-\nz, (5.33) 
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while enforcing < 1, and we find two cuts on the real line, namely from 

minus infinity to — together with a cut from zero to plus y^. We enclose the 
contour C around the latter in an anticlockwise direction to find 

The exponent 5/2 is in agreement with the partition function of pure two-dimensional 
quantum gravity [97], since this is known to scale hke ^q"'*'''*""^, with 7string = — 1/2 
known as the string susceptibility for pure gravity and to being identified with the 
cosmological constant A. We return to this identification later in this chapter. 

The general /c'th multi-critical model is described by the potential 

V{z) = to + z-z'', (5.35) 
in agreement with equation (5.31). The partition function reads 

{^)v -A^Jj^^'- ^oV In { , (5.36) 



2 2m Jc 

where the cut structure of course will depend on the specific choice of k. There will 
be several cuts, not all on the real line, from plus/minus infinity and into a certain 
point in the complex plane. But there will always be a cut on the real line from 
zero to t]l^ which the contour is chosen to enclose. This is due to the singularities 
at z = tl^'^w, where w is the fc'th root of unity. The final result is 

i/fe 



= dx{x'-to) 



(2 + l/fc)(l + l/A;)' ^^'^^^ 

Note that the partition function scales with the exponent 7string = —^/k. This also 
signals that k = 1 is a special choice, since 7string = — 1 in this model and the 
partition function does not have any critical behaviour. 

Next, we derive closed expressions for various correlators in perturbed topo- 
logical gravity using the contour integral representation and discuss their critical 
behaviour. The one-point {ai) function is derived by differentiating the partition 
function with respect to the coupling constant ti and we find 

^""'^^ = dt, ' 22niJc 
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2 2m fc 



+ [z-V(z)y 



2U-Viz)]i-'-mJ'-^^'^^ 



dti 



(- 



dVjz) 

at. 



iz-V{z)) 



(5.38) 



where the second term in the second Une contributes only an analytical term to the 
integrand, which can be discarded. For the /c'th multi-critical model the one-point 
function reads 



where the potential is of the form V{z) = tQ + z — z^ . The cut structure is the same 
as for the /c'th multi-critical points for the partition function and we find 



V 



t 



dx (x'^ — to 
i+(i+i)/k 





{l + l){l + {l + l)/k) 



(5.40) 



The two point function {(Ti^cti^) is found by taking the derivative of ((7;^) with respect 
to ti^. 



1 



V 



27ri Jc \ z 



dxx 



h+h 



(5.41) 



For the /c'th multi-critical model we set u — t]/^ and find 



(Cr/l0'i2)l 



t 



(h+l2 + l)/k 




(5.42) 



k + h + l 

In the special case where I1 — I2 — Q equation (5.42) reduces to the important result 



u = (PP) 



V 



(5.43) 



Obviously, the three-point function is the derivative of the two-point function 
with respect to ti^ 



27ri Jc z — V{z) 
d_ 



.^I dzz'^+''+'nn(^-^] 
2m Jc \ z J 



(5.44) 
(5.45) 
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In the last step we use that dV{z)/dto = 1 to see that 



_d_ 



In 



'z-V{z) 



-1 



{z - V{z)) 



(5.46) 



The higher n-point functions generahze the form of the three-point function. The 
s-point function reads 



s-2 



— - i dzz^ 
2m Jc 



In 



'z-V{z) 



dtn 



where 



L=j:k. 



(L+iy 

(5.47) 
(5.48) 



i=l 



1 /k 

The /c'th multi-critical model is described by setting u — , which leads to the 
result 

/ 5 ^(L+i)/fe 



(5.49) 



\j=i 



V 



The results for the partition function and the general s-point correlator in the 
fc'th multi-critical model reproduce those presented by Wittcn in [101], but in con- 
trast to the derivation given there, we do not have to guess any numerical constants. 

It is possible to express the puncture and string equations as differential equa- 
tions for the partition function in the perturbed theory. The equation 



_d_ 



t. 



d 



, . E(^+l)^m^(l)y, 



(5.50) 



corresponds to a recursion relation in term of CTj operators. By acting with d/dtg 
on both sides of the equality sign of equation (5.50) 

oo oo oo 

{PP)y ^to + + l)ti+i {Pai)y = to + {P(Jj-i)v = ^0 + E^i«^ (5-51) 

1=0 3=1 j=l 

we obtain the string equation given in equation (5.26). In the last step we have 
applied equation (5.41). If we once again differentiate with respect to to on both 
sides of equation (5.50) and there after set = for i > we obtain the result [112] 



of equation (5.11). If we act with 



{PPP)y = 1, 



s-1 o 

n|-. 

i=l 



(5.52) 



(5.53) 
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on both sides of equation (5.50) to pull down a product of cr^^/s from the exponential, 
we obtain the puncture equation (4.171) 

Uli^d) =Y.djU,^-i n ^d) , (5.54) 

combined with the intial condition {PPP)v = 1. In this way, the genus zero string 
equation is identified with the to-derivative of the puncture equation. 

At this stage we turn to a presentation of some results in two-dimensional quan- 
tum gravity, which we will need in order to discuss the identification between the 
theories. 



5.2 2D-Quantum Gravity 

In this section we discuss some important results of two-dimensional quantum grav- 
ity, relevant for the comparison with perturbed topological gravity. The quantum 
theory of gravity in two dimensions has been studied in hundreds of papers through 
more than a decade. In this limited amount of space, we only scratch the surface 
of this vast material. There are several approaches to quantum gravity including: 
Liouville gravity, matrix models and dynamical triangulations. These are not inde- 
pendent approaches, in particular the matrix models and dynamical triangulation 
models are closely related, as explained below. All the results derived in Liouville 
gravity have so far been in correspondence with the results of the matrix models, 
but Liouville theory does not have the same predictive power as the other two 
approaches. 

5.2.1 The Hermitian Matrix Model 

In this section we primarily follow [118]. The traditional approach to Euclidean 
quantum gravity is to write down the formal path integral 

-/vJii;y)-(-/^<5i-^))' 

where we have included the gravitational coupling G. In order to calculate this 
integral, one possibility is to introduce a reparametrization invariant cutoff [118], 
to make the integral well-defined. This is the idea behind the theory of dynamical 
triangulation. The cutoff is taken by building up the surfaces using small equilateral 
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triangles with edge length a. Since a closed surface can be built in many different 
ways by gluing triangles, the integration over inequivalent metrics turns out to 
correspond to a sum over inequivalent (abstract) triangulations T. In this approach, 
a triangulation corresponds to a diffeomorphism equivalence class of metrics. The 
path integral is discretized such that 

^] = / vuntin ^"^^^^^^^ ^ ^] = ^ e-^^-^>^(^)/«, (5.56) 

J V0l(Dlff (Eg) ) 

where we sum over all classes of abstract triangulations. Nt is the number of 
triangles, and x is the Euler-Poincare characteristic of the triangulated surface. In 
order to control the contributions from different topologies we rewrite the partition 
function as a sum of triangulations of fixed genus plus a sum over genus: 

oo 

Z[A, G]^Y: E g), (5.57) 

9=0 K 

where x = 2 — 2gi and H{K, g) is the number of triangulations of fixed genus g^, 
built from K triangles. There is an exponential bound on J\f{K,g) [118] and the 
partition function is well defined for fixed topology 

Z,[A,G] = e^'-'^^/^Y.^-^''^{K,9l (5-58) 

K 

where the sum over genus is not well-defined due to an exponential growth of the 
number of triangles. The critical cosmological constant is the lowest value of 
A, for which the partition function in equation (5.58) is convergent. This value 
is independent of the genus and by approaching the critical value from above, it 
is possible to obtain a continuum limit [118]. The limit a ^ 0, i.e. removing 
the cutoff, corresponds to approaching the continuum theory. In the matrix model 
approach, we can automatically calculate how many different ways we can combine 
a fixed number of triangles to create a closed manifold. Consider a triangulation 
where we label the vertices of the i'th triangle with the numbers aj,/9j,7j. To each 
edge we assign a hermitian N x N matrix (paiPi, which makes it possible to assign 
a factor 

(t>aiPi4>Pai(t}^iai = tr(/)-^, (5.59) 

to every oriented triangle. The process of gluing two triangles together along an 
edge, is represented as the Wick contraction of two hermitian matrices of the form 
0ai/3i0a2/32 ^ illustrated in figure (5.1). The gaussian matrix integral 
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Figure 5.1: (A) Assigning indices to a triangle. (B) Gluing along a link. 

(0aift0a,/3,) = / P^e-^l^-^lVa^ft^a,/?, = ^a^Pj^p^a,, (5.60) 

represents the Wick contraction corresponding to the gluing of two triangles. The 
measure consists of the product of the real and the imaginary part of the matrices 

V(l)=lld (Re0«^) n d (Im0«^) , (5.61) 

a</3 a</3 

since the diagonal elements are required to be real for a hermitian matrix. In this 
sense the integral 

J r'0e-^l'^"'5l'-^ , (5.62) 

corresponds to all possible ways of gluing K triangles to create surfaces, which 
may have disconnected parts. By standard field theory methods, the connected 
diagrams, i.e. surfaces are generated by the free energy 

where Z(g, N) is the matrix model partition function: 

Z{g, N)^l P0exp (-^^rc/)^ + ^trcj)'^ , (5-64) 

with coupling constant g in front of the intersection part (0'^) of the action. In order 
for the result of equation (5.63) to hold, we identify the parameters 

A^^expf^V A=-log5(. (5.65) 



.G 

We have rescaled the matrices in equation (5.64) such that 
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where is the number of indices of the matrices. By expanding the interaction 
(0^) part of the action, we generate a sum of terms hke that in equation (5.62) for 
K = 1,2, . . .. The gaussian part of the action ensures the Wick contraction of the 
indices such that we obtain a closed surface. 

When we construct a closed surface by gluing triangles together, we will pick up a 
factor from the Wick contractions that transform an external vertex into an internal 
vertex. Since all vertices are internal for a closed surface we end up with a factor 
iV^, V being the total number of vertices in the triangulation. By the rescaling in 
equation (5.66) the total pre-factor becomes N^~^/'^ = N^, since the Euler-Poincare 
characteristic for a closed surface is 

X-V-E + K^V-^, (5.67) 

where E is the number of edges. The redefinition of ensures that the weight in the 
action for the term tr(j)^ only depends on the the genus of the surface. The factor N 
is always removed at the end of a calculation by taking the limit N ^ oo. This is 
done to ensure that the individual vertices are labelled by independent indices [118]. 
The identified edges which are glued together constitute the links of a three-valent 
graph, forming a "fat" (p^ graph as illustrated in figure (5.2). The summation 
over triangulations correspond to the summation over all closed trivalent graphs, 
where an individual graph corresponds to a surface. The graphs are dual to the 
triangulation as indicated in figure (5.2). The graphs are closed by Wick contracting 




Figure 5.2: A dual fat graph, 
the open ends of the graph. The graph is fat due to the presence two indices along 
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each link. The action in equation (5.64) is of course of the famihar 0^ form from 
ordinary field theory and is thus known to generate three- valent Feynman diagrams. 

Instead of gluing together triangles all types of polygons can be used and a 
general potential can be introduced with a set of arbitrary coupling constants {gi} 

n{9n}) = E (5.68) 

n=l 

The factor 1/n in is a symmetry factor for the n ways to label the legs of an n- 
valent vertex. It is common to identify go as the cosmological constant A such that 
the term NgQtr(lP = NA corresponds to the cosmological term in the action in 
equation (5.57). We interchange between the go and A in the following discussions. 
The expectation value {trcp") corresponds to differentiation of Z with respect to gn- 
One can interpret (trcf)") as the result of summing over all distinct surfaces, which 
have an n-polygon of length I — an as boundary. In this sense, expressions like e.g. 
{trcf)^) and {tr(f)'^tr(f)'^) , correspond to different geometries, namely with one or two 
boundaries. 



5.2.2 Matrix Models and the KdV Equation 

After these general comments, we focus on some aspects of the continuum version of 
the hermitian matrix model. Following Dijkgraaf, E. and H. Verlinde [119] consider 
the general hermitian matrix model, where we integrate over N x N hermitian 
matrices to obtain the partition function: 



e-^*'-^^'^), (5.69) 



for a general potential 



m = E^n0", (5.70) 

n=2 

with coupling constants gn- Compared to the previous discussion the symmetry 
factor 1/n and the gi term have been removed, which renormalizes the remain- 
ing couphng constants. In the so-called double scaling limit ( see e.g. [120]) two 
simultaneous limiting procedures are used. The limit — > oo is taken while at 
the same time tuning the values of the coupling constants to their critical values 
9n ^ Qn-i transforms the theory into its continuum formulation. The free energy of 
the continiuum theory 

F=-logZ, (5.71) 



5.2. 2D-QUANTUM GRAVITY 



199 



has a genus expansion through the string couphng constant X ^ 1/N 

oo 

F = J2X'''-^Fg, (5.72) 

5=0 

where Fg is the genus g contribution to the free energy. The couphng constants 
in the continuum are denoted {to, ti, ■ ■ •) and they couple to continuum versions of 
ir0". The discrete matrix model observables tr0" correspond to microscopic loops 
around a vertex in the triangulation. In the continuum they are replaced by local 
scaling operators (j„, coupled to f„ for n > 0. 

The following differential equation [119] 

dtl 



u{to, h, . . .) = -X''—F[to, h, ...], (5.73) 



defines u — {PP)v as the specific heat of the theory. One of the important results 
in matrix models is that the specific heat 

oo 

u{to, h, . . .) = {PP)y = Y: iPP)v,g 1 (5-74) 

9=0 

satisfies the equations of the Korteweg-de Vries (KdV) hierarchy [121, 122]. The 
insertion of a (7„ operator in {PP)y by differentiating with respect to is identified 
with the so-called n'th KdV fiow of u [112, 119] 

KPP) = ^ = |^i?n+i[H]. (5.75) 

The /?„[«,] 's arc known as Geldfand-Dikii polynomials, which are polynomials oi u 
and its derivatives with respect to to, determined from the recursion relation 

The first polynomials are Rq — 1 and Ri — u. The string equation 

00 

^ = ^0 + X] ntnRn[u\, (5-77) 

n=l 

determines u{to) for a fixed set of values of the remaining couplings {ti}, i > 0. 
By tuning the values of the parameters {tn} it is possible to interpolate between 
different multi-critical points in the space of coupling constants. The form of the 
string equation in terms of the Gelfand-Dikii polynomials, generalises the genus 
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zero form in equation (5.26). This follows from the genus expansion of the Rn 
polynomials [112] 

oo 

Rn = j:>^''Ri'\ (5-78) 

g=0 

which has the following genus zero contribution 

i?^9=o)[^,] = l^x". (5.79) 

One of the major results based on this formulation is that the partition function is 
the so-called tau function for the KdV hierarchy, which means that for Z — t, 



u = ^logT[to,h,...] (5.80) 



is a solution to the (generalized) KdV equation (5.75). There has been much con- 
fusion in the literature, regarding whether it is the partition function or the square 
root of the partition function, which is the tau function for the KdV hierarchy. 
Based on detailed matrix model calculations [123] it has been shown to be the 
former which is correct. The controversy is related to how the double scaling lim- 
iting procedure is performed. For more information on the various points of view 
regarding this problem see e.g. [109, 124] 

The so-called loop equation [125] offers another powerful approach to matrix 
models, from which many important results have been derived. The loop equation 
is expressed in terms of the loop functional w(l), which can be defined in both the 
discrete and the continuum regime. The approach taken in [119] is to prove that the 
string equation (5.77) together with the KdV equation (5.75) can be reformulated 
to give the loop equation. The loop functional w{l) is then viewed as representing 
a macroscopic loop, derived as the result of the double scaling limiting procedure 
on a microscopic loop ir0" with length I — na. When taking the continuum limit 
the power n — > oo simultaneously with the edge length a ^ 0, such that I is kept 
at a fixed value. The result is a macroscopic loop, expressed through the loop 
functional [119] 

Since w{l) is proportional to a sum of cr^ operators, it is not surprising that relations 
between expectation values of cr„ operators, can be translated into relations between 
expectation values of w{l)^s. The loop equation is exactly such a relation. We do 
not need the specific form of the loop equation for the following discussion. At 
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this stage it should be noted, that it is more natural from the discrete approach 
to matrix models, to begin from the discrete loop equation and derive the string 
equation and the KdV equation as consequences from this [125]. 

An important result in [119] is that the loop equation translates into a set of 
linear differential equations when expressed in term of the a„ operators through 
equation (5.81), which thereafter are translated into constraints on r, when identi- 
fying (j„ correlators with t„ derivatives of Z = r. The final constraints are of the 
form 

L„r = 0, n= -1,0,1,2,..., (5.82) 

which for example takes the form for n = —1: 

°° 1 (9 1 
L_i = E + 9)^-7^7 + o^~'io- (5-83) 

m=0 ^ O'lm-l » 

The set of these L„ operators forms a subalgebra of the Virasoro algebra 

[Ln: Lm] = (n - m)Lri+rn: n > -1. (5.84) 

These constraints have a physical interpretation in the discrete matrix model ap- 
proach, which we give below. 

Consider the following approach to hermitian matrix model by Ambj0rn, Ju- 
rkiewicz and Makeenko [126] , where the theory is defined with a general potential 
as in equation (5.68). The partition function 

D0-^^(<^), (5.85) 

is obviously invariant under redefinitions of the integration variable (p. This is 
reflected in the Dyson-Schwinger equation [126] 

which holds for n = —1, 0, 1, . . ., when restricting negative powers of tr^" to vanish. 
It has been shown by Fukuma, Kawai and Nakayama [127] that equation (5.86) can 
be written as a set of differential operator constraints 

L„Z = 0, n = -1,0,1,2,... (5.87) 

on the partition function. The operators L„ are expressed in term of the coupling 
constants: 

_ - k{n - k) d 



k=l 

d 



+ Y.{k + n)gk^ 5-i,nNgi + 6o^nN^. (b.i 

k=0 OQn+k 
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All derivatives with respect to for n > are omitted since they correspond 
to negative powers of (f). The discrete L„ operators also form a subalgebra of the 
Virasoro algebra. It was shown in [127] how to take the continuum limit of these 
constraints such that the resulting equations annihilate the continuum partition 
function. The choice of normalization in equations (5.83,5.88) is not identical. 

Dijkgraaf, E. and H. Verlinde derived in [119] a recursion relation for the an 
operators in the /c'th multi-critical model, based on the continuum Virasoro con- 
straints. This was done by translating the differentiations with respect to t„, to 
insertions of an operators. The recursion relation holds for general genus g, by 
expanding the Virasoro constraints in the string coupling constant A and it reads: 



where S — {1,2, and X, Y represent the degeneration of a genus g surface 
into a genus gi branch X and a genus g2 branch Y. The terminology is similar to 
the one used in chapter 4 and this recursion relation is one of the results which has 
been used to identify topological and quantum gravity. Note that the operators (T„ 
for n > k — 1 can be eliminated such that a general correlator can be expressed in 
terms of a finite set of operators an, for which n < k — 2. These operators should 
correspond to the primary fields in the (2, 2k — 1) minimal model, in conformal field 
theory [119]. We explain this in some detail. 

The higher multi-critical models k > 2 are known to correspond to statistical 
systems coupled to gravity. At their critical points, such systems are known to 
be described by conformal field theories. The coupling to gravity comes about by 
formulating the statistical model on a random triangulation, instead of a cubic 
lattice. The coupling to gravity dresses the scaling exponents, characterising the 
system. 

The so-called minimal conformal field theories are labelled by a central charge c, 
which can be expressed by two integers (p, q), with no common divisor. The central 




S=XUY 



(5.89) 



9=91+92 
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charge is expressed as [97] 



2 



c=l-Q^ i^; 2<p<q, (5.90) 

pq 

where the discrete unitary models are described by the subset of the parameters 
(P) q) = (^) m + 1) for m = 2, 3, . . .. A famous example is when m — 3 leading to 
c — 1/2 describing the two-dimensional Ising model, and the general result for c in 
the unitary models reads 

c=l r^—TT- (5.91) 

m (m + 1) ^ ^ 

The string susceptibihty 7string is related to the central charge [97] 



Tstring = ]^ - 1 - V(c-25) (c- l)j , 



(5.92) 



leading to 7strmg = ~l/(p + 9 ~ 1) for the general (p, q) models and 7string = —1/m 
for the unitary models (m, m+ 1). For the fc'th multi-critical model, the hermitian 
matrix model is identified with the (2, 2k — 1) models, which arc non-unitary for 
k 2. For k = 2 (pure gravity) the matrix model corresponds to the unitary series 
{k, k + l)\k=2 coupled to gravity, and we see that c = since there are no matter 
fields in pure gravity. 



5.3 Identifying the Theories 

We first review various different arguments, on how perturbed topological gravity 
and two-dimensional quantum gravity have been identified. Thereafter we review 
some of the main points in the identification presented in [116]. We also discuss 
some aspects related to the role of the metric, based on these discussions. 



5.3.1 Old Results 

Dijkgraaf, E. and H. Verhnde suggested in [119] that two-dimensional quantum 
gravity and pure topological gravity can be identified, based on the similarity be- 
tween the recursion relation in equation (5.89) and the recursion relation in equa- 
tion (4.191). This is only true for k — 1 and A = 0. In general, the cosmological 
constant to = A is kept non-zero in quantum gravity, such that the expected scaling 
behaviour is valid. If A = 0, the cosmological term vanishes and the action is zero. 
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Even though the action used to derive equation (4.191) in some sense is identical to 
the zero action used by [93], there is an important difference. Topological gravity 
is the result of gauge fixing the zero action, not just having a zero action. The 
reason for choosing /c = 1 is that one needs to get the correct index in the second 
term of equation (5.89), such that it corresponds to the part of equation (4.191), 
which encodes the puncture equation. Being only able to identify the k = 1 multi- 
critical model with topological gravity, is a meager result. As discussed before, the 
A; = 1 model is a rather simplified model, compared to the higher multi-critical 
models. The reason for setting A = is first and foremost to get rid of the term 
^o(cn 111=1 ^ni)g, siuce it does not appear in equation (4.191). Here one should be a 
bit careful, as one could argue that the correlators in equation (5.89) should be taken 
as {■ ■ •)v correlators in perturbed topological gravity, which then by equation (5.6) 
should be transformed into (• • ■)v=o correlators. In this way, one can actually get 
rid of the to term, since it will appear with the same power in every term (at least 
in genus zero) by insertion of the correct number of puncture operators. But in 
the end, nothing is gained from this exercise, since one just ends up showing that 
the puncture equation equals the puncture equation. Actually there is a slight dif- 
ference in the numerical constants, due to a mismatch between the normalizations 
used in the various approaches. The deeper reason for why to — must be taken, 
is that the super BF theory used in [99] was based on the G — ISO{2) gauge 
group, which we know corresponds to vanishing cosmological constant through the 
Liouville equation (3.7). With this choice of gauge group it will never be possible 
to derive the relation in equation (5.89), and we conclude that the identification 
of recursion relations offers only a minimal overlap {k = l,to = A = 0) between 
topological gravity and quantum gravity. It is not clear that this could be helped 
by changing to G = 5*0(2, 1) in the super BF theory, since we would encounter 
problems in defining a genus expansion. In this sense, IS0{2) play a special role in 
the super BF theory. The curvature singularities that were inserted in the form of 
vertex operators, gave rise to the transition to punctured Riemann surfaces, which 
is a central feature for the identification with quantum gravity. We discuss the role 
of punctures in more detail later in this section. 

A stronger identification was presented by Witten [101], based on the scaling 
behaviour for a general correlator (111=1 '^djy identical to that presented in equa- 
tion (5.47) for the /c'th multi-critical model. As a symbolic identification, Witten 
wrote 




(5.93) 
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where . . . were not specified in [101]. This identification is based on the results 
proved by Gross and Migdal [122], showing that the continuum hmit of multi- 
critical matrix model correlators scales in the same way as topological gravity in 
the multi-critical models. From this correspondence between the continuum limit 
of the hermitian matrix model and topological gravity, Witten conjectured that 
the partition functions of the two theories are identical. The details of this iden- 
tification are more involved than just noting an identical scaling behaviour, since 
one should define the continuum observables in the matrix model with some care. 
The conjecture put forward by Witten, has been proved by Kontsevich in a seminal 
paper [128]. We first present the idea behind Kontsevich's proof and thereafter we 
discuss the new perspectives on this identification, presented in [116]. 

The main result in [128] is that the intersection numbers on Aig^s , generated 
by the partition function of perturbed topological gravity in equation (5.5), can be 
described by a matrix integral. 

Kontsevich showed [128] that the partition function is given by the following 
matrix integral 

where the integration is over N x N hermitian matrices 0. The N x N matrix M 
is assumed to be symmetric and positive definite, and one can show that Zn{M) 
only depends on 

= _ trM-(2fc+i), A; > 0, (5.95) 

K ! 

where by definition (—1)!! = 1. For N ^ oo the tau- function of the KdV- 
equation [117, 128] is then 

dtl 



<{t^}) = T::2^ogZ{{U}). (5.96) 



One can write (for — > oo): 

I oo \ oo oo oo / J."j \ 

logZ({i,}) = (exp$:t,a,)= E ...(^no^n,...^-Q n_ _ (597) 

\ j=0 I no=Oni=0 j=0 V^iv 

This expression has a large N expansion which at the same time is a genus expansion 
generating the intersection indices for each genus ((Tq^cTq^ ■ ■ ■)g. 

It seems a mysterious result, that the simple action in equation (5.94), with 
a gaussian and a cubic term, should generate the intersection numbers on Aig^s ■ 



206 CHAPTER 5. 2D TOPOLOGICAL QUANTUM GRAVITY 

This result builds on the existence of a cell decomposition, or triangulation of Aig^s , 
which was cleverly used by Kontsevich. We do not enter this discussion and refer 
the reader to the literature [117, 128, 129, 130, 131] for details. 

The Kontsevich matrix model in equation (5.94) is very different from the form 
of the usual hermitian matrix models, as presented in equation (5.69) with a general 
potential as the one in equation (5.68). Anyhow it has been proven by Ambj0rn 
and Kristjansen [123], that the double scaling limit of the partition function of the 
hermitian matrix model coincides with the tau function for the KdV hierarchy of 
the Kontsevich model. All loop correlators in the matrix model, also corresponds 
with the correlators of the Kontsevich model, when the double scaling limit is taken. 
In this way, it is possible to calculate the intersection numbers on Aig^s , by ordinary 
matrix model calculations, for all genera [132]. This is a very strong result, since 
these numbers are hard to calculate using algebraic geometry for genera higher than 
two. 

Finally, let us mention the work Distler [133] who has found similar results, 
derived from the quantum gravity perspective. He showed these by coupling Li- 
ouville gravity to conformal matter fields, with central charge c = —2. From the 
relation [122] 

_ 3(2A: - 3)^ 
" 2A; - 1 

we find that this corresponds to the k — 1 multi-critical model. In this model, 
Distler showed that the total action (Liouville + matter) via bosonization recovers 
the form of the Labastida, Pernici and Witten [93] action in equation (4.44). By 
adding operators to the action, which correspond to gravitationally dressed primary 
matter fields, Distler could investigate the scahng behaviour of general correlators in 
the A; = 1 model, where he found results in accordance with those found by Witten. 
Also the general k scaling behaviour was investigated in [133], but the relation 
between topological and gravitational continuum observables was never explicitly 
defined. It seems that it has played a role for several of these investigations, that 
the results from the matrix model were known before the derivations. 

5.3.2 New Perspective on the Identification 

We present the new identification between the theories, reported in [116]. The result 
has only been proved for genus zero, but in contrast to all previous identifications 
this result does not involve taking the double scaling limit of the matrix model. 
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In this way, we have found the first identification, at the discrete level, between 
topological gravity and matrix models. An important step in this work was to 
realize, that the well-known expressions for the free energy in the so-called reduced 
hermitian matrix model, which only contain even powers of in the potential, could 
be written as a contour integral similar to that in equation (5.25). 

The study of the reduced hermitian matrix model goes back to Bessis, Itzykson 
and Zuber [134]. They used the following potential 



+ E 

p=2 



2" ■ ±^nNP-^ 



(5.99) 



for the N X N hermitian matrices 0, with the partition function defined as the 
following matrix integral 



■IN 



exp 



-trU 



(5.100) 



This definition is different from the one used previously in this section, due to the 
over- all factor of N, which is missing from the action. The result needed from [134] 
is the explicit solution of the genus zero free energy 



En 



1 .j^Ni^r 



which was shown to be 
E 



'o(^) = / 



dr 



(5.101) 



(5.102) 



The function w{r) is the given by 



(2p)! 



p=2 



p\{p — 1)! 



(5.103) 



and the integration limit is defined as the solution to the equation 



w(a^). 



a' > 0. 



The first manipulation is to integrate equation (5.102) by parts to obtain 



1 \2 ^ 



log 



w{r) 



(5.104) 



(5.105) 



At this stage we note that by relabelling the coupling constants, it is possible to 
write £^0(5) as a contour integral similar to that of topological gravity. The coupling 
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constants {g^^} are transformed in to a new set of parameters according to the 
definition 

While there were {g2, g^, ■ ■ ■} parameters in the old set of coupling constants, there 
are {^o, ^i, ^2, ■ ■ ■} in the new set, i.e. two more parameters which we may vary. The 
reason for choosing the definition in equation (5.106) becomes clear if one expresses 
w{r) in term of the new coupling constants, where we find 



tpti' p\{p-iy. \ {2py. , -j^g^ 

wir) = r — y -—^ r ; — r-; — —. rrr^ — r — } -—^ :—r^. 5.107 



Replacing r with z and introducing a new set of coordinates 



z' = -^z, (5.108) 
1 — ti 



we see that 

-1 oo 

w{z) = z--Y.tp{z'Y. (5.109) 

*0 p=2 



By defining a potential V{z) of the same form as in topological gravity 

oo 

V{z) = Y.tpzP, (5.110) 

p=0 

we notice the identification 

(^z)-l) = i(^'-y(z')), (5.111) 
since the right hand side can be expanded as 

1 1 oo 

-(.'-y(.')) = ^^{z'-t,-t,z'-Y.WY) 



p=2 

2 oo 



= w{z) - 1, (5.112) 

where we have apphed equation (5.109) in the last step. Note that the integration 
limits [0, a^] in equation (5.105), can be translated, in the new coordinates, to 
[z' — 0,z' = u] where u is defined as the solution u = V{u). This makes the 
cut structure for EQ{g) identical to that of topological gravity. Hence we rewrite 
equation (5.105) as 



fl7 

Eds) = ^ ^ [1 - ■"'(^)l' 



log 

az \ z 
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The contour is taken to encircle the cut, which appeared when we inserted the term 
log[{w{z) — This is done since we identified the cut structure to fit with the 

above integral. Using equation (5.111) we obtain the final expression for the free 
energy of the reduced hermitian matrix model at genus zero 



^ 1 



En — — 



2tl 



c 



dz 
2wi 



[z - V f 



dz 



log 



V + t, 



log 



V 



(5.114) 



The contour is taken to enclose the cut [0,m] on the real axis in a anticlockwise 
direction. Even though this integral resembles the partition function of perturbed 
topological gravity in equation (5.25), we rescale the reduced hermitian matrix 
model, in order to find the simplest possible identification between the theories. 
This is done to repair the lack of an overall N factor in equation (5.100). We make 
the following changes: introduce a matrix $ = 0(1 — ti)~^N~^ and redefine the 
couplings 

By these redefinitions, the partition function of the reduced hermitian matrix model 
is of the form: 

ZN{g) ^ Jt>^ exp [-NtrU(^)] , (5.116) 

with the potential 



9p 



(5.115) 



(5.117) 



including an gaussian term and a interaction part. Note that there also is a gaussian 
term in the intersection part, such that the total dependence reads 



$2 ^ AT 



$2 + ^,$2 



-<^^1 - h) N ^ -(f) 



(5.118) 



which illustrates the result of the rescaling. 
The genus zero free energy is 



^o(^) 



lim 

AT— »oo 



7V2 



log 



z^(o). 



(5.119) 



The contour integral representation of the free energy changes to 



£^0 = ^log(l-ti) 



d 

dz 



z-V + U 



log 



z-V 



(5.120) 
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with V{z) defined by (5.110) as before. The relationship between the two sets of 
parameters is 

^l^ = -t,tV forp>l. (6.121) 

For a given U ($) we may freely choose to (except to ^ 0) and then all the other t^ 
are determined. 

The identification can be simplified further by differentiating Eo with respect to 
ti. For / > 1, 

'z-V\ _ z^-\z-Vf ' 
z J z-V + to _ 

(5.122) 

after taking the trderivative under the integral sign, integrating by parts and drop- 
ping analytic terms in the integrand. The last part of the integral can only have a 
pole (i.e. 1/z dependence) if / = 1 and hence the only non-analytic term is of the 
form: 

1 r dz tl 1 1 f dz 1 1 1 



OEq _ -6i^i 1 r dz 
dti ~ 2(1 -ii) 2tlJ 2Tii 



'c 



2z'-^{z-V)\og 



2tij 2m z-to-tiz + to 2 (1 - ti)I 2m z 2 (1 - ti)' 
c ^ 



f dz I L I 



which cancels the first term in equation (5.122) when we insert a delta function Si^i 
in the integral 

\J 2m z-V + to ^ ^ 



This simplifies equation (5.122) considerably. Note that the remaining integral is 
identical to equation (5.38), such that we can write 



dEo 1 
and hence for Z > 1, 



(5.125) 



I'-d - 1), , „ 



This equation relates, at genus zero, the one-point correlation functions in topo- 
logical gravity with correlation functions in the corresponding reduced hermitian 
matrix model. Setting / — 1 gives 

(P) = lim i-M/tr$2\, (5.127) 
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which shows that the correlation function for genus zero surfaces with a single punc- 
ture in topological gravity, is proportional to the partition function for triangulated 
surfaces with a marked link, with a suitable identification of the coupling constants 
in the two theories, that is, equation (5.121). Note that this identification does 
not include taking the double scaling limit of the matrix model. Taking the limit 
N ^ oo, just ensures that only genus zero terms contributes to the matrix model 
expectation value. 

Using the same methods, one can show by differentiating Eq with respect to to 
that, 

^o^ = -E^^mW,- (5.128) 

Equation (5.126) can be generalized to multi-point correlators. Define a new set of 
operators, {S^}, in the matrix model as follows, 

= Nt^-' ^1^1^ tr($2') for I > 1. (5.129) 

Then we have, by repeatedly differentiating (5.126) with respect to tl^, 

(^^.-ifl^^.) =Ji^^(^)7nS'«) forZ,>l, (5.130) 

\ i—2 I y I conn. 

where (• • ■)^^^ denotes the connected part of the expectation value in the matrix 
model, for example 

Note the special role of the first operator ai-i in the Ihs correlator in equation (5.130). 
Since li> 1, the only way to produce, say a {PP)v correlator, is to set li — l and 
s = 1 and thereafter take a derivative. The resulting term on the rhs will not 
be so simple, since we have an to factor in front of (Xli)conn.- We obtain two con- 
tributions, when taking the derivative, and hence we do not find a nice relation, 
between a single correlator on both sides of the equality sign, as in equation (5.130) 
when li>l. The relation between o"/ in perturbed topological gravity and in the 
reduced hermitian matrix model is a new result and it is different from the previous 
suggestions made in the literature [101, 119, 133]. Several papers confuse ai with 
an operator Oi, which is related to the /-th multi-critical model, which is part of the 
the reason for Witten writing the unspecified ... in equation (5.93). The relation 
in equation (5.130) is exact in genus zero, but is unknown for higher genera. 
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The identification between the two theories, makes it possible to calculate the 
topological gravity version of the known loop correlators from the matrix model. 
We define loop and multi-loop correlators in the matrix model as 

ki=0 Pi 

W{p„.--,Ps) = N^-' E ^ 'r- -^ ^^2. (5.133) 

ki,-,ks=l Pi ' ' ' Ps 

Since we only have the identification between the theories in genus zero, we let 
^ oo and denote the genus zero contribution Wq{pi, ■ ■ ■ ,Ps)- By performing a 
Laplace transformation of all the individual p^, (i = 1, 2, . . . , s) factors we obtain: 

-1 CO 7"'1~2 

and for s > 2, 

(5.135) 

These loop functionals are generating functionals for the connected tr^ correlators, 
and we note that equation (5.134) is the discrete version of the continuum loop 
functional in equation (5.81). 

By applying equation (5.126) we can express the loop functionals as contour 
integrals in topological gravity. For example we find [116] the one loop functional 
in equation (5.132) to be of the form: 

in correspondence with matrix model results in the literature [135]. 

By considering the multi-critical reduced hermitian matrix models, we are able 
to clarify some of the confusion in the literature, on the relation between scaling 
operators in topological gravity and matrix models. As stated earlier, the scaling 
behaviour for a general {ad^ ■ ■ •(Tds)v correlator, was found by Witten [101] to equal 
that of matrix model scaling operators found by Gross and Migdal [122]. The 
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formulation of the reduced hermitian matrix model in [122] is based on the partition 
function 

exp 



>7V 



—trU{<^?) 
to 



(5.137) 



where an overall factor l/to is taken out in front of the potential 



1 oo 

[/($) = -$2_^^[/„($), (5.138) 

^ n=l 

with a new set of coupling constants {jl^}- This formulation is special in the way 
that the functions f/„($) are derived such that the model describes the n'th multi- 
critical model. The explicit form of these potentials was derived by Gross and 
Migdal in [122] 

[/i($) = (5.139) 



2 



: (5.141) 
. p-rr^^.^^k^ . (5.142) 

The effect of having the overall l/to factor, changes the relation between topological 
and matrix model couplings to 

The potential for the topological model corresponding to the above matrix model 
is 

oo 

V{z) = to - E [(1 - - 1] , (5-144) 

n=l 

and the k-th multi-critical model is obtained by choosing tg ^ 0, JIi — 1 and 
Jlk — —1; that is, 

V{z) = to + z + {l-z)'' -l = Vk. (5.145) 

The approach by Gross and Migdal was to study the /c'th multi-critical model, 
by adding perturbations around the /c'th multi-critical point from the other multi- 
critical points. In equation (5.144) wc expand around the k = 1 point, which is 
illustrated by the presence of to in equation (5.145). Note that this is different from 
the potential usually chosen in topological gravity for the /c'th multi-critical model, 
namely V — to + z — z''; this potential, which has ti — 1, would give gi — —j 
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and hence f/($) = J2'k'=2 dk^"^^ ■ Lacking a $^ in the exponential term to ensure the 
Wick contractions as in equation (5.60), the potential U{^) = J2T=2 9k^^'' defines 
a matrix model, which does not correspond to random surfaces made from gluing 
together polygons. This is the source of much of the confusion that has arisen when 
comparing the multi-critical matrix and topological models. The reason for this fact 
not being clarified a long time ago, is that all prior identifications of the theories 
have been made in the continuum limit of the matrix model, where the scaling 
behaviour erases any sign of the difference in the potential of the /c'th multi-critical 
model. 

We consider this in some detail, by studying the scaling behaviour for the /c'th 
multi-critical topological gravity model, using the potential in equation (5.145). 
The end of the cut u, defined hj u = Vfc(u) is of the form 



u^l-{l-to)> 



(5.146) 



Insert this expression for u in equation (5.25) to obtain 




dy [Ato-y'^y 



(Ato) 



i/fe 



+ 



1 



2A;-|- 1 



2k+l 



(Ato)i/*= 



,k+\ 



(Ato)!/'"^ 



= -\{{At,r'l'^ - {Atof + ^(Aio)^+^/^ 



1 



2A; + 1 k+1 



(Ato) 



2+l/k _ 



k^l 



(Ato) 



(2A;+ 1)(A;+ 1) 



pr(Ato) 



2+l/fe 



(5.147) 



In the first step, the contour is taken to enclose the cut [0, vi\ in a anticlockwise 
direction and in the second step we perform the substitution y — 1 — x. The indi- 
vidual terms are integrated and evaluated and we drop the non-critical terms in the 
last step to obtain the scaling behaviour of the topological partition function in the 
fc'th multi-critical model, based on the potentials used by Gross and Migdal [122]. 
We see that the scaling behaviour is the same as the one derived in equation (5.37) 
for the simpler potential ^ 0, — l,tk = —1. 
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It is possible to define a new set of scaling operators, which scales in the correct 
way in the potential. These are denoted {O;}: 

Oi = -i2{-ir(^]an, (5.148) 

n=0 V^/ 

and were first introduced in [122]. Compared to (l)yj., the operator Oi produces a 
factor of —(1 — 2;)' in the contour integral and by direct evaluation of equation (5.38) 
we find 

(O.). - - ^'(A«o - /) - j^^^^^(A«-<'«.A (5.149) 

where we have dropped the regular terms in the last step. Using equation (5.47), 
the general case (for s > 2) is given by 

(no..) - -i-ifr'"'^^' 

s-2 r -| 

(5.151) 



=1 / Vk 



d 



d{Ato), 



where L = h- We see that up to regular terms, the scaling with respect to A^o 



i=l 



of correlation functions of Oi for the potential 

Vk^to + z + {l-z)''-l, (5.152) 

is the same as the scaling with respect to tg of correlation functions of ai using the 
simpler potential 

V = to + z-z''. (5.153) 

Part of the confusion in earlier papers on the identification between topological 
and matrix model scaling operators, lies in the wrong assumption that (7; = O;. 
But we have shown that the usual o"; operators does not correspond to the matrix 
model, describing the /c'th multi-critical point for random surfaces, and that one 
should instead use the Oi operators defined to fit the potentials used by Gross 
and Migdal. We see that it is possible to make a redefinition of the operators in 
topological gravity, such that the scaling behaviour corresponds to the point in 
coupling constant space, where the matrix model corresponds to gluing polygons to 
form random surfaces. Further relations involving Oi and matrix model correlators 
can be studied in [116]. 
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The identification between the reduced hermitian matrix model and perturbed 
topological gravity, has only been proved at genus zero. There are several reasons 
for this result, not being generalized to higher genera. First, for higher genus we 
lack the nice result from equation (5.13), which enabled us to write in the 

simple form of equation (5.14). This was very important for deriving the contour 
integral representation of (l)v in equation (5.25). Another problem is that the 
explicit expressions for the free energy of the matrix model are more complicated 
at higher genus. For these reasons, it has not been possible to extend the results 
derived in [116] to higher genera. If this had been possible, it would have opened for 
a new interpretation of the intersection numbers on the moduli space of Riemann 
surfaces, but at the present stage we do not have a geometric understanding of why 
the new identification is true. 

At this stage, we turn our attention to a question which arises when one tries 
to interpret the connection between topological and quantum gravity. We have 
seen that it is possible to form topological counter parts to the loop functional 
of quantum gravity. But whereas these have a direct physical interpretation in 
quantum gravity, as expectation values for surfaces with macroscopic boundaries of 
a certain length, the topological versions seem to offer no such interpretation. In 
the topological theory, one should not expect any information of metric quantities 
such as the geodesic length of a boundary, to be available. This controversy has 
been raised by Dijkgraaf, E. and H. Verlinde in [119, 136, 137], but without offering 
any explanation. 

There are two possible ways to address this question. One is to enlarge the dis- 
cussion of topological gravity, to involve Riemann surfaces with boundaries, which 
allows for the introduction of BRST invariant observables 



In contrast to the general situation without boundaries, the integrated one-form 
observable will be invariant under diffeomorphisms preserving the boundary, and is 
a possible invariant. This quantity can be added to the action as a perturbation 
of Sq, where the coupling constant, related to the boundary operator, plays the 
role of a boundary cosmological constant. This approach is similar to that used in 
Liouville theory [97] and it has been advocated by Huges and Montano in [103] . An 
alternative approach to boundary contributions has been studied by Myers [138], 
but none of the above methods have had any real success. In [116], we advocated 
a simpler approach which relates to the question of whether there is any paradox 




(5.154) 
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at all, or whether it is natural to have global metric information in a theory of 
topological gravity. 

We showed in [116], that it is possible to formulate, at least formally, a Witten 
type topological field theory for a restricted set of metrics. The particular model, is 
based on the metrics, which corresponds to a certain fixed value for the area of the 
underlying Riemann surface. Or more directly, we want to localize the elements in 
MET(Ep) , to those in the subset 



/ ^/9 = aA. (5.155) 

J'Eg J 



MET(E,) ^ ^g^fs e MET(E,) 
Thus we can consider a localization function 

^[9] = J^Va -A^^^O, (5.156) 

which clearly is gauge invariant, i.e. diffeomorphism invariant. We know from gen- 
eral principles [7] that such a gauge invariant statement can be implemented in the 
action by the use of Lagrange multipliers. For this we need to know the action of 
the BRST operator, using equations (4.12, . . . , 4.15) on J^[g], 

= /^JV^^,''- (5.157) 

In the last step we used the fact that the area is diffeomorphism invariant, reflected 
by the integral over the covariant derivative being a total derivative. The integral 
of the trace of the topological ghost is generally non- vanishing and hence the area is 
not BRST invariant. This is a consequence of the non-invariance of the area under 
a topological shift transformation in equation (4.9), which is proportional to 

4hift [ V9^- I {rlg^u + rZg^n) = - / ^fgr"^. (5.158) 

We see that the action of the BRST operator on the area directly reflects this fact. 
Note that compared to the discussion in chapter 4, we now need to take the BRST 
derivative of the ^ factor, since it is not multiplied by an arbitrary expression 
/($) of the field in the theory, as in equation (4.21). 
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In order to restrict the integration over metrics, we must insert the constraint 
in equation (5.156) together with its superpartner through equation (5.157). Sym- 
bohcally we have the situation 

Z[A'] = J vm e-'^5 (/^ ^ - (/^ V^V^;:) , (5.159) 

where $ symbohses all relevant fields in the action and where we have inserted a 
bosonic and a fermionic delta function. In order to incorporate the delta function 
as part of the action, we introduce a set of Lagrange multipliers (x, /x). The usual 
relation for a delta function 



^ p-e-'y^' = 5{x), (5.160) 
oo 27r 



involves an imaginary unit i in the exponential. We move this factor to the /i 
integration limit by an analytical continuation, and rewrite the partition function 
from equation (5.159) as 

Z[A'] = I V^d^idx exp(-5, -,,^1^ ^-A'^+xJ^ ^^/) • (5.161) 
As reported in [116] , we note that by letting (x, //) form a BRST anti-ghost multiplet 

SbX = 1^, (5.162) 
SbI^ = 0, (5.163) 

it is possible to write the exponential of equation (5.161) in a BRST exact way 

Z[A']^ I V[^]di,dxexp(^-S^ - I^Q,x(^J^ (5.164) 

This action defines, at least formally, a Witten type theory of topological grav- 
ity which directly involves global metric information about the underlying surface, 
namely the global area. The Lagrange multipliers are not fields, but functions, since 
the expressions to which they couple in the action, are global expressions and they 
constitute a so-called constant anti-ghost multiplet [139]. 

As a consistency requirement, we must impose the constraint, that the chosen 
area must be compatible with the background metric, which is included in ^q, such 
that 

V^ = A°. (5.165) 



Even though the action satisfies the requirement for a Witten type theory by having 
a BRST exact action, it is not clear what kind of topological invariants it models. 
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The space of equivalence classes of metrics, with a fixed area, under diffeomorphisms 
is still an infinite dimensional space, in contrast to Aig . But, by imposing a curva- 
ture localization term like equation (4.25), it is possible to model through this 
method, if we integrate over all possible values of in the end. This is a central 
point. Intuitively, it should be possible to include metric information such as the 
area in the partition function, and then at the end integrate over all possible choices 
for the area to recover the original theory. By performing a Laplace transformation 
m we find 

Jo 

= J Vmdxdi^S (/X - fx') exp(-5q -i,J^^ + ^J^ ^^1^^ . 

By integrating over we find 

Z\ji] = I V[^]dxexp(^-S^ - |g,x V^j), (5.166) 

where we have relabel the integration variable /i' ^ /i. Hence by integrating over 
all areas, we find a topological action with a BRST exact "cosmological" term. 
We put cosmological in quotation marks, because we have two terms, namely the 
cosmological term and its superpartner. It is well-known in quantum gravity that 
the area and the cosmological constant are "dual" under Laplace transformation. 

This calculation shows that there is no rule against defining a Witten type 
theory of topological gravity, which involves metrical information. Recall that the 
metric, in contrast to the Schwarz theories, is usually present in the action of a 
Witten type theory. The theory is topological, through the BRST exact nature of 
the action, which ensures that all physical quantities, only change inside the same 
cohomology class under an infinitesimal transformation of the metric. Hence, from 
this point of view there is nothing wrong when we have an identification of quantum 
gravity with a topological theory. Here it is important to stress that the metrical 
information present in quantum gravity, refers to global metrical information, such 
as the area or the geodesic length of a boundary or between two marked points. 
The observables of quantum gravity are precisely objects which depend on such 
global parameters. For example the Hartle-Hawking wave-functionals are functions 
of the geodesic boundary length of the surface. If we consider the continuum one 
loop functional from equation (5.81) 

oo 
n=0 
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we note that the functional dependence factorizes between the metric parameter 
/ and the topological part (j^. One should of course make the proper translation 
from the continuum matrix model operator an to that of topological gravity, but 
it is clear from the previous discussions, that this part is related to the topological 
information. Hence we face the situation, where an observable of quantum gravity 
has an expansion in a global metric parameter, where the individual coefficients 
of the expansion are topological invariants. This is a very natural situation. If 
a function F{m) only depends on some global metrical quantity m, and we can 
make an expansion, say a power series expansion, where the coefficients a„ are 
independent of m 

oo 

F(m)~^a„m", (5.168) 

n=0 

then the coefficients a„ can only depend on the underlying topology, since all metri- 
cal dependence per definition lies in m. This interpretation offers an explanation for 
the relation between quantum gravity and topological gravity. Recall also that we 
had to perturb topological gravity, in order to find the identification with quantum 
gravity, which destroys the BRST exact natiu^e of the action. In this sense, addi- 
tional information is included in the theory through the coupling constants. But we 
know that through a Laplace transformation, the coupling constants of quantum 
gravity can be translated to global metric parameters and hence we see a possible 
explanation for the appearance of global metric information appearing in perturbed 
topological gravity. 



6 Discussion 



In this chapter, we present discussions and conclusions related to the topics pre- 
sented in the previous chapters. As stated in the introduction, the most prominent 
questions are the role of the Ashtekar formalism in two dimensions and the relation 
between the BF and super BF approaches to 2D quantum gravity. The last section, 
focuses on a problem in the super BF formulation of 2D quantum gravity which 
has been overlooked in the literature. 

6.1 Ashtekar Gravity in Two Dimensions 

The first topic we discuss, is the role of Ashtekar gravity in two dimensions and 
whether this formalism of gravity has any relation to 2D quantum gravity. 

Let us try to characterize the fundamental nature of the Ashtekar formulation of 
gravity. The first important thing to note is that Ashtekar gravity is a reformulation 
and enlargement of general relativity, which simplifies the form of the hamiltonian 
constraint, known as the Wheeler-DeWitt equation. The formulation is a gauge 
theory, built on the Lorentz group and the Ashtekar connection takes values in 
the Lie algebra of the Lorentz group. The m-bein is the conjugated momentum 
to ^4^, which signals that the Ashtekar formulation is constructed to formulate a 
canonical theory. This is also obvious, since the hamiltonian constraint naturally 
appears in the canonical formulation of general relativity. But it is possible to work 
in a covariant formulation of Ashtekar gravity and by doing so, it becomes clear 
that that the two-dimensional situation is special. Consider the action of Ashtekar 
gravity in four, three and two dimensions: 

S[A, e] = / d^xtr (e A e A F[A\) ; 4 dimensions, 

S[A, e] = / d?xtr (e A F[A]) ; 3 dimensions, (6.1) 

S[A] = j (Pxtr {F[A])] 2 dimensions. 
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where the two-dimensional action is a proposal made by extrapolation from the 
four and three dimensional results. The problem is that general relativity does not 
exist in two dimensions due to the vanishing Einstein equations. When there are no 
Einstein equations, there is no hamiltonian constraint and the Ashtekar formulation 
has no role in two dimensions from this point of view. 

In three dimensions, the action of Ashtekar gravity is clearly of the BE type [140] 
and the theory offers a topological field theory description of general relativity. 
This is closely related to Witten's description of Chern-Simons gravity [68], where 
the only difference lies in the choice of gauge group. While Ashtekar gravity is 
formulated using the Lorentz group, Witten uses the Poincare group, and a detailed 
map between the theories has been known for some time [141]. The proposed 
two-dimensional action involves only the A field and offers no direct possibility to 
introduce Ashtekar variables {A, e) in two dimensions. 

But, there are several possibilities to study the question in an indirect manner. 
One possibility is to study the role of BE gravity in two dimensions, since the 
three-dimensional action of Ashtekar gravity is of the BE type. Another approach 
is to say that the fundamental feature of the Ashtekar formulation is the canonical 
nature of the variables, and in that way generalize the question to investigate the 
role of canonical quantization in two-dimensional gravity. Here one still needs to 
define what kind of gravitational theory to study. We discuss two different choices, 
the canonical approach to Jackiw-Teitelboim gravity and a canonical gauge fixing 
of the metric in the path integral of 2D quantum gravity. 

The canonical formulation of general relativity goes back to the seminal work 
by Arnowitt, Deser and Misner [142], who introduced a spfit of space-time into 
space and time, i.e. a foliation of the space-time manifold, such that a canonical 
formulation can be defined. In this process, the two-dimensional space-time metric 
Qij,!, is parametrized by the spatial metric h plus two additional fields, known as the 
shift N and lapse A 



ds^ = g^^dx^dx" = (n{x^, x^)dx^) + h{x^, x^) (A(x°, x^)dx^ + dx^) . (6.2) 



The lapse represents the vector field generating diffeomorphisms in the time (a;°) 
direction, while the shift generates diffeomorphisms in the space direction {x^). The 
metric tensor is thus of the form 



N^ + hX^ hX 
hX h 



(6.3) 
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A direct approach to canonical quantization of the Jackiw-Teitelboim model has 
been made by Henneaux [143], where he isolates the constraints of the theory, which 
generate the symmetries. These are the vector constraint generating the spatial dif- 
feomorphisms and the hamiltonian constraint generating the time difTeomorphisms. 
But the quantization is only made for open universes, which is somehow unrelated 
to our previous discussions. A slightly more indirect approach was made by Banks 
and Susskind [144], where they considered a canonical approach to the Liouville 
action, descending from Polyakov's approach to 2D quantum gravity in the con- 
formal gauge. The Liouville action, which has the same equation of motion as the 
Jackiw-Teitelboim model is studied in the so-called synchronous gauge (in terms of 
the zwei-bein) 

eo° = 1, (6.4) 
eo' = e° = 0, (6.5) 
= e. (6.6) 

This gauge choice corresponds to goo = 1, goi = gio = 0, gn = h, in terms of the 
metric. For a space-time manifold M of the form [R x 5*^, the Liouville action 



= "1 

Jm 



2 

leads to the following lagrangian and hamiltonian functions in the synchronous 
gauge ^ 

L = p f dx^ l^-Ae] , (6.8) 



and 

where He = 2pe/e is the conjugated momentum to e. The Wheeler-DeWitt equation 
is formally solved, but the resulting quantum theory suffers from problems with non- 
normalizable wave-functions. It is claimed that A < leads to a universe where 
the wave-functions represent superpositions of expanding and contracting De Sitter 
space-times. Banks and Susskind [144] concluded that there is no possibility for 
encountering spatial quantum fluctuations. 

A different canonical approach to two-dimensional quantum gravity has been pur- 
sued in relation to developments in string field theory, made by Ishibashi and 
Kawai [82] . In this formulation, one has creation and annihilation operators creating 
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and removing closed loops, which can then propagate in time, due to a hamiltonian 
time evolution. Interactions can occur between strings, which may join or split 
to form a lower or higher number of propagating strings. In the paper [145], the 
loop-loop correlator /(/, /', D), for an initial loop C of length / and an exit loop C 
of length /', separated by the geodesic distance D, was studied in a path integral 
approach 

- / VoKD-ff (1) ) ("^ / '^^^) ' ilc - 

■S (^j^^ ^Jg^^dxi^dx- - . (6.10) 

This is supplemented with boundary conditions ensuring the propagating loop to 
be homeomorphic to the initial loop at all geodesic separations d < D while the 
propagating loop should be homeomorphic to C" when the distance d becomes iden- 
tical to D. The relevance of this approach in a discussion of canonical quantization, 
is the choice of an ADM gauge in [145], leading to the gauge fixed metric 



9, 



l + /(a;0)2A(xO,a;i)2 l{x^f 



(6.11) 



Here the length l{x°y = h{x^,x^) due to the gauge choice dih{x°,x^) — 0. The 
space-time topology is also of the canonical form R x 5"^. The path integral is 
evaluated by similar methods to that used in the derivation of the Polyakov string [2] 
and the integration over metrics gives rise to integration over I and A together with 
two fields v{x'^, x^), c(a;°) parametrizing the diffeomorphism. The computations are 
rather complicated and involve the introduction of an auxiliary positive constant /3, 
which is used to transform a certain differential operator into an elliptic operator, 
which eases the calculations. The resulting path integral over I, after integrating 
over the remaining fields, is then given in the limit /? ^ 0: 

/(/,/', D) = lim/ je-'^V]s^ii^^o^ = 0] - /^^([/(a;^) = D] - /' j . (6.12) 

The regularized action is of the form 

Sp[l] = / dx' + A^/j , (6.13) 

where An is the renormalized cosmological constant. After the /? ^ limit is taken, 
the hamiltonian reduces to: 

H = ArI, (6.14) 
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which gives the loop-loop correlator the following simple form 

f{l, l\ D) = i{l'\e-''"\l) = 7e-^«'^<5 {I - I') , (6.15) 



where 7 is some constant. The nontrivial part of the theory lies in possibility for 
loops to join and split [145]. Note that the length of I ~ e/(= e), since the zwei-bein 
formally is the square root of the metric, which makes it appealing to relate the two 
actions in equations (6.8,6.13). But there are differences, first of all in the sign of the 
cosmological term and in the fact that A^j is the renormalized cosmological constant. 
The resemblance of the actions is due to the role played by the Liouville action, 
which is involved as a Jacobian in the \{x^,x^) integration when a Weyl rescaling 
is performed to ease the calculations [145]. This is the reason for the /I term to 
appear in equation (6.13). Related discussions using the ADM gauge for the metric 
can be found in [146, 147] , where it is shown that the loop-loop correlator discussed 
here (with slight changes in the action) is in agreement with the results derived 
using matrix models. Note that the trivial cylinder amplitude in equation (6.15) 
resembles the result in equation (3.90) from the canonical quantization of BF theory. 

The conclusion one can draw from the above discussion, is that it is indeed pos- 
sible to use the canonical formalism to study quantum gravity in two dimensions, 
but that it is through the use of the ADM gauge in the Euclidean path integral over 
metrics, that one finds results which can be reproduced by other methods. The 
string field theory approach by Ishibashi and Kawai [82] represents a second quan- 
tizaion of string theoy in a hamiltonian formulation, and not the usual canonical 
quantization of the space-time metric. 

Both approaches illustrate the fact, that two-dimensional quantum gravity re- 
duces to the quantum mechanics of closed loops of geodesic length /(a;°), but the 
quantum version of the Jackiw-Teitelboim theory is too simple to catch the real 
contents of quantum gravity. It is only in the path integral approach, where it is 
possible for a propagating loop to split into two loops, or to dissapear, that topology 
changing amplitudes can be found. 

Another way to broaden the question of the role of Ashtekar gravity in two 
dimensions, is to study the role of BF gravity in relation to quantum gravity. This 
is part of the discussion in the next section. 
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6.2 BF Gravity vs. Super BF Gravity 



When one considers the classical actions for BF and super BF theory 

Sbf[B,A] = / tr(BF), 



(6.16) 



'9 



Ss-bf[B,A,x,^] = [ tr{BF + xDilj), 



(6.17) 



it is natural to wonder whether the BF theory is in some way embedded in the 
more complicated super BF theory. Especially one can ask whether the observables 
of BF gravity are possible observables in super BF gravity? We have learned that 
topological gravity, which could be formulated as a super BF theory, is closely 
related to 2D quantum gravity, but at the same time we know that quantum gravity 
in three dimensions can be described as a BF theory. From this perspective, it is 
very interesting to find a better understanding of the relation between BF and 
super BF theory, since this might help understanding the difference of two and 
three dimensional quantum gravity. 

First, we consider the difference between the symmetries of the two theories. The 
Witten type theory has the largest possible symmetry group, namely the topological 
shift symmetry, in contrast to BF theory which only has the ordinary (Yang-Mills 
hke) local gauge symmetry. The topological shift symmetry includes the local gauge 
symmetry as a subset of the transformation, which leads to the overcompletenes of 
the BRST algebra and the introduction of a 2nd generation ghost. From this point 
of view, the two theories are quite different, but they both share the property that 
the equivalence between the gauge symmetry and the diffeomorphisms only holds 
on shell, i.e. when the curvature F[A\ is vanishing. 

Next, compare the topological invariants that the theories enable us to calculate. 
In BF theory, like other Schwarz type theories, one can calculate link invariants 
as expectation values of products of Wilson loops, and their generalizations as 
Wilson surfaces. These invariants contain information on the intersection/linking 
of homology cycles embedded in the space-time manifold E^. In contrast, super 
BF theory is directly related to topological invariants on the moduli space of flat 
connections. The observables are closed differential forms on moduli space, which 
are expressed by local operators in the field theory. These operators carry a ghost 
number since they are functionals of the 2nd order ghosts. 

Finally, the role of BRST invariance is different in the two theories. As a direct 
consequence of the different symmetries, the Witten type BRST algebra is an en- 
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largement of the one for the Schwarz type theory. If one sets the topological ghost 
ip and its 2nd order ghost to zero, the original Faddeev-Popov BRST algebra is 
recovered. While it is possible to perform a BRST quantization of two-dimensional 
BF theory, it is not essential due to the simplicity of the theory, in contrast to 
higher dimensional BF theory, which has a symmetry in the B field as well as in 
the A field. The Wilson loop is gauge invariant and therefore also BRST invariant 
under the Faddeev-Popov BRST transformations. The situation is very much dif- 
ferent for super BF theory, which, as a Witten type theory, has BRST invariance 
and exactness as its defining properties. The topological invariance of the BRST 
invariant observables, is due to the BRST exact nature of the action. Note that the 
Wilson loops of BF theory, fail to be BRST invariant in the larger BRST algebra of 
super BF theory, due to the topological shift symmetry. From this it is clear that 
observables of the 2D BF gravity do not form a subset of the observables of super 
BF gravity. This result goes both ways, since the observables of super BF gravity 
are functionals of fields not present in the simpler BF theory. 

One perspective on the difference between the theories, is related to the geomet- 
ric interpretation of the BRST operator. Recall the discussion in section 2.6, where 
the topological ghost t/j extended the Faddeev-Popov BRST transformation of the 
gauge field A to the BRST transformation Sb 

Sbrst A' ^Dc'^ Sb A' ^ Dc' + (6.18) 

This projection requirement, which is imposed on ip such that it becomes a horizon- 
tal tangent vector to A , gave rise to the interpretation of Sb as having a vertical 
and a horizontal part in equation (2.359): 

S^ = 5^ horizontal^ vertical ^ + ^BRST- (6.19) 

From this split, the original 5brst is identified as the exterior derivative in the 
Q direction of the universal bundle, while (5w is the covariant exterior derivative 
on A/G and accordingly on the moduh space of fiat connections Aip- We see 
that the fermionic symmetry { S^ A — t/j) is responsible for isolating the covariant 
exterior derivative on moduli space, i.e. for isolating the closed forms on moduli 
space. From the ordinary Faddeev-Popov BRST algebra, this information would not 
be available. Hence we conclude that it is the fermionic sector of super BF theory, 
which makes it possible to study topological invariants on moduli space, instead of 
topological invariants of space-time. 
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It might seem that we can simply ignore the simpler BF theory when discussing 
2D quantum gravity, but there are several reasons for taking a harder look at some 
of the details in the previous discussions. First we note that BF theory has not 
been developed to answer the same questions as topological gravity. In chapter 3, 
we initially derived the partition function of BF gravity as an integral over Aig and 
finally over the reduced phase space J\f. These spaces are non-compact and the 
integrals are divergent. In the original approach by Chamseddine and Wyler [86] 
the study of the quantum theory was terminated by concluding that the partition 
function, in the presence of a nontrivial solution to equation (3.53), could not be cal- 
culated. Here it is of course possible to perform the compactification of the moduli 
space Mg — > Mg , as in the study of topological gravity, such that these integrals 
are finite. In addition, the curvature constraint in equation (3.58), can be changed 
into the form given in equation (4.71), by introduction of curvature singularities 
represented by vertex operators. However the resulting action fails to be gauge 
invariant due to the missing action of the diffeomorphisms at the marked points. 
This was also the case in topological gravity, but there one still has the topological 
shift symmetry to ensure an overall gauge invariance of the action [7] . Finally, even 
if one performed the compactification of M.g , to allow for the computation of the 
partition function of BF gravity, the formalism would not be able to isolate closed 
forms on modufi space since these were the BRST invariant objects with respect to 
the 5w derivative. It is clear that the missing role of punctures in BF gravity, is an 
important part of the failure to reproduce 2D quantum gravity, since these played 
a vital role for the identifications presented in chapter 5. 

We should perhaps mention that several authors have tried to relate BF gravity 
to 2D quantum gravity through the Liouville equation, present in both theories. 
We refer the reader to the papers [148, 149], but do not feel that these discussions 
offer any new insight. In addition, several authors have tried to map BF theory to 
a Witten type theory, by extensions of the BRST algebra. The papers of Brooks et 
al. offer research along those lines [150, 151, 152, 153], but we do not have time to 
enter these discussions. 

Even though it seems impossible to probe the topological invariants on M.g,s from 
BF theory, there are two results which hint that the Schwarz type theory has some 
relation to the Witten type super BF theory anyhow. The first indication comes 
from the result, noted by Blau and Thompson in [24], that the equations of motion 
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for the fields (cu, e) of BF gravity in equations (3.58, 3.59): 

duj = ^eabe^Ae', (6.20) 

de" = uj%Ae\ (6.21) 



can be translated into a set of self-duality equations due to Hitchin [90]. A two- 
dimensional version of the self-duahty equation F[A^] = for the Hitchin 
connections ^4^ in a SO (3) bundle over [R^ is isolated by dimensional reduction. Let 
be the curvature on a SO{S) bundle over a Riemann surface T,g and consider 
a given complex structure on Eg. For this fixed structure, let D" — d"+Ajdz be the 
anti-holomorphic part of the covariant exterior derivative on Eg. Introduce two 
complex forms, a holomorphic one-form $ e Q^^'^^ with values in the adjoint bundle 
and a corresponding anti-holomorphic one-form e Q(°'^) . These complex forms, 
represent the /i — 3,4 components of A^J^, which have been dimensionally reduced 
from four to two dimensions. Hitchin 's self-duality equations over a Riemann surface 
are of the form: 

F[A^] = -[$,$*], (6.22) 
D"<^> = 0. (6.23) 

These have been identified with the relevant equations of motion of the twice dimen- 
sional reduced action of AD topological Yang-Mills theory [154] , since this action is 
build to model the solutions to the same self-duality equations. 

The dimensionally reduced connection can be reduced to a ?7(1) connection, and 
the composed PSL{2,]R) connection 

i = A" + $ + (6.24) 

can be proved to be fiat [90]. Donaldson [155] has proved the equivalence between 
an 5*0(2,1) connection fulfilling the self-duality equation and a fiat PSL{2,\R) 
connection. By identifying the complex one-forms with the components of the 
zwei-bein, one finds that 

A^A^ + Pae^dz + Pae^dz ^ Joj + Pac" = A^^, (6.25) 

if one identifies the U{1) connection A^ = uoJ, with the 5*0(2) ~ U{1) spin con- 
nection. By these identifications, the self-duality equations (6.22,6.23) transform to 
the equations of motion for the BF theory in equations (6.20,6.21). This implies 
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that the two formulations are identical at the level of equations of motion, if we 
restrict ourselves to study irreducible connections for which equation (3.60) has no 
nontrivial solutions. This result might indicate that BF gravity could be described 
as a [/(I) gauge field coupled to a Higgs field $, which should be identified with the 
zwei-bein as seen above. In this interpretation, the appearance of the space-time 
metric would be a result of this coupling, since it is composed from the zwei-beins^ . 
It is interesting to note that the relevant sector of super BF gravity, was encoded in 
the C/(l) sub-sector corresponding to the homogeneous part of the BRST algebra. 
This could indicate that by mapping BF gravity into the self-duality equations, it 
would be possible to search for a relation to the U{1) sector of topological gravity. 

Another surprising relation between BF theory and Witten type TFT's, has 
been proved by Witten in relation to the study of topological Yang-Mills theory 
in two dimensions. Witten was able to prove that the expectation values for cer- 
tain observables of 2D topological Yang-Mills theory, would agree with the same 
observables calculated in physical 2D- Yang-Mills theory, up to exponentially small 
corrections. These special observables are constructed from the BF action, plus the 
symplectic two-form on the moduli space of flat connections, together with a gaus- 
sian term in the B fleld. The relation between BF theory and Yang-Mills theory 
described in section 2.3.5 plays an important role in the proof of this result. We 
refer the reader to [34] for details and just want to stress that the role of the BF 
action in two-dimensional TFT's is more subtle than would be expected at flrst 
sight. 

The relation between Schwarz vs. Witten type TFT's, is a comphcated problem 
from the mathematical point of view, but some research indicates that the Witten 
type invariants, known as Casson invariants [7, 65, 68, 156], which are derived from 
3D super BF theory with gauge group SU{2), in some complicated way should 
be included in the most general knot invariants, which formally are derived from 
the Schwarz type theories [105]. This could be the flrst step towards a unifled 
interpretation of topological fleld theories, but no results have been proven at the 
present stage. 



"^This is the same philosophy as in Ashtekar gravity where the m-bein is the fundamental object 
and the metric is an object which is derived from the theory [79]. 
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6.3 Perspectives and Conclusions 

In this final section, wc discuss two different topics. The first is related to a prob- 
lem in the discussion of topological gravity as a super BF theory, which has been 
overlooked in the literature. The second is related to new developments in relating 
the Tn and Hn observables in topological gravity. 

6.3.1 A Problem for Super BF Gravity 

Recall the discussion of BF gravity in chapter 3, where we saw that the moduli space 
of flat PSL{2, IR) connections, had ^g—?> connected components labelled by the 
integer < 2g—2. The top component k — 2g—2 corresponded to homomorphisms 
(f) mapping the fundamental group 7ri(Eg) into P5'L(2,[R) as a discrete subgroup, 
leading to a smooth Riemann surface. This led to the identification (for g > 2) 
between Al/'~^ and Teichmiiller space Tg . The remaining elements of for 
< 2g — 2 corresponded to Riemann surfaces with certain conical singularities, 
which were described by Witten as surfaces with collapsed handles [68]. These 
connected components of M.^p should thus correspond to conformal equivalence 
classes of singular Riemann surfaces. In the discussion of BF gravity, the singular 
contributions were excluded by requiring the zwei-bein to be invertible, in order 
for the metric to be positive definite. This requirement was imposed because one 
makes a similar requirement in three dimensions where there is an Einstein theory, 
which the gauge theory should be identified with. 

But, when one studies the 2D super BF approach to topological gravity, the 
situation is rather different, because we inserted curvature singularities on the Rie- 
mann surface in order to generalize the IS0{2) action to arbitrary genus. This 
introduction led to the notation of punctures, which we later saw played a vital 
role in the map of topological gravity to 2D quantum gravity. It is clear that the 
requirement 



will not hold at the nodes on the Riemann surfaces, which appear after the com- 
pactification of the moduli space. Therefore it is no longer possible to exclude all 
components Aip for |A;| < 2g — 2, by imposing the constraint of equation (6.26). 
This problem has been completely overlooked in the literature on topological grav- 




for all points x eT,. 



(6.26) 
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ity. The situation can be illustrated in the following way: 



Gauge Theory 




_y^fc=(2p-2) 



? 



A. 



(6.27) 



Here A is meant to illustrate the conformal equivalence classes of noded Riemann 
surfaces. It is not necessarily a problem that one should include the components of 
the moduli space of flat connections with < 2^1 — 2, when one wishes to connect 
super BF theory to topological gravity, since it offers a more natural setting for 
discussing the singular geometries. Even though Witten's pictorial description of the 
singular surfaces, seems to fit with the elements in A, there exists no mathematical 
proof for such an identification of the singularities. Actually there are reasons to 
believe that these singular components are not related [157]. 

It should be stressed that no concrete realization of the map, indicated by in 
equation (6.27), ever has been presented. As the identification between the theories 
is presented in the literature, the super BF theory is identified with a gravitational 
theory for the k — 2g — 2 component of the moduh space of flat connections, and 
the remaining components are ignored. After this, the restriction in equation (6.26) 
is then hfted and the moduh space M.g is compactified with the introduction of the 
degenerated Riemann surfaces A = M.g,s \-^s,s ■ This is in the author's opinion not 
a trustworthy approach and the role of the gauge formulation of topological gravity 
must be taken into renewed consideration. As long as the map in equation (6.27), 
proposed for the first time in this thesis, is unknown, the identification of the theories 
is unsatisfactory. There is of course a lot of truth in the identification, as is hopefully 
clear after the discussions in chapter 4 and 5, but one should be careful with saying 
that the gauge theory is identical to 2D quantum gravity. For this statement to be 
true, there should exist a well-defined map between the relevant moduli spaces Aip 
and M.g,s , since they per definition represent the physical states of the theory. 

The above discussion presents an unsolved problem in the gauge theoretical 
formulation of quantum gravity in two-dimensions. This should be noted together 
with the fact that the gauge theory offers much less computational power than 
the matrix models, where the intersection numbers of Riemann surfaces can be 
calculated at any genus in theory. 
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6.3.2 New Developments in Topological Gravity 

There have been some new developments at the mathematical front of topological 
gravity [158], which relate to the role of the t„ and classes, which were discussed 
in chapter 4. The new developments have been to introduce a generating func- 
tional for combined (TnKm) correlators. In chapter 5, we studied the expansion of 
Cn — Tnn\ in equation (5.5), and using a compressed symbolic notation, we rewrite 
equation (5.5) as 

(l)^^F(to,ti,---)- E(nC'-7T) • (6.28) 

{mi} \i=0 I V=0 

By the methods used in chapter 5, one can derive a similar expression for the Kn 
classes. The composit correlator is defined by the integral 

OO OO \ „ 

n^rn'^f)= / c^{c,t ^---^c.ic^t ^Kf ^Kl' (6.29) 

i=0 3=0 I -jr^ 

Mg,s 

where the numbers {di, . . . , dg} contains mo zeros, mi ones, etc. The generating 
functional for these invariants depends on two sets of coupling constants {ti} and 
{sj}, and it is formally defined as: 

/ 00 00 \ 00 j-rui 00 pj 

H{t;s)^ E (n-rn-?)n^n^- (6-30) 

{mi},{pj} \i=0 j=0 / j=0 j=0 ^^J- 

This expression has been introduced in [158], where it is also shown that there exist 
recursion relations relating these composite correlators with differential operators, 
which annihilate the function exp(if(i; s)). These operators led to generalizations 
of the Virasoro constraints L„t = 0, which characterised the tau-function of the 
KdV hierarchy and they offer a possible generalization of the whole framework, 
which ties topological gravity and 2D quantum gravity together. It is still to early 
too say, what applications these new results may have in the study of 2D quantum 
gravity. 

6.3.3 Final Remarks 

Several topics could have been included in this thesis, but have been left out in 
order to save space-time. These include among other topics, Atiyah's axioms for 
topological field theories [159] , and the role of twisted supersymmetry in topological 
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gravity [160]. This is in no way a measure of these topics being less interesting than 
those discussed in this thesis. 

The author hopes, that this presentation has illustrated the important and ex- 
citing role topological field theories and topological invariants have played for our 
understanding of lower-dimensional quantum gravity. 



A Conventions 



We list some useful definitions and conventions used in the thesis. 

Convention: The space-time signature is taken to be Euclidean unless otherwise 
specified. 

Convention: We use the notation of graded forms, which means that we do not 
explicitly distinguish between bosonic and fermionic variables. In general all 
forms {Xp,Yg) have a grading, i.e. a grassmann parity, of grade {p,q), such 
that 

XpYg = {-ly^YgXp. (A.l) 
The graded commutator is defined such that 



Y V 



XpYg + i-iy^YgXp, (A.2) 



is the ordinary commutator if pq are even, and the anti-commutator if p and 
q are odd. If the forms both have a form degree pi, q\ and a grasmann parity 
P2,q2, we take p = Pi + P2 and q = qi + q2 above. 

We list some basic definitions of differential forms on an m dimensional manifold 
M: 

Definition: A differential form of order r is a totally antisymmetric covariant 
tensor of rank r. 

Definition: The wedge product A is the totally antisymmetric tensor product. 

dxi" A dx'' = dx^" ® dx" - dx" O da;^. (A.3) 
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Definition: Denote the vector space of r-forms at p G M by Qp{M). This space 
will be spanned by a basis of one-form wedge products 

dx'^i A dx"^ A • • • A dx^""- = sign{P)dx^'PW ^ dx^^C"^ (g) • • • (g) dx^P(-^ , 

permutations P 

(A.4) 

and a general element u; e ^p{M) is expanded as 

= ^i^t.iH2-nrd^''' A • • • A dx^"^. (A.5) 

where ojfj_^iJt^...fj^^ is totally antisymmetric, just as the basis. 
The dimension of %{M) is 

dim{%{M)) = 7 ) ' ^^-^^ 

because we should choose the coordinates (//i, ^2-1 ■ ■ ■ , IJ'r) out of the set (1, 2, • • • , m), 
when creating the basis. By the relation for Binomial coefficients 



m \ I m 
r j \ m — r 



(A.7) 



we see that 

dim{Ql{M)) = dim{Q^-'{M)), (A.8) 

and from the theory of vector spaces we know that the two spaces are isomorphic. 
By definition 0°(M) = El. 

Definition: The exterior product A of a q'— form and an r— form 

A : ni{M) X %{M) ^ Q^l^'iM) (A.9) 
enables us to define the algebra 

n;(M) = oJ(M) ® n^(M) ® • • • ® n^(M). (a.io) 

Thus Q.*p{M) is the space of all differential forms at p and it is closed under 
the exterior product. 

Definition: The exterior derivative is a map dr '■ flp{M) 1— >■ Qp'^^{M) whose action 
on an r— form lv reads 

drUJ = ^ (^'^mM2-MJ dx" A dxf"' A • • • A dx^^. (A.ll) 
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Usually one drops the subscript r and writes d as the exterior derivative. A very 
important result is that = 0, which is proven by acting twice with d on uj above 
and we find 

d{dw) = - I -^^uj^,^,...^,^ J dxP A dx" ^dx^' dx^-, (A.12) 

but since the partial derivative is symmetric in p, u the contraction with the total 
antisymmetric basis vanishes. Thus d^ = 0. 

Definition: If M is endowed with a metric gap, one can define a natural isomor- 
phism between 0,^ and called the Hodge star (*) operation. This is a 
map * : I— > with the following action on a basis vector of 



A • • • A dx'"-) = , " ^ L eC^:r^ dx^'^^' A • • • A dx''"'. (A.13) 

Here g is the determinant of the metric. 

Let u! be an r-form, defined as in equation (A. 5), then 

*^ = A • . . A dx-. (A.14) 

In Euclidean space one has the result: 

* * a; = (-l)'-('"-'-)a; ; a; e Q'^(M). (A.15) 

In order to perform integration on a manifold, wc need to have a substitute for the 
usual Lebesgue measure. We introduce the notation of a volume element, which is an 
everywhere non- vanishing m— form, known to exist for all orientable m dimensional 
manifolds M. This volume form uj plays the role of the measure. Consider the 
m— form 

UJ = h{p)dx^ ^ ■ ■ ■ ^ dx"^ , (A.16) 

where h{p) is positive definite over all of M . Strictly speaking this is valid on a 
chart {U,(f)) with coordinates x = (f){p), but u can be extended to all of M such 
that h{p) is positive definite in any chart on M. The form cj is a volume element 
and it is unique up to the choice of orientation and normalisation. 

Definition: Integration of a function / : M i— > [R is defined in a neighbourhood 
Ui with coordinates x as 

/ fuj= [ f{<j)-\x))h{<jy-')dx'---dx"^. (A.17) 
By partition of unity the integration is taken from a single Ui to all of M. 



238 



APPENDIX A. CONVENTIONS 



Definition: In the presence of a metric g^s there exists a natural volume element, 
which is invariant under coordinate transformations 



^ ^/lYldx^ /^dx""- (A.18) 
The volume form equals the action of the * operation on 1 and is 



^/\Y\dx^ A-'-Adx""^ ^^^^e^.^.^^dx"' A • • • A dx"^ = *1. (A.19) 

777- • 

Definition: Integration on M with a metric structure is defined by use of 

/ fQj^^ = [ f^f\Y\dx^dx^ ■ ■ ■ dx"\ (A.20) 
Jm Jm ^ 

which is invariant under change of coordinates. 

Definition: A differential form u; is said to be closed if du; — 0. An r— form u is 
said to be exact if there exists an r — 1 form p such that cu — dp. 

Since d'^ = we have that Imd^ C Keidr+i, for example take uj e Qp{M). Because 
drU G Im dr and dr+i{drU!) — implies drCU e Kerd^+i we conclude that Imci^ C 
Ker dr+i- 

Definition: The quotient space 

//'■(M) = Ker d^/Im dr-i, (A.21) 
is called the r'th de Rahm cohomology group. 

Definition: The adjoint exterior derivative : Q'^{M) i— > Q,'^~^{M), is defined in 
Euclidean signature as 

^ (^_i^mr+m+l ^^ 22) 

It follows from equation (A. 15) that {d^Y = 0. 
Definition: The Laplacian A : Q^(M) ^ Q^(M) is defined by 

A=(d + d^y = dS + Sd. (A.23) 
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